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Abstract The domination degree of a vertex of a graph is the number of minimal dominat-
ing sets of the graph containing that vertex. In this research work, we define a new domination
degree of each vertex of the graph, is called the neighborhood domination degree of the vertex.
Using the concept of this new domination degree, first neighborhood domination Zagreb, second
neighborhood domination Zagreb, modified first neighborhood domination Zagreb, forgotten
neighborhood domination, hyper neighborhood domination, modified forgotten neighborhood
domination, neighborhood domination symmetric division (deg) (NDSDD) and neighborhood
domination Sombor (NDSO) indices are introduced. For NDSDD and NDSO indices, we com-
pute their exact values for some standard families of graphs, and later derive their lower and
upper bounds using some graph parameters and other neighborhood domination degree-based
topological indices.

1 Introduction

Let I' = (V(I"), E(I")) be a simple and connected graph with non-empty vertex set V' (I") and
edge set E(I") of cardinality n and m, respectively [1]. A subset D of V(I") is a dominating set
if every vertex in V(I") \ D has at least one neighbor in D. The domination degree of a vertex
s € V(I'), denoted as dg4(s), is the number of minimal dominating sets of I" containing s. We
use the notations Ay(I") and 64(I") to denote the maximum and minimum domination degree of
vertices of a graph I, respectively.

Chemical graph theory is a branch of mathematical chemistry that is concerned to deal with
complex molecular problems through the application of graph theory. Chemical graph theory
focuses on the idea of a molecular graph, where atoms are represented as vertices and bonds
between atoms are represented as edges [2]. Molecules are theoretically modeled using graph to
understand the physicochemical characteristics of these chemical substances.

We use the mathematical formula called fopological index to analyze any graph that con-
structs a molecular structure, which is used to assess mathematical values and investigate physic-
ochemical properties of molecules that eliminates expenses and time-taking laboratory work. It
also provides information about the physicochemical and biological properties of molecules in
the quantitative structure-property relationship (QSPR) and quantitative structure-activity rela-
tionship (QSAR) studies [3, 4, 5, 6].
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Definition 1.1 ([7]). The mathematical expressions symmetric division (deg) and Sombor index
of graph [ are defined as

B min(d(s),d(t)) = max(d(s),d(t))
SPD(I) = > (max(d(s),d(t))+min(d(s),d(t))>

steE(I")
and
Z \ /d?(s) + d?(t), respectively.
steE(I"

The idea of domination topological indices arises depending on this minimal dominating set
and domination degree [8]. For more information regarding domination in the graph, reader may
follow [9, 10, 11, 12, 13, 14]. At first, the domination Zagreb indices are defined as follows [8].

pmy(I) = Y di(s DMy(T) = > da(s)da(t
seV(I) steE(I")
DM{(I) = Y (da(s)+ da(t)).
steE(I")

After that, the forgotten domination, hyper domination, modified forgotten domination and dom-
ination Sombor indices of graphs are respectively defined as follows [15, 16].

= > dils DH(I) = 3" (da(s) +da(t)),

seV (D) steB(I")
DF*(I') = > (dj(s) + di(t)), DSO(I Z \/d3(s) + d(t
steE(I) steE(I

2 Defining Neighborhood Domination Degree-based Topological Indices

From the concept of domination degree, we establish the idea of a novel domination degree, and
with this new domination degree, we construct neighborhood domination topological indices,
which are defined below.

Definition 2.1. Let I" be a simple connected graph. In this research paper, we define a new
domination degree of each vertex s € V(I"), called the neighborhood domination degree of s
and denoted by d,,4(s), which is defined as the sum of the domination degree of neighbors of the
vertex s. It is mathematically formulated as

- Y @

teN(s)

Motivated by the concept of domination topological index, we introduce novel topological
indices based on the neighborhood domination degree. These include the first and second neigh-
borhood domination Zagreb indices, the modified first neighborhood domination Zagreb index,
the forgotten neighborhood domination index, the hyper neighborhood domination index, the
modified forgotten neighborhood domination index, the neighborhood domination symmetric
division (deg) index and the neighborhood domination Sombor index, as detailed in Table 1.

