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Abstract. In this paper, using the fixed point and direct methods, we investigate the Hyers-
Ulam stability for the set-valued general linear functional equation

G(a1u+ b1u
′) = a2G(u)⊕ b2G(u

′),∀u, u′ ∈ U

for a set-valued mapping G : U → Bcb(V ) of a real vector space U into a set of all closed
convex bounded subset of Banach space V with B ⊕ B′ = B +B′ where B, B′ ∈ Bcb(V ) and
a1, b1, a2, b2 are fixed non zero scalars. Also, we obtain some interesting consequences.

1 Introduction

A set-valued (SV) function, also called a multi-valued function, is similar to a function but may
associate several values to each input. More precisely, a multivalued function from a domain U
to a codomain V associates each u in U to one or more values v in V. The theory of SV functions
has been much related to mathematical economics and control theory.

Lu and Park [25] examined the Ulam stability problem for set-valued functional equations
(SVFEs), thereby generalizing classical stability results from single-valued functions to set-
valued mappings. Although the stability of such equations is frequently expressed using set
inclusions or the Hausdorff metric, the equations themselves fundamentally involve equalities
between sets; hence, the terminology set-valued functional equations is used. In their work, the
authors focused on the following additive SVFEs:

f(a1u+ b1u
′) = a2f(u)⊕ b2f(u

′), f(u+ u′ + u′′) = 2f
(
u′ + u′

2

)
⊕ f(u′′),

where a1, b1 > 0, a2, b2 ∈ R satisfy a1 + b1 = a2 + b2 ̸= 1. They established the Ulam stability
of these equations. Several authors have investigated Ulam stability problems for various forms
of SVFE (see [23, 30, 31, 32, 38] and references cited therein). Kenary et al. [24] used the
Hausdorff metric defined on closed convex subsets of a Banach space to characterize a functional
inequality and investigated Ulam’s stability of SVFE (a Cauchy-Jensen-type additive SVFE, a
Jensen-type additive-quadratic SVFE, a generalized quadratic SVFE, and a Jensen-type cubic
SVFE) by using a fixed point technique, which is used to deal with the stability of SVFE. SVFE
has been thoroughly researched by a number of authors, and there are a number of intriguing
findings (see [8, 11, 26, 33] and references cited therein).

In the theory of Ulam’s stability, one can find an efficient tool to evaluate the errors, that is,
to study the existence of an exact solution of the perturbed FE, which is not far from the given
function. In 1940, the stability problem for the FE was first raised by S.M. Ulam [37].

Ulam’s question. Let (R1, ∗) be a group and (R2,∆, d) be a metric group. Given ε > 0, does
there exist δ > 0 such that if a mapping f : R1 → R2 satisfies

d
(
f(u ∗ v), f(u)∆, f(v)

)
< δ for all u, v ∈ R1,
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then there exists a homomorphism F : R1 → R2 such that

d
(
f(u), F (u)

)
< ε for all u ∈ R1?

If the answer to this problem is affirmative, then the homomorphism functional equation

F (u ∗ v) = F (u)∆F (v)

is said to be stable.
Hyers [21] give an affirmative partial answer to the problem of Ulam in Banach space. There-

after, Aoki [3] and Rassias [34] generalized Hyers’ theorem for additive and linear mappings by
considering an unbounded Cauchy difference. In 1994, Găvruta [18] generalized Rassias’s theo-
rem and discussed the stability of linear FE. Stability results of several functional equations in the
literature have been studied by many authors in recent years (see [1, 2, 4, 5, 6, 7, 15, 16, 36, 39],
references cited therein).

In 1968, Diaz and Margolis [14] introduced one of the fundamental results of fixed point
theory in generalized metric spaces. The main distinction between a generalized metric and a
usual metric is that the range of the former is allowed to include infinity. Isac and Rassias [22]
were the first to show how to use the stability theory of FE to prove new FP theorems with
applications in 1996. A number of authors have extensively examined the stability difficulties of
numerous FE utilizing FP approaches (see [9, 10, 19, 28, 29, 35]).

The direct method is a classical technique in Hyers–Ulam stability in which stability is proved
through direct manipulations and estimates of the functional inequality. This approach originates
from early foundational results and has been repeatedly used in later works (see [17] and the
references cited therein).

