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Abstract. In this paper, we introduce a generalized 7—Gauss Wright hypergeometric ma-
trix function (GTGWHMEF) by employing the Pochhammer matrix symbol together with the
extended beta matrix function (EBMF). We then investigate some fundamental properties of the
7—Gauss Wright hypergeometric matrix function, including its integral representations, differ-
ential formulas, and transformation relations. Furthermore, we define the incomplete 7—Gauss
Wright hypergeometric matrix function (ITGWHMEF) and establish various properties of the
associated incomplete generalized Wright hypergeometric matrix function. Finally, as an appli-
cation, we formulate and analyze a fractional kinetic equation (FKE) involving the GTGWHMF.

1 Introduction

In modern mathematics, special functions play a crucial role in various disciplines. Special
versions of these functions have proven invaluable in many fields, including probability theory,
computer science, mathematical physics, engineering and many other areas [4, 6, 10, 17, 23,
24, 25, 29, 31, 32, 33]. In the history of hypergeometric functions, Gauss first summarized his
studies of hypergeometric functions which have been of great significance for the mathematical
modeling of physical phenomena and other applications [6, 13, 17, 28, 29, 32].

The theory of special matrix functions was first developed by J6dar and Cortés [21, 22], who
introduced matrix analogues of the gamma and beta functions and established several funda-
mental properties, including a limit representation for the matrix gamma function. Building on
their pioneering work, various researchers have extended this framework to encompass gener-
alized gamma, beta, and Gauss hypergeometric matrix functions [21, 22]. These developments
have generated considerable interest in the study of special functions with matrix arguments
[1,3,5,9, 14, 26], given their growing relevance in both theoretical investigations and applied
contexts.

Special matrix functions now play a critical role in diverse fields such as mathematical and

theoretical physics, where they are instrumental in solving physical models and systems of ma-
trix differential equations. They also find applications in statistics [11], Lie group theory [28],
and the emerging theory of orthogonal matrix polynomials [16, 18, 20]. As a result, the matrix
extensions of classical special functions have become a vibrant area of contemporary mathemat-
ical research, offering rich structures and wide-ranging applications.
Throughout this paper, let I and O denote the identity matrix and the zero matrix, respectively,
in the complex matrix space C"7*", which consists of all 7 x n matrices with complex entries.
For any matrix U € C"7*", its spectrum, denoted by o(U), is defined as the set of all eigenvalues
of U. A matrix U € C"*" is called positive stable if the real part of each of its eigenvalues is
strictly positive, that is, Re(£) > 0 for all £ € o(U).
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The Pochhammer matrix symbol (PMS) is defined as [22]:

L n =0,
() = {U(U+1)...(U+(n— NI, gp>1. .1

The gamma matrix function (GMF) for a positive stable matrix (PSM) U is defined as [21]:

(U) = / " 0 §U-1gs, (1.2)
0

If U + nl is invertible V 1 > 0, then the relation between GMF and the PMS is defined by [21]:

I['(U + 7l)

O (), n> 1. (1.3)

Let U, V are positive stable matrices in C"7*", then the beta matrix function (BMF) is introduced
as [21]:
B(U,V) = / oV —6)V1 ds. (1.4)
In addition, if UV = VU, then the relation of beta and gamma matrix function is defined as:
B(U,V) =T(U)I(V)I'~ (U + V). (1.5)

In 2015, Abul-Dahab et al. [12] introduced a generalized PMS (U; W),,. Let U and W be PSM
in C"*", then

1 (U)T(U + 7l W), W # O,
U, W), = 1.6
( )77 {(U)n W _ @7 ( )
and the generalized GMF defined as [12]:
I(U; W) = / §UT e~ (15+5) gs. (1.7)
0

The integral representation for the generalized PMS is

(U; W), =T~1(U) / FUH =T g=(10+5) 5. (1.8)
0

In 1998, L. Jodar and J. C. Cortes [22] first time introduced the hypergeometric matrix function
(HMF) as:

F(U,V;W;z2) = i W'ZZ, (1.9
=0 o

where U, V and W are PSM € C"*" and z € C such that W+nl is invertible for all integer > 0.