Classical degree-based indices such as the Zagreb indices, Randi¢ index and Sombor-type
indices depend only on the degrees of adjacent vertices [17, 18, 19, 20, 21, 22, 23, 24, 25]. While
these indices efficiently describe local connectivity and bonding patterns, they do not incorporate
the wider neighborhood interactions that significantly influence the graph’s structural behavior.
To address this limitation, neighborhood degree-based indices were proposed [26, 27], in which
each vertex’s degree is replaced by the sum of the degrees of its adjacent vertices. Although these
indices consider a wider local environment compared to classical degree-based measures, they
still depend only on degree aggregation and fail to incorporate any notion of vertex influence
or control over the graph structure. In contrast, domination-based indices are formulated using
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Table 1. Formulas for neighborhood domination degree-based topological indices.

Neighborhood Domination Degree-based Indices Notation Formula

First Neighborhood Domination Zagreb Index NDM,(I") Psevir ,Ld( )

Second Neighborhood Domination Zagreb Index NDM,(I") Psten(r) d,,d( ) dna(t)

Modified First Neighborhood Domination Zagreb Index NDM; (T) P sten(r)(dna(s) + dna(t))
Forgotten Neighborhood Domination Index NDF(I") Psev(r) 3 ,(s)

Hyper Neighborhood Domination Index NDH(I') Pstenr) (dna(s) + dna(t))’
Modified Forgotten Neighborhood Domination Index NDF*(I") Saenr)(daa(s) + (1))
Neighborhood Domination Symmetric Division (Deg) Index | NDSDD(I') | 3 ,cp(r) (:::f(d ‘i( Vi (( ))>> + :]?:((Z (( ))j f(( ;;)
Neighborhood Domination Sombor Index NDSO(I') D steB(r) \/dnd (s) +d2,(t)

domination parameters, which quantify how efficiently a selected set of vertices influences the
entire graph structure [8, 15, 16].

Neighborhood domination topological indices are conceptually analogous to the classical
neighborhood-based topological index. The fundamental distinction lies in the parameter used:
while neighborhood indices rely on the degrees of adjacent vertices, neighborhood domination
topological indices are defined using the neighborhood domination degree, which is computed
as the sum of the domination degrees of all neighboring vertices of a given vertex.

3 Neighborhood Domination Symmetric Division (Deg) and Neighborhood
Domination Sombor Indices of a Graph

In this section, we compute the exact values of neighborhood domination symmetric division
(deg) (NDSDD) and neighborhood domination Sombor (NDSO) indices for some important fam-
ilies of graph such as: complete graph (K,), star graph (5,,), complete bipartite graph (K, »,),
double star graph (S, ), complement of K, ,,, book graph (B,, r > 3), friendship graph (F},),
butterfly graph (B, ,,) and windmill graph (Wd}).

Proposition 3.1. If I" be a complete graph K., then

n(n —1)>2
NDSDD n— 1) and NDSO(I') = ———.
(I) =n(n—1) () 7
Proof. For every vertex s € V(K,,), di(s) = 1. So, dpa(s) = (n— 1), for all s € V(K,).
Therefore, NDSDD(I') = n(n — 1) and NDSO(I') = ""21-. o

Proposition 3.2. If I be a star graph Sy, then
NDSDD(I') = n*> + 1 and NDSO(I') = n\/n?* + 1.

Proof. Let I' be a star graph S,,. Let {¢,¢;, 2, ..., ., } be the set of all vertices of .S,, with central
vertex ¢. The only two minimal dominating sets of .S,, are {t} and {¢,t2, ..., ¢, } implies d4(t) =
1, forall t € V(I'). Then, d,q(t) = n and dpnq(t;) = 1, forall i = 1,2,...,n. Therefore,
NDSDD(I') = n? + 1 and NDSO(I") = nv/n? + 1. O

Proposition 3.3. If I" be a complete bipartite graph K,, ., then

NDSDD(I'") = m2<:f;11) + nz(?Z;*]l) and NDSO(I") = mny/n2(m + 1)2 + m2(n + 1)2.