Throughout the paper, U is a real vector space, Q ⊂ U is a nonempty and V is a Banach
space. Moreover, for a function r mapping a nonempty set Q into Q we write r0(u) = u,
rn = r ◦ rn−1, and if r is invertible, r−n = r−1 ◦ r−n+1 for u ∈ Q, n ∈ N ∪ {0}. We define the
following:

2V : The set of all subset of V ;

Bb(V ): The set of all closed bounded subset of V ;

Bc(V ): The set of all closed convex subset of V ;

Bcb(V ): The set of all closed convex bounded subset of V .

On 2V , we consider the addition and the scalar multiplication as follows:

B +B′ = {u+ u′ : u ∈ C, u′ ∈ B′}, µB = {µu : u ∈ B},

where B, B′ ∈ 2V and µ ∈ R. Further, if B, B′ ∈ Bc(V ), then we denote

B ⊕B′ = B +B′,

where B +B′ denotes the closure of B +B′.
It is simple to check that

µB + µB′ = µ(B +B′), (µ1 + µ2)B ⊆ µ1B + µ2B.

In addition, when B is convex, we have (µ1 + µ2)B = µ1B + µ2B for all µ1, µ2 ∈ R+.
It is clear that if B ∈ Bcb(V ), then for all µ1, µ2 ∈ R+, we have

µ1B ⊕ µ2B = µ1B + µ2B = (µ1 + µ2)B = (µ1 + µ2)B.

For a given set B ∈ 2V , the distance function d(., B) and the support function sp(., B) are
respectively defined by

d(u,B) = inf{∥u− v∥ : v ∈ B}, u ∈ V,

sp(u
∗, B) = sup{⟨u∗, u⟩;u ∈ B}, u∗ ∈ V ∗.
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For every pair B,B′ ∈ Bb(V ), we define the Pompeiu-Hausdorff (PH) distance between B and
B′ by

h(B,B′) = inf{Λ > 0 : B ⊆ B′ + ΛBV , B
′ ⊆ B + ΛBV },

where BV is the closed unit ball in V .
Some properties of the PH distance are shown in the following proposition.

Proposition 1.1. [24] The following properties are true for every B,B′,K,K ′ ∈ Bcb(V ) and
Λ > 0,

(a) h(B ⊕B′,K ⊕K ′) ≤ h(B,K) + h(B′,K ′);

(b) h(ΛB,ΛK) = Λh(B,K).

Definition 1.2. Let G : U → Bcb(V ). The general linear SVFE is defined by

G(a1u+ b1u
′) = a2G(u)⊕ b2G(u

′), (1.1)

for all u, u′ ∈ U and fixed nonzero scalars a1, b1, a2, b2 such that a1 + b1 > 0 and a2 + b2 > 0.

Note that Cauchy type additive SVFE G(u + u′) = G(u) ⊕ G(u′) is a special case of the
general linear SVFE (1.1), if a1 = b1 = a2 = b2 = 1. Moreover the equation (1.1) also includes
Cauchy-Jensen type additive SVFE for a1 = b1 = a2 = b2 =

1
2 .

In this paper, using the FP method and the direct method, we investigate the stability of the
general linear SVFE (1.1) in the setting of Banach space.

2 Fixed Point Method

In this section, we use the FP method to investigate the stability of general linear SVFE (1.1) in
the setting of Banach spaces.

Let (Bcb(V ),⊕, h) be endowed with the PH distance h. Since V is a Banach space,
(Bcb(V ),⊕, h) is a complete metric semigroup (see [12]). Further, Debreu [13] proved that
(Bcb(V ),⊕, h) is isometrically embedded in a Banach space.

The following result of Diaz and Margolis [14] will be used in this section.

Theorem 2.1. Let (U, d) be a generalized complete metric space. Assume that T : U → U is a
strictly contractive operator with Lipschitz constant L < 1. If there exists a non negative integer
n0 such that d(Tn0+1u, Tn0u) <∞ for some u ∈ U, then the following statements are true:

(i) The sequence {Tnu} converges to a FP u∗ of T ;

(ii) u∗ is the unique FP of T in Z = {z ∈ U, d(Tn0u, z) <∞} ;

(iii) If z ∈ Z then

d(z, u∗) ≤ 1
1 − L

d(Tz, z).