Later, in 2018 Abdalla and Bakhet [2] investigated the extended Gauss hypergeometric
(EGHMF) and Kummer hypergeometric matrix functions (EKHMF) as:

o0

(U, V;W; z) = (W)L~ (V) V) > (U),B(V + 7, W - V; P) (1.10)
n=0

B(V;W;2) = T(W) L H(V) I~ (W - V) ZB V4, W - V; IP’) (1.11)
n=0

where the extended BMF [1] B(U, V;P) is defined by

! —P
) U-1I i
B(U,V;P) /0 8" (1—=10)"""exp (5(1 5)> do, (1.12)
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and P, U,V and W are PSM € C"*",

Bakhet et al. [8] defined the Wright hypergeometric (WHMF) and Wright Kummer hyperge-
ometric matrix functions (WKHMF) as:

el n
2R§T)(U,V;W§ z) = Z YW + )T (V—I—TT}H)%, (1.13)
n=0 '
and
n
R (VW 2) = Zr (W+ DDV +7il)2r, (7 €R). (L14)

Halil Gezer and Cem Kaanoglu [15] have introduced an extended Wright hypergeometric
matrix function (EWHMF) and the extended Wright Kummer hypergeometric matrix function
(EWKHMF) as follows:

R ((U,R),V;W; z; P)
=T(W)r-(v)yr-'(w -v) Z (U,R),B(V + 1, W — V; P);i:, (1.15)
n=0 '

and
RET) (V; W; 2; P)

=T(W) L H(V)I~ (W - V) ZB V + I, W - V; ]P’) 2l <1, 7€ (0,00).  (1.16)
n=0

Recently Khan et al. [27] introduced the following extension of BMF is defined as:

1 P 0
) _ U-T/1 _ 5\V-I _r

B(o,0)(U,V;P,Q) = /0 §U7I(1 - 8) " Texp ( Tl 6)ﬂ> ds, (1.17)
where U, V, P, Q are positive stable matrices € C"*" and «, 8 > 0.

Motivated by the above research, in this paper, we introduce the generalized T—Gauss and
7—Kummer Wright hypergeometric matrix functions by utilizing the Pochhammer matrix sym-
bol (1.6) and the extended BMF (1.17). Further, we defined the incomplete generalized —Gauss
Wright hypergeometric matrix function and discussed several important properties of these func-
tions such as integral representations, derivative formulae, Mellin transform etc. Finally, as an
applications of the generalized 7—Gauss Wright hypergeometric matrix function, we have de-
fined the fractional kinetic equation.

2 The generalized 7—Gauss (GTGWHMF) and 7—Kummer (GT KWHMF)
Wright hypergeometric matrix functions

Definition 2.1

Let P,Q,R,U,V,W W — V are positive stable matrices in C"*" and «, 8 > 0, then the gener-
alized 7—Gauss Wright hypergeometric matrix function (GTGWHMEF) is defined as:

,GW\” [(U;R), V; W; 2, P, Q; o, ]

=T (W) I (V) V) > (U,R),Ba6)(V + 77l W — V]P’Q) ,(ze(C). 2.1

n=0

Here equation (2.1) converges absolutely for |z| < 1 and for z = 1.
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Remarks 2.1

(a). If, we substitute P = Q and o« = 8 = 1 in (2.1), we get the extended Wright hypergeometric
matrix function (1.15):

2GW) (U3 R), Vs W; 23 P, P; 1,1] = 2R ((U,R), Vs W; 23 P).

(b). PuttingP=Q =R =0 and a = § = 1 in (2.1), we get the Wright hypergeometric matrix
function (1.13):

G [(U;0), Vs W; 20,051, 1] = HR(U, V; W; 2).