Proof. Let I' = K, ,, be a complete bipartite graph, where m,n > 2 with partite sets V; and V,
of cardinality m and n respectively. Suppose Vi = {sy, $2, ..., 8 } and V5 = {t1,t2, ..., t, }. Then
for any s; € Vi;¢ = 1,2, ..., m, the minimal dominating sets are {sy, s2, ..., s, } and {s;, t;}, for
Jj = 1,2,..,n. So, dyq(s;) = n+ 1. Similarly, for any ¢t; € V»; j = 1,2,...,n, the minimal
dominating sets are {¢,t2, ..., t,, } and {¢;,s;}, fori = 1,2, ...,m. So, d4(t;) = m + 1. Then

doals) = n(m+1), forallse Vi;
" T Y m(n+ 1), forall s € Vs
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Therefore,

NDSDD(I') = mz(:,LTJ + ”2(7::11)

and

NDSO(I') = mny/n2(m + 1)? +m2(n + 1)2.

Proposition 3.4. If I" be a double star graph S,,, ,, then

+n+1 +n+1
NDSDD(F):mmj_l +mnf1 +m(m+ 1) +n(n+1)

and

NDSO(I') = m/4(m? +2m +2) + ny[4(n? + 20 +2) +2¢/(m + 1)2 + (n + 12,

Proof. Let I' be a double star graph S,, ,. Let {s,si1,52,...,5m,t,t1,t2,....t, } be the set of
vertices of S, ,. There are four minimal dominating sets {s,t}, {s1,52,...; Sm, t1, 82, ., tn }s
{s,t1,t2,....tn} and {t, s1, $2, ..., s, }. Since every vertex v € Sy, contained in two minimal
dominating sets, then d;(v) = 2, forall v € V(I"). Then,

2, for all s; and ¢;;
dna(v) =< 2(m+1), fors;
Z(n + 1), for ¢.

Therefore, NDSDD(I') = -0l 4 bl 4y (m 4 1) +n(n + 1) and

NDSO(I') = m\/4(m2 +2m+2)+ n\/4(n2 +2n+2)+ 2\/(m +1)2+ (n+1)2.

Proposition 3.5. If I" be the complement graph K., , of K., then

NDSDD(I") = m? +n* —m —n and NDSO(I') = "2[(m — 1)* + (n — 1)?].

Proof. Let I be the complement graph K| m,n Of Ky, . The graph K, ,,, m,n > 2 with partite
sets V) and V; of cardinality m and n, respectively. Suppose Vi = {si, $2,..., 8} and Vo =
{t1,t2,...,tn}. Thenforany s; € Vi(I');i = 1,2,...,m, the minimal dominating sets are {s;,;},
for j = 1,2,...,n. So, dq(s;) = n. Similarly, for any ¢t; € V2(I'); j = 1,2,...,n, the minimal
dominating sets are {¢;, s;}, fori = 1,2,...,m. So, d4(t;) = m. Then

dna(v) n(m—1), forve Vp;
nd\V) =
¢ m(n—1), forve V.

Therefore, NDSDD(I") = m? + n?> —m — n and NDSO(I') = 22 [(m — 124 (n—1). O

Lemma 3.6 ([8]). Let I' = B, be a book graph with r > 3, which is a cartesian product of star
graph S, and path graph P, with the total number of minimal dominating sets 2" + 3. Then

3, t is center vertex,
dq(t) = _1 )
2" 4+ 1, otherwise.
Theorem 3.7. Let I" be a book graph B,., r > 3, then

2+ 4 N r2'+1)+3 1
2r-'+1)+3 2r-144

NDSDD(I') =2 + 27‘(
-

and

NDSO(I') = V2 [r(2" " +1) +3] +V2r- (27" +4)

+2r /(2 1) - 252 4 (12 4 37) - 27 + 272 412 4 67 4 25.
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Proof. Note that there are three types of edge set. These are as follows:
By = {st € E(I') : dpa(s) = dna(t) =727~ + 1) + 3},

Ey={st € BE(I') :dyq(s) =2""1 +4, dpy(t) = (2"~ + 1) + 3},
E; = {St € E(F) : dnd(s) = dnd(t) =271 + 4},

and |Ey| = 1, |Ey| = 2r, |E5| =

_ min(dna(s), dna(t)) = max(dna(s), dna(t))
NDSDD(F) - stG%F) (maX(dnd(S)v dnd(t)) * min(d”d(s)’ d"d(t)) )
)