Theorem 2.2. Let Q be a nonempty subspace of U , r : Q → Q, ϕ : Q2 → R, and f : Q →
(Bcb(V ),⊕, h) such that following conditions hold

h(f(a1u+ b1u
′), a2f(u)⊕ b2f(u

′)) ≤ ϕ(u, u′), (2.1)

for every u, u′ ∈ Q, and fixed nonzero scalars a1, b1, a2, b2 such that a1+b1 > 0 and a2+b2 > 0.
Suppose that

ϕ(r(u), r(u′)) ≤ L ϕ(u, u′), (2.2)

where L < 1, and r = qϵ where q(u) = (a1 + b1)u for u ∈ U with a1 + b1 > 0, qϵ(Q) ⊂ Q,
ϵ = {1,−1}.
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Then

G(u) = lim
n→∞

(Γ−ϵ)nf(rnu),

exists for each u ∈ Q and define as a unique general linear SV map G : Q → (Bcb(V ), h) such
that

h(G(u), f(u)) ≤


Γ−ϵ

1 − LΓ−ϵ
ϕ(u, u); if ϵ = 1,Γ ≥ 1

L

1 − LΓ−ϵ
ϕ(u, u); if ϵ = −1, 0 < Γ < 1

(2.3)

where Γ = a2 ⊕ b2.
Moreover, if there exist positive real numbers m and µ with µ > 0 such that diam f(u) ≤

m ∥u∥µ for all u ∈ Q, then G(u) is a singleton.

Proof. Take u = u′ in (2.1), we have

h(f(q(u)),Γ(f(u))) ≤ ϕ(u, u). (2.4)

Using the properties of PH distance, equation (2.4) implies that, for each u ∈ Q and qϵ(Q) ⊂ Q,

h(Γ−ϵf(r(u)), f(u)) ≤ Hϵ(u), (2.5)

where r := qϵ, H1(u) :=| Γ |−1 ϕ(u, u), H−1(u) := ϕ(q−1(u), q−1(u)). The proof of this
theorem have two cases either ϵ = 1 or ϵ = −1.
Case (a). Suppose that Γ ≥ 1 and λ := Γ−ϵ. If ϵ = 1 in (2.5). Then we have

h(f(u), λf(r(u))) ≤ λϕ(u, u) for every u ∈ Q with q(u) ∈ Q. (2.6)

Consider Qd = {g : Q→ Bcb(V ), g(0) = {0}} endowed with the norm ∥.∥ on Qd define as

∥g1 − g2∥ = inf{µ ∈ (0,∞) | h(g1(u), g2(u)) ≤ µϕ(u, u),∀u ∈ Q},

where, as usual, inf ∅ = +∞. It is easy to see that (Qd, ∥.∥) is a complete (see [20], Theorem 2.4
and [27], Lemma 2.1).

Now, we define a linear mapping T : Qd → Qd by

Tg(u) = λg(r(u)), for all u ∈ Q.

Let g1, g2 ∈ Qd be given such that ∥g1 − g2∥ = ε. Then

h(g1(u), g2(u)) ≤ εϕ(u, u), for all u ∈ Q.

Therefore, using the properties of PH distance and (2.2), we obtain

h(Tg1(u), T g2(u)) = h(λg1(r(u)), λg2(r(u)))

= λh(g1(r(u)), g2(r(u)))

≤ λεϕ(r(u), r(u))

≤ λLεϕ(u, u).

Suppose that λL = α, thus we have

h(Tg1(u), T g2(u)) ≤ αεϕ(u, u)

where α < 1, for all u ∈ Q. Hence, ∥g1 − g2∥ = ε implies that ∥Tg1 − Tg2∥ ≤ αε. Therefore,
we know that ∥Tg1 − Tg2∥ ≤ α ∥g1 − g2∥ , which means that T is a strictly contractive map with
α < 1. Moreover, we can infer from (2.6) that ∥Tf − f∥ ≤ λ.
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By the Theorem 2.1, there exists a mapping G : Q→ V satisfying the following:
(i) G is a FP of T , i.e., G(u) = λG(ru) for all u ∈ Q. Further, G is the unique FP of T in the set
{g ∈ Qd | ∥f − g∥ <∞}, which means that there exists an ϱ ∈ (0,∞) such that

h(f(u), G(u)) ≤ ϱϕ(u, u), for all u ∈ Q.

(ii) ∥Tnf −G∥ → 0 as n→ ∞. Then we get

lim
n→∞

λnf(rn(u)) = G(u), for all u ∈ Q.