(©). If, wetake P=Q; o = § = 7 = 1 and R=0 in (2.1), we get the extended Gauss
hypergeometric matrix function (1.10):

GV [(U;0), V; W; 2, P, P; 1, 1) = FE(U, V; W; 2).

(d). PuttingP=Q=R=0Qand o« = § = 7 = 1 in (2.1), we get the hypergeometric matrix
function (1.9):

2GY [(U;0), V;W; 20,05 1, 1] = F(U, V; W; 2).

Definition 2.2

Let P,Q,V, W, W — V are positive stable matrices in C"*" and «, 8 > 0, then the generalized
7—Kummer Wright hypergeometric matrix function (GTKWHMF) defined as:

KW [V W3 2P, Qs o, 4]

=T(Wr'(V)r-1(w -v) f: B(a,5)(V+ I, W - V;P,Q)

n=0

n
%. 2.2)

Remarks 2.2

(a). If we substitute P = Q and o« = 8 = 1 in (2.2), we get the extended Wright hypergeometric
matrix function (1.16):

KW VW, 2P P 1,1 = (R7(V; W 25 P).

(b). Putting P=Q =0 and o = 8 = 1 in (2.2), we get the Wright hypergeometric matrix
function (1.14):

IKW(IT) [V;W;2;0,0;1,1] = IRET)(V; W; 2).
(). Take P=Qand « = = 7 = 1 in (2.2), we get the Kummer hypergeometric matrix
function (1.11):
KW [V, W3 2P, P 1, 1] = ) (VW 2).

Theorem 2.1. Let P,Q,R, U, V., W, W — V are positive stable matrices in C"*" and «, 8 > 0,

then the GTGWHMF ZGWET) [(U;R), V; W; 2, P, Q; o, B8] holds the following integral represen-
tation:

LGW ) [(U;R), Vs W; 2 P, Q; 1, B]

T > ! U
= T O D W) [ [t
070 (2.3)

_ o P Q
X(SV ]I(]_(S)W v HeXp<—5a—(15)B) dé do.
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Proof. From definition (2.1), we get

LGW\ [(U;R), V; W; 2, P, Q; o, ]

=T(W)I=1(V) i B, (V4 I, W — VIP’Q)
n=0

Now, apply (1.17) and (1.8) in the above expression and by simplifying we get our desired result
(2.3). O

Theorem 2.2. Let P,Q,R, U, V., W, W — V are positive stable matrices in C"*" and «, 3 > 0,
then the GTGWHMF 2GW<IT) [(U;R), Vs W; 2, P, Q; v, B8] holds another integral representation:

2GW [(UsR), Vi W; 2 P, Qs v, 6]
=T'(U) / sV e=5+3) KW [V, W; 26; P, Q; v, ] d. (2.4)
0
Proof. Apply the definition (2.1), we get

LGW ) [(U;R), Vs W; 2 P, Q; , ]

_ _ > 2"
=T(W)I ' (V)T™(W = V) > (U;R), B ) (V + 77, W — V; P, Q)?
n=0
Using (1.8) in the above expression, we get

— F(W)F_l (U)F_l (V)F_l (W _ V) Z / 5U+(n—l)ﬂ e—(ﬂ5+¥) ds

aﬁ(V—i-Tn]IW V;P,Q)

2N
!

Now, by utilizing (2.2) in the above mathematical expression, we get (2.4). O
Theorem 2.3. Let P,Q,R, U, V., W, W — V are positive stable matrices in C"*" and «, 8 > 0,
then the GrGWHMF 2GW§T> [(U;R), V; W; 2, P, Q; a, 8] holds another integral representation:

LGW\ [(U;R), Vi W; 2. P, Q; v, 5]

1
=T(W)I"H(V)I (W -V) /O 5" (1= 6" exp (‘i B (1%)ﬁ> (2.5)

x 1Fo [(U;R), —, 267] do.
Proof. Using (2.1) and (1.17), we get

LGW\ [(U;R), Vi W; 2, P, Q; v, 5]

1
=T 0 ) [ e (< )
x> (U R), (Zf;!)”

n=0

dé.