B min(d,q(s),dna(t))  max(d,q(s),dna(t))
= 2 ( <dnd<s>,dnd<t>>+min(dnd<s>,dnd<t>>>

min(d,q(s), dna(t))  max(dna(s), dna(t))
- Z (rnax(dnd(s),dnd(t))+min<dnd<s>,dnd<t>>)

min(d,q(s), dna(t))  max(dna(s), dna(t))
N (rnax(dnd(s),dnd(t)) i )

r—1 r—1 r—1
(2 + 3+rgz +1)+3>+2r.<(2 +4

2r=1+ 3 r@2-1'+1)+43 r(2r=14+1)+3
+7~(2’“*1 27 l+4 2144
or— 1_|_4 or— 1+4 2T—1+4
2r-l44 r(2'+1)+3
=242 1).
+r< (2r1+)+3Jr 2114 +>
Similarly,
NDSO(I')
= Z \/ s) + d34(t)
steE(I"
= Z dg(s) +dpg(t) + Z \/ s) + di(t) + Z dpq(s) +d4(t)
steE(I") steEy (I steEs(I

I- \/2(7’(2’“1 +1) +3>2 +2r - \/(zrl +4)2+ (r(zrl +1) +3)2
+7- 2(21”1 +4>2

=V2-[r@ '+ 1)+ 3]+ V2r- (27 4 4)

+2r\/(r2+ 1)-227=2 4 (72 4+ 37) - 27 + 272 + 72 + 6r + 25.

O

Lemma 3.8 ([28]). Let I' = F,, be a friendship graph with 2n + 1 vertices that consists of n
triangles sharing a common vertex. Then,

1, t is center vertex,
da(t) =19 ., o
2" tis in triangle.
Theorem 3.9. Let I" be a friendship graph F,, then

n.2n vl
'DSDD(I") =2 1
NDSDD(I") n(2n1+1 + o + )

and

NDSO(T') = 2n\/n? - 220 4-220=2 4 2 4 1 +/2p(2" ' +1).
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Proof. Here we calculate the neighborhood domination degree as

dat) = n- 2", t is center vertex;
nd 2n=l 41, tisin triangle.

NDSDD(I) = Y (min(dnd(s)vdnd(ﬂ) +max(dnd(s),dnd(t)))

steE(T) max(d,a(s),dna(t))  min(d,a(s), dnal(t))

n-2" 2n=1 4 on=lyp 1 on—lgq
=2
”(2n1+1 w2 >+ <2n1+1+2n1+1)
n - 2" 2” 41
2n(2n 1+1 o >+2n
n - 2" on—l 41
_Zn(2n1+1 o —i—l)
Similarly,
NDSO(I') = > \[d2,(s) + 2 ,(t)
steE(I")

= 2ny/(n- 20 + (201 4 12 4y 20201 4 1)2

=2n\/n2 - 220 4 2202 4 20 1 4 V20 (27 4 1),

O

Lemma 3.10 ([28]). let I be a butterfly graph B, ,, with 2m +n + 1 vertices that consists of m
triangles and n pendent edges sharing a common vertex. Then,

, t is center vertex;
dg(t) = ¢ 2™, t is in pendent edge;

2m=1 tisin triangle.

Theorem 3.11. Let I" be a butterfly graph B, ,, then

NDSDD(I') = n( : !

1 +2m-! (m+n)-2m
—_— -2m 2 1
m_i_n).zm—f—(m—i-n) )-i— m(

(m+n)-2m 1 42m-1

and

NDSO(I') = n\/l + (m? + 2mn + n?2) - 22m

+ 2m\/(m2 + 2mn + n?) - 22m 4 22m=1 4 2m 4 |

+ m\/z(zm + 22m—2 + 1)
Proof. Here we find the neighborhood domination degree as

(m+mn)-2™, tis center vertex;
dna(t) =< 1, t is in pendent edge;
1 +2m1 t is in triangle.
There are three types of edge set which are given below:

Ey = {st € E(I') : dpa(s) = (m+n) - 2™, dpa(t) = 1},
By ={st € E(I') : dpa(s) = (m +mn)-2™ dnq(t) = 1 4+2m=D},
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By = {st € E(I) : dya(s) = dna(t) = 1+ 207D},
and |E\| = n, |Es2| = 2m, |E3| = m.