(iii) ∥f −G∥ ≤ 1
1 − α

∥f − Tf∥ . Then we have ∥f −G∥ ≤ λ

(1 − α)
, which implies that (2.3)

holds.
Since a1r

n(u)+b1r
n(u′) = rn(a1u+b1u

′) for n ∈ N, u, u′ ∈ Q, we obtain replacing in (2.1)
u by rn(u), u′ by rn(u′) and multiplying the both sides of | λ |n

h(λnf(rn(a1u+ b1u
′)), a2λ

nf(rn(u))⊕ b2λ
nf(rn(u′))) ≤ λn ϕ(rn(u), rn(u′))

≤ αn ϕ(u, u′).

Since α < 1, the last expression tends to zero as n → ∞. By (ii), we conclude that G is general
linear SV mapping satisfying (1.1)

G(a1u+ b1u
′) = a2G(u)⊕ b2G(u

′),

for every u, u′ ∈ Q and a1, b1, a2, b2 ̸= 0.
If m and µ are positive real numbers with µ > 0 and diam f(u) ≤ m ∥u∥µ for all u ∈ U

then diam (λnf(knu)) ≤ λnm ∥knu∥µ for all u ∈ U and therefore G(u) = lim
n→∞

λnf(knu) is a
singleton.

Case (b). Suppose that Γ < 1 and λ := Γ−ϵ. If ϵ = −1 in (2.5). Then we have

h(f(u), λf(r(u))) ≤ ϕ(r(u), r(u)) ≤ Lϕ(u, u), (2.7)

for every u ∈ Q with u ∈ q−1(Q) and L < 1.
The remaining part of the proof is similar to the above.

Corollary 2.3. Let Q be a nonempty subspace of U , r : Q→ Q, ϕ : Q2 → R, q(u) = (a1 + b1)u
for u ∈ U with a1 + b1 > 0 and f : Q→ (Bcb(V ),⊕, h) such that following conditions hold

h(f(a1u+ b1u
′), a2f(u)⊕ b2f(u

′)) ≤ η(∥u∥p + ∥u′∥p), (2.8)

for every u, u′ ∈ Q, a1, b1, a2, b2 ̸= 0 and η, p are any constants. Suppose that

ϕ(r(u), r(u′)) ≤ L ϕ(u, u′), (2.9)

where L < 1 and r = qϵ where qϵ(Q) ⊂ Q, ϵ = {1,−1}.
Then

G(u) = lim
n→∞

(Γ−ϵ)nf(rnu),

exists for each u ∈ Q and define as a unique general linear SV mapping G : Q → (Bcb(V ), h)
such that

h(G(u), f(u)) ≤


Γ−ϵ

1 − α
2η ∥u∥p if ϵ = 1

L

1 − α
2η ∥u∥p if ϵ = −1,

(2.10)

for all u ∈ Q, where α = LΓ−ϵ < 1 and Γ = a2 + b2 > 0.
Moreover, if there exist positive real numbers m and µ with µ > 0 such that diam f(u) ≤

m ∥u∥µ for all u ∈ Q, then G(u) is a singleton.

Proof. The proof follows from Theorem 2.2 by taking

ϕ(u, u′) = η(∥u∥p + ∥u′∥p), for all u, u′ ∈ Q.
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3 Stability of set-valued general linear equation functional equation

In this section, we investigate the stability of general linear SVFE (1.1) in the setting of Banach
spaces using the direct method. To start with, we have the following result needed in the sequel.

Proposition 3.1. Let Q be a nonempty subspace of U , r : Q → Q,ψ◦ : Q → R, f : Q →
(Bcb(V ), h), and λ ∈ R+. Suppose that for w ∈ Q.

h(λf(r(w)), f(w)) ≤ ψ◦(w) (3.1)

and

H(w) =
∞∑
i=0

| λ |i ψ◦(r
i(w)) <∞ holds. (3.2)

Then for every w ∈ Q,

F (w) = lim
n→∞

λnf(rn(w)) (3.3)

exists and F : Q→ (Bcb(V ), h) is a unique function with

h(F (w), f(w)) ≤ H(w) (3.4)

and

λF (r(w)) = F (w), for all w ∈ Q. (3.5)

Proof. First, we will prove by induction that, for every n ∈ N,

h(λnf(rn(w)), λn−1f(rn−1(w))) ≤| λ |n−1 ψ◦(r
n−1(w)), (3.6)

for w ∈ Q. From (3.1) it follows that (3.6) holds for some n = 1. Assume that (3.6) holds for
n ∈ N and replace w by r(w), multiplying both side by | λ | we obtain

h(λn+1f(rn+1(w)), λnf(rn(w))) ≤| λ |n ψ◦(r
n(w)),

for w ∈ Q and consequently (3.6) holds with n replace by n + 1. Thus, by the principle of
mathematical induction, we show that (3.6) is valid for every n ∈ N.