Since,

1Fo[(U;R),—,207] = > (U 57)”. (2.6)

n=0

Using (2.6) in the above mathematical expression we get the desired result (2.5). O
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Theorem 2.4. Let P,Q,R, U, V., W, W — V are positive stable matrices in C"*" and «, 3 > 0,
then the GTrGWHMF 2GW§T) [(U;R), V; W; 2, P, Q; o, B] holds the following successive differ-
ential formula:
dk
dzF

= (U)s 2GW\ [(U + KL R), V + kLW — V; 2, P, Q; o, 8] . 2.7)

{ZGW@ [(U; R)N;W;z;P,Q;a,B]}

Proof. Taking derivative of (2.1) w. r. to z, we get

d .
— {26W [(U:R), V;W: P, Qs 8]}

= [(W)[~ (V) i B(a,s)(V + 77, W — VPQ)(nnl)!.

Replacing, n = n + 1 in the above expression, we get

n=

— (W) (VI (W= V) 3 (U R), , Bia sy (V + 7(n + DLW = V3 P, @)%’

n=0

Using the relation (U; R) prl = U(U + I;R),, in the above expression and continuing k times
derivatives, we obtain the required result (2.7). O

3 Incomplete generalized T—Gauss (IGTGWHMF) Wright hypergeometric
matrix functions

Definition 3.1

Let P,Q,U,V are PSM in C"*" and «, 8 > 0, the incomplete extended beta matrix function
BEZ)B) (U,V;P,Q) is defined as:

@ UVP,Q) = [ 6018 Texp(-L - 2
B 5(U V:P.Q) —/O sV (1 - 5) eXp( 5 _5)[3> ds, 3.1)
and
[U,V:P,Q:a]]) =B, (U+LW - V;P,Q), 3.2)
{UV:P,Qia}]) =Bl (W-V,U+LP,Q) 0<a<l, (3.3)
and
[U,V;P,Q;a] +{UVIP’Qa} Biop)(U+1L,W—-V;P,Q). (3.4)
Defintion 3.2

Let P,Q,R, U, V,W,W — V are PSM in C"*" and «, 8 > 0, then the IGTGWHMF is defined
as:

2GW (U R): [V, Wi P, Q: ] 2P, Qs v, )

e -

n
= T(W)T (V)T YW - V) 3" (U,R), B, (V + 77, W — V; P, Q)%, (3.5)

3
Il
o

and
2GW (U3 R): {V, W; P, Qs 0} P, Qs 0, 8)

M8

n
= D(W)T~ (V)T (W = V) > (U,R), B{L 5 (W =V, V + il P, Q)%. (3.6)

Ji
[}
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It follows that
2GW (U R); [V, W3 P, Qs ]} 5 2P, Qs 0, 3)

+ ,GW ((U; R); {V,W;P,Q;a}; ;2 P, Qs x, 5) (3.7

= 2GW{ [(U:R), V; W; 2P, Q; a0, 6]

Theorem 3.1. LetIP Q R,U,V,W, W —V are PSM in C"™" and «, 3 > 0, then the
IGTGWHMF 2GW ((U R); [V,W; P, Q; a]:] ;25 P Q;mﬁ) holds the following integral rep-
resentation:

2GW (U3 R); [V, W3 P, Q5] 5 2P, Qs 0, 6)
=T(W)I ' (U)r" (V)DHW — V)a" e7#(@)”

o ol . P Q (3.8)
U—T,—(Io+B\sV—I(1 _ s \W—V—I _ _
X/o /0 o' e W) (1 — ad) exp( @e aé)ﬁ) dddo.