_ min(dna(s), dna(t)) = max(dna(s), dna(t))
NDSDD(I') = Z (maX(dnd(S)adnd(t)) * min(dnd(s)vd"d(t))>

steB(I")
1 1 +2m-! (m+mn)-2m
=n| —m—— L2 2
"((m+n)-2m+(m+n) >+ m((m+n)~2m [+2m1
1 _l_zm—l 1 +27n—]
+m(1+2m1 + 1+2m1)
1 1 +42m—1 (m+n)-2m
=n| ————— -2 2 1].
n<(m+n).2m+(m+n) >+ m((m—f—n)-Zm 14 2m-1
Similarly,
NDSO(I)
= \ did(s) +d$¢d(t)
steE(I")

:n\/l + <(m+n) ~2m)2+2m\/(1 +2m1>2+ ((m+n) .2m)2
e (1) s (12m)’

:n\/l+(m2+2mn+n2)-22m+2m\/(m2+2mn+n2)-22m+22m_1—|—2m+1

+ m\/z(zm +22m=2 4 1).
O

Lemma 3.12 ([8]). Let I' = W4, be the windmill graph formed by q copies of the complete
graph K, at a common universal vertex, where p > 2 and q > 2. Then,

1, if t is in center;
dd(t) = ( 71) .
(p— 1)V otherwise.

Theorem 3.13. Let I" be the windmill graph WdZ, then

—_1)¢ _ — 1)e=1)
NDSDD(F)_q(p—l)((p_z)q(’;p_ 11)?q1>+1+(p Z)Sfplf)q +1)+q(p—1)(p—2)

and

NDSO(T) = a(p W(q(p— 1>q)2 +(0-20- e+ 1)2

= D0=2) (- 3)p- 1o +1),

Proof. Here we find the neighborhood domination degree as

+

doa(t) = q(p—1)9, t is center vertex;
" (p—2)(p—1)@ Y +1, otherwise.

NDSDD(T')
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B min(dnq(s),dna(t))  max(dnq(s), dna(t))
- X ! i)

wlEr max(d,q(s),dna(t))  min(d,q(s), dna(t)

_ q(p— 1)1 (r-2)(p-1)
= - 1)((29 2)(p— 1= +1 qlp—1
((p—2)(p— D41 (p=2)p—1lV +

(p-2)p—-DEV+1  (p-2)(p— 1=+

=q(p - 1)<(p — 2)%23_13?51) —+ = 2)51(’2)__ l);qql) ha 1) +alp—1)(p—2)
Similarly,
NDSO(I')
Z \/ )+ d2 (1)

:qu( 07) + (-2 1 m):(w;wqw).
\/<(p2)( +1)2+( - —1)(a=1) 1>2
- st 0y (5= 7) "+ (-2 o0 1)’

+ Q(p%pz) ((p ~2)(p- Dl + 1>-

4 Bounds of the NDSDD and NDSO Indices

In this section, we establish the bounds for the neighborhood domination symmetric division
(deg) (NDSDD) and neighborhood domination Sombor (NDSO) indices of a graph I" in terms
of order n, size m, maximum domination degree A;(I"), minimum domination degree 64(1I")
and other considered neighborhood domination degree-based topological indices. Moreover,
we also produce some mathematical relationships between these two indices (i.e. NDSDD and
NDSO indices).

4.1 Bounds in Terms of Order, Size, Maximum and Minimum Domination Degrees

Theorem 4.1. Let I" be any graph of order n and size m with maximum and minimum domination
degrees Ay and 64, respectively. Then

m ((H%Ad + 1) < NDSDD(I') < m - ((n }:)Ad 0 5dl>Ad>

with equality if and only if I' is a 2k-domination 1-regular graph.
Proof. Here Ay = max{d,(¢t) : t € V(I')} and 64 = min{dy(¢) : ¢ € V(I")} and suppose that
1 <6 < dpa(s) < dpa(t) < (n—1)Ay, we have

NDSDD(I') = > <mm( als ’”d(t))+max(dnd(s),dnd(t))>

)
ity \max(dna(s), dna(t) — min(dna(s), da(t))




876 Jayjit Barman and Shibsankar Das

(o ) = (o s )