From (3.6), by the triangular inequality for every l ∈ N ∪ {0}, we get

h(λl+if(rl+i(w)), λlf(rl(w))) ≤
l+i−1∑
t=l

| λ |t ψ◦(r
t(w)), for w ∈ Q and i ∈ N. (3.7)

Taking l → ∞,
∑l+i−1

t=l | λ |t ψ◦(rt(w)) → 0 so h(λl+if(rl+i(w), λlf(rl(w)) is arbitrary small.
Thus, we have shown that {λnf(rn(w))} is a Cauchy sequence. So the limit (3.3) exists for

every w ∈ Q. Now we have to prove that F : Q→ (Bcb(V ), h) satisfies (3.5). Further replace in
(3.1) w by rn(w) and multiply by | λ |n then we get

h(λλnf(r(rn(w))), λnf(rn(w))) ≤| λ |n ψ◦(r
n(w)), for w ∈ Q. (3.8)

Taking n → ∞ in (3.8), and using (3.2), we get (3.5). By taking l = 0 and i → ∞ in (3.7), we
get (3.4).

To prove the uniqueness of function F , we suppose another function F1 : Q → (Bcb(V ), h)
satisfying (3.4) and (3.5). Then for n ∈ N, w ∈ Q, we have

h(F (w), F1(w)) =| λ |n h(F (rn(w)), F1(r
n(w)))

≤| λ |n [h(F (rn(w)), f(rn(w))) + h(F1(r
n(w)) + f(rn(w)))]

≤ 2 | λ |n
∞∑
i=0

| λ |i ψ◦(r
n+i(w))

= 2
∞∑
i=n

| λ |i ψ◦(r
i(w)). (3.9)

Taking n→ ∞ in (3.9), we get F (w) = F1(w).
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Theorem 3.2. Assume that Γ = a2 ⊕ b2 ̸= 1, Q ⊂ U is nonempty. Let Θ : Q2 → R, q(u) =
(a1 + b1)u, for u ∈ U with a1 + b1 ̸= 0, and g : Q→ (Bcb(V ),⊕, h) be a mapping satisfy

h(g(a1u+ b1u
′), a2g(u)⊕ b2g(u

′)) ≤ Θ(u, u′), (3.10)

for every u, u′ ∈ Q. Assume that Γ > 0, ϵ ∈ {−1, 1} such that qϵ(Q) ⊂ Q and

H(u) :=
∞∑
i=0

| Γ |−iϵ
Θ(qiϵ(u), qiϵ(u)) <∞,

lim
n→∞

inf | Γ
−nϵ

Θ(qnϵ(u), qnϵ(u)) |= 0.

(3.11)

Then there exists a unique G : Q→ (Bcb(V ), h) such that (1.1) holds for every u, v ∈ Q and

h(G(u), g(u)) ≤ H◦(u),

for u ∈ Q, where

H◦(u) =

{
| Γ |−1 H(u), ϵ = 1
H(q−1(u)), ϵ = −1.

(3.12)

Proof. Suppose that Γ > 0 and take f = g in (3.10). Then we have

h(f(a1u+ b1u
′), a2f(u)⊕ b2f(u

′)) ≤ Θ(u, u′), (3.13)

for every u, u′ ∈ Q.
Whence u = u′, for each u ∈ Q,

h(f(q(u)),Γf(u)) ≤ Θ(u, u). (3.14)

Using the properties of PH distance, equation (3.14) implies that, for each u ∈ Q, qϵ(Q) ⊂ Q,

h(λf(r(u)), f(u)) ≤ ψϵ(u),

where r := qϵ, ψ1(u) :=| Γ |−1 Θ(u, u), ψ−1(u) := Θ(q−1(u), q−1(u)) and λ := Γ−ϵ.
Hence by the Proposition 3.1, for every u ∈ Q, the limit F (u), exists and

h(f(u), F (u)) ≤
∞∑
i=0

| Γ |−iϵ ψϵ(r
i(u)).