Proof. Using (3.1), (1.7) in (3.5) and after some simple calculation, we get the required result
(3.9). O
Theorem 3.2. Let P,Q,R, U, V, W, W — V are PSM in C"™" and o, 8 > 0, then the
IGTGWHMF 2GW(IT) ((U; R); {V,W; ]P’,Q;a};;z;IP’,Q;a,B) holds the another integral rep-
resentation:

2GWY” ((U; R):{V,W;P,Q;a}; ;2 P, Qmﬁ)
oo 0o 1
— (1= Q@)D O (VT W=7 [ [ gttt
_nv0 0

< {6(1—a)}" V1 — (1 — q)} T (3.9)

P Q
X exp <—{5(1 o) - 050 —a)}’B> dédo.

Proof. Utilizing the Definition (3.2) by applying (1.7), (3.1) and using suitable substitutions we
obtain the required result (3.9). O
Theorem 3.3. Let P,Q, R, U,V W W —V are positive stable matrices in C"*" and o, >
0, then the IGrGWHMF ,GW\" ((U R); [V, W;P,Q;d]]; 2P, Qs x, 5) holds the following
successive differential formula:

dk .
s {zGW ((U R); [V, WP, Qs a]; 5 2P, Qs e, 6)}
= (U) 2.GW\ {(U + KL R); [V + kLW — V;P,Q;a]; 2P, Q;0, 8. (3.10)
Proof. Taking derivative of (3.5) w. r. to z, we get
d 4 > z
- {F(W)F (V) ; oy (V4 7L, W — V}P’Q)|}
oo P 1
=T(W)I~ (V)I™ (W - V) 3" (U,R), B2 | (V4 71, W — V; P, Q) =D
n=1 ’
Replacing, n = n + 1 in the above expression, we get
—1 —1 — B@ ) 2"
= C(W)C (V)T (W = V) 3 (U.R), BE (V + 7l + DLW~ V:E.Q) Sy
n=0

Using the relation (U;R), ,; = U(U + I;R),, in the above expression and continuing k times
derivatives, we obtain the required result (3.10). O
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Definition 3.3 [30]

Consider a function F(U), where U is a positive stable matrix € C"*". Then, the Mellin trans-
form is established in the following manner:

M{FU):U— S} = /OO US~TF(U) dU. (3.11)
0

Lemma 3.1 [30]

Let U,R,S and U + R are positive stable matrices in € C"*". Then the Mellin transform of
extended gamma function is defined as:

M{T(U;R) : R — S} = [(S)T(U + S). (3.12)

Theorem 3.4. Let P,Q,R, U, V., W, W —V are positive stable matrices in C"" and o, >
0. The Mellin transform of the incomplete generalized T—Gauss Wright hypergeometric matrix

functions (IGTGWHMF) ,GW\") ((IU; R); [V, W;P,Q:a]] : %P, Qs ﬁ) is defined as:
MELGWT (U3 R); [V, WP, Q:al] 5 5P, @50, ) : R — S}
=T(W)I(U + S)I(S)r ' ()r-(w - v)yr-1(v) (3.13)
X ZGWET) ((IU+ S; Q); [V, W; P, Q; a]; ;z;P,Q;a,B) )
Proof. Apply (3.11) in (3.5), we get
M {2GW(1T) ((U; R); [V, W;P,Q;a], ;z;IP’,@;a,ﬁ) ‘R— S}

_ /O RS ,GW (U5R); [V, Wi P, Qi af] s 5P, Qi 0, 6) dR

s n
=D(W)I = (V)T=H(W — V)I(U) Y B2 (V4 7y, W - V; P, Q)%
n=0 '

X / RS~I (U + nI; R) dR.
0

Now, using (3.12) in the above expression and after simplification, we obtain the desired result
(3.13). O

4 An application : Fractional kinetic equation (FKE) involving GTGWHMF

In this section, we employ the Laplace transform to examine the solvability of the fractional ki-
netic equations related to GTGWHMEF. In dynamic systems, engineering, physics, mathematics,
and control systems, these equations play a crucial role in the modeling of dynamic systems.