Again,

NDSDD(I') = > (max (dna(5), dna(®) T min(dna(s), dnall))

steE(I")
dnd (8) dnd (t)
o (&0 + &)

2 <<n55>Ad+<n—5r§md>:m'<(n63)Ad+<n—5dmd>'

steE(I")

IA

IN

o) s <o (08 )

O

Theorem 4.2. Let I" be any graph having n vertices and m edges with maximum and minimum
domination degrees Ay and 4, respectively. Then
2m 5(1 Ad

oD A, SNDSDD(I) < 2m(n—1) - 3

with equality if and only if I' is a 2k-domination 1-regular graph.
Proof. Here Ay = max{dy(t) : t € V(I')} and §4 = mln{dd( ) :t € V(I')} and suppose that

1 < 6a < dna(s) < dnalt) < (n— 1)Aq. Since, =px; < 77 2@ < ag- then

2 1 1 2
(n—1)A; = (dmxs) - dndu)) = b

:Z TEvE Z(dmj(s) () %i

steB(I" steE(I)

2m 1 1 2m
= oA, = > (dnd(s) + dnd(t)> S5

\/

ste E(I")
Therefore,
NDSDD(T")
= 3 (e )+ i)
-z (e zf:: )
TS ((d t)) ' (d”d(s) " d”d(t)> - 2>
= 2 (40 * ) 0 (i * ) )
- steE(I") <mm{dnd % dnd(t)}<dndl(s) ! d"j(t)>

+maX{dnd(S)adnd(t)}<dnd1(s) o ) - 2>
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= > <min{dnd(8)»dnd(t)}<dl 4 >+max{dnd(5)»dnd(t)}

steB(I) nd(8)  dna(t) dpa(s)

. max{dtzl(;()g)dnd(t)} ) 2)
_ StezE;F) (min{dnd(s),dnd(t)} (dn:(S) + dni(t)> + Ej‘;{{jjgj)) 35((3}} 1 2>
> 3 (min{dua(o). s} s + s )
Sg,. o 2m _ 2m 0

- (TL - I)Ad (TL - 1) Ad
Similarly, one can show that NDSDD(I") < 2m(n — 1) - %—3

2m 04 Aq
. . —= < NDSDD <2 -1
1) By S NPSPRI) S 2m(n =)

O

Theorem 4.3. Let I' be any graph having n number of vertices and m number of edges with
maximum and minimum domination degrees Ay and 04, respectively. Then

mV284 < NDSO(I') < mV2(n — 1)Aq

In addition, equality is attained on the left-hand side when I' is 2k-domination 1-regular graph,
while equality on the right-hand side occurs when I' is a complete graph.

Proof. Here Ay = max{d,(¢) : t € V(I')} and 64 = min{dy(¢) : ¢ € V(I")} and suppose that
1 < (Sd < dnd(S),dnd(t) < (n — I)Ad NOW,

207 < dg(s) +dpg(t) < (n—1)%A

= V235 < \[d2,(s) + 2, (t) < V2(n—1)A

= > V2u< Y (2 s)+d 1)< > V2(n—1)A

steE(I") steE(I") steE(I")

— mV20; < NDSO(I') < mv2A,.

Therefore,
mV28, < NDSO(I') < mV2(n — 1)Aq

4.2 Bounds in Terms of Modified First Neighborhood Domination Zagreb and Second
Neighborhood Domination Zagreb Indices

Theorem 4.4. Let I represents a connected graph having n vertices and m edges. Then

2
NDSDD(I") > (NDMT(F)>

AR
= T NDM,(I) "

Moreover; the equality occurs when I’ is a complete graph.
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Proof. Letx = (z;) and a = (a;), i = 1,2,...,n, be two positive real number sequences. Then
by using Radon’s inequality [29], for all > 0, we get

r+1
Zn: 2,7 . (Z?_1$i>

a/‘,,. puiy T .
i=1 v n .

) _ min(dpq(s), dpa(t)) = max(dna(s), dna(t))
. NDSDD(F) = ey <max(dnd(s)7dnd(t)) mill(dnd(s)7 dnd(t>) >
_ dnd(S) dnd(t)
- steE(I) <d”d(t) i dnd(s))
_ <(dnd(8> + dnd(t)>2 — 2dnd(5)dnd(t))
ste B(I) dna(s)dna(t)
_ (dna(s) + dna(t))*
- stcE(I) ( dna(s)dna(t) 2)
_ (da(s) + dua Y
N ste E(I") ( d"d(s)dnd(t) ) ?
<ZsteE(F) (dna(s) + dnd(t))> <NDM’1k (F))
S S 9 1 R VTV (o
2
(NDM;‘(F))
. NDSDD(T") > ~2m.

NDM,(T)
O

Theorem 4.5. Let I" be a graph of order n and size m with maximum and minimum domination
degree Ay and §4, respectively. Then

\}ZNDMT(F) < NDSO(I') < NDM;(I).

Moreover, equality is attained on the left-hand side when I is k-domination r-regular graph
or complete graph, while equality on the right-hand side occurs when I' is a complement of a
complete graph.

Proof. We know that 1 < 64 < dpa(s),dna(t) < (n — 1)A4. Then by the inequality between

quadratic and arithmetic means for the positive numbers d,,4(s) and d,4(t), we have

dyg(5) + d3g(t) _ dna(s) + dna(t)
2 - 2

= \/dr,(s) + 3, (t) > \1@(%(1(5) + dna(t)).
Now, NDSO(I') = > /2, (s)+d2,(t)

steE(I")

1 1 .
> Stg;m ﬁ(dnd(s) + dpa(t)) = ﬁNDMl (I).
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Again, NDSO(I') = Z dpg(s) +d74(t)

- Z ¢ () + dna(t))? = 2dna(s)dna(t)
< ¥ \/ wd(8) 4 dua(®)?> = S (dnals) + dna(t)) = NDM (I').
steEB(I") steE(I")
: \éNDMT(F) < NDSO(I') < NDM; (T').

O

Theorem 4.6. Let I be a graph of order n and size m with maximum and minimum domination
degree Ay and b4, respectively. Then

V2
NDSO(I') > ————— - NDM,(I').
Moreover, the equality holds if and only if I' is a complete graph.

Proof. We know that 1 < 64 < dpg(s),dnq(t) < (n — 1)A;. Then by inequality between
quadratic and harmonic means for the positives numbers d,,4(s) and d,.4(t), we have

dpa(s) + dpy(t) 2
— 1 1
2 dnd(s) + dnd(t)
_ 2dna(s)dnat)
dnd(s) + nd(t)
> 2dna(s)dna(t) _ dna(s)dna(t)
- 2(71 — 1)Ad (n — 1)Ad
V2
= /2, (s)+d%,(t) > (GRS “dna(s)dna(t).
Now,
steE(I"
V2 V2
> S S - v . )
> }: 7, tra($)dna(8) = =55 - NDM(D)
steE(T)
Therefore, NDSO(I') > 2+ - NDM(I'). o

Theorem 4.7. Let I" be a graph of order n and size m with maximum and minimum domination
degree Ay and b4, respectively. Then

(n—1)°A2 + 42
(n — I)Ad + 84

NDSO(I') < - NDM(I").

Moreover, the equality holds on both sides if and only if {dq(s), dna(t)} = {04, (n — 1)A4}.
Proof. In general 64 < (n — 1)A4. Then for every dp,q(s), dna(t) € [0a, (n — 1)A4],

2(’/7, — 1)§dAd < Zd"d(S)dnd(t)
(n = 1)2A5+ 05 ~ d74(s) + 3,4 (1)

holds.
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Now,
2
— 1A 1)
<(" JAa + d)  (n—=1)A3+ 6%+ 2(n — 1)Agdq
(n—1)2A2+02 (n—1)2A2 + 52
—1 + 2(7”L — 1)Ad6d
(n—1)2A2 + 52
<14 2dnd(8)dnd(t)
dZ 4 (s) + dr (1)
_ (dnd(s) + dnd( ))
&2 4(s) + 7, (t)
(Tl*l)Ad—ﬁ—(Sd < d, ( )+dnd(t)
\/(n—1)2A2+62 \/d )+ d? ()
; - (n—1)2A2 + &2
< .
- (n—1)2A%2 4 52
= Z Va(s)+d2,t) CE T > (dna(s) + dna(t))
steE(I" steE