Since a1r
n(u) + b1r

n(u′) = rn(a1u+ b1u
′) for n ∈ N, u, u′ ∈ U , we obtain replacing in (3.13)

u by rn(u) and u′ by rn(u′) and multiplying the both sides of the inequality by λn

h(λnf(rn(a1u+ b1u
′)), a2λ

nf(rn(u))⊕ b2λ
nf(rn(u′)) ≤ λnΘ(rnu, rnu′), (3.15)

for n ∈ N, u, u′ ∈ Q.
Taking n→ ∞ in (3.15) and using (3.11), we get

F (a1u+ b1u
′) = a2F (u)⊕ b2F (u

′), for u, u′ ∈ Q.

Take G = F. Then it is easier to check that (1.1) holds for u, u′ ∈ Q and h(G(u), g(u)) ≤ H◦(u)
for u ∈ Q.
Since G is unique, so is F .

Corollary 3.3. Assume that Γ = a2 ⊕ b2 ̸= 1, Q ⊂ U is nonempty. Let Θ : Q2 → R, q(u) =
(a1 + b1)u, for u ∈ U with a1 + b1 ̸= 0, and g : Q→ (Bcb(V ),⊕, h) be a mapping satisfy

h(g(a1u+ b1u
′), a2g(u)⊕ b2g(u

′)) ≤ ϖ(∥u∥p + ∥u′∥p), (3.16)
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for every u, u′ ∈ Q, where ϖ, p are any constant. Assume that Γ > 0, ϵ ∈ {−1, 1} such that
qϵ(Q) ⊂ Q and

H(u) =
∞∑
i=0

| Γ |−iϵ ϖ(
∥∥qiϵu∥∥p + ∥∥qiϵu′∥∥p) <∞,

lim
n→∞

inf | Γ
−nϵϖ(

∥∥qiϵu∥∥p + ∥∥qiϵu′∥∥p) |= 0.

(3.17)

Then there exists a unique G : Q→ (Bcb(V ), h) such that (1.1) holds for every u, u′ ∈ Q and

h(G(u), g(u)) ≤ H◦(u),

for u ∈ Q, where

H◦ =

{
| Γ |−1 H(u), ϵ = 1
H(q−1(u)), ϵ = −1.

(3.18)

Proof. The proof follows from Theorem 3.2 by taking

Θ(u, u′) = ϖ(∥u∥p + ∥u′∥p), for all u, u′ ∈ Q.

Remark 3.4. If Γ = 0, ϵ = −1 and qϵ(Q) ⊂ Q in the Theorem 3.2 and Corollary 3.3, the proof
is trivial.

Remark 3.5. Assume a1 + b1 ̸= 1 and q, ϵ are the same as in Theorem 3.2. It’s then simple to
verify that qnϵ(u) = (a1 + b1)nϵ(u) for n ∈ N, u ∈ U .

Corollary 3.6. Assume that ψ : U → [0,∞], lim
n→∞

|ψ(a1 + b1)nϵ(u)| ≤ ∞, for ϵ ∈ {−1, 1}, u ∈
U, Γ := |a2 ⊕ b2| ≠ 1, and g : U → (Bcb(V ), h) satisfy (3.10) for all u, u′ ∈ U with Θ(u, u′) :=
ψ(u − u′). Then there is a unique mapping G : U → (Bcb(V ), h) such that h(G(u), g(u)) ≤
ψ(0)
|1 − Γ|

and (1.1) holds for all u, u′ ∈ U .

Proof. If Γ > 1 (Γ < 1, respectively), we obtain the statement from Remark 3.5 and Theorem
3.2 with ϵ = 1(ϵ = −1 resp.).

Conclusion

In this paper, we investigate the Hyers-Ulam-Rassias stability for the set-valued general linear
functional equation using the fixed point approach and direct method in a Banach space. Also,
we obtain some interesting consequences.

Now, we have an open question: Is it possible to prove Theorem 2.2 and Corollary 2.3 in the
other combinations of Γ, ϵ, like Γ ≥ 1, ϵ = −1, and Γ ≤ 1, ϵ = 1?
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