The fractional kinetic equations defined by Haubold and Mathai [19] as follows:
K(t) — Ky = _gw ()Dt_w K(t) g,t € RJr; (w) > 0, (41)
where (D, " is defined by

oD V() = — | /0 (t—w)"'$(u) du  teR"(w)>0, 4.2)

I'w
and the solution of the equation (4.1) is given by

K(t) = KoEuw (-9"1"), (4.3)
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where E,,(—g™“t*) denotes the Mittag-Leffler function of one parameter defined as [34]:

o0 tn
t) = % Fow 1) (4.4)

Theorem 4.1. Let P, Q, R, U, V, W, M are positive stable matrices in C"*" and o, 8 > 0. Then,
Sfort,w € Cand (w) > 0, the fractional kinetic matrix equation

()]I—KOZGW [(U;R), V;W; £, P, Q; v, 8] — M™ (D, ™ K(2) 4.5)
has a solution of the following formula:
K(t)I = Ky i C(W)T(p+ Y (WVEH(W — V)w
n: 4.6)
X Ba,p) (V+ L, W = V; P, Q) Ey 1 (M™27),
where E,, 11 (M"t") is the generalized Mittag-Leffler function defined as [13]:
pwr

M'LUT
TZ:O C(wr+n+1)

Ey 1 (M™") 4.7

Proof. By applying the Laplace transform to both sides of (4.5), we get
L{K(1)I: p}
= KoL {2GW7 (Ui R), Vs W; P, Qs 0, B3 p} — MY LoD K():p} . (48)

Using Laplace transform, the Riemann—Liouville for the fractional integral operator is given by
[7]:
L{oD; " K(t):p} = p~" K(p). 4.9)

Using (4.9) in (4.8) and apply (2.1), we get

K(p)I =K, /O e LW =Y (W= H(W - V)

> tn w —w
X Z(U,R)WB@B)(V—FTWLW—V;P,Q)ﬁ dt — MY p=" K(p).
n=0

— K(p)I+M¥ p~* K(p) = Ko T(W)I'"H(V)[~H (W - V) i @U;?Hf)n
=0

B(a,p) (V+ 7L, W—V:P,Q) /OOO e Pt dt.

= (I+M" p~*)K(p) = Ko T(W)I 1 (V)T (W - V) i @Uﬁ)n
=0

B(o.5)(V + L, W — V; P, @)F(an]l),

= K(p)I = Ko (W) (V) (W - V) i @Uﬁ)n
=0

T(n+1 )
By (V + L, W — v: P, @) LLE D) (g o )~

pn+1
= K(p)I = Ko (W) [~ (W)I~H (W - V) i (Uﬁ)"
n=0 '

B(a,p) (V+ I, W — VP@ W ZM’” ey

7=
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Now, taking inverse Laplace transform both side in the above and simplifying we get the required
result (4.6). O

5 Conclusion remarks

In this paper, we have introduced the generalized 7-Gauss Wright hypergeometric matrix func-
tion, a novel extension of the classical Gauss Wright hypergeometric functions, and explored
its fundamental properties. By employing the Pochhammer matrix symbol and the extended
beta matrix function, we derived integral representations, differential formulas, and transforma-
tion properties that characterize this function in a matrix setting. Additionally, we defined the
incomplete 7 -Gauss Wright hypergeometric matrix function and uncovered several important
properties, including recurrence relations and asymptotic behaviors. These results offer new
avenues for applying matrix-valued special functions in various areas of mathematical physics,
particularly in the context of fractional dynamics. As an illustrative application, we formulated
a fractional kinetic equation involving the generalized 7-Gauss Wright hypergeometric matrix
function. This equation serves as a prototype for modeling non-local, memory-dependent pro-
cesses in complex systems, such as anomalous diffusion and other phenomena governed by
fractional differential equations. The results presented in this paper open up several possibili-
ties for further research, particularly in exploring additional applications in statistical mechanics,
quantum physics, and other fields where matrix-valued special functions and fractional calculus
play an important role. Future work will focus on extending these results to more general classes
of hypergeometric functions and investigating their impact on both theoretical and applied math-
ematics.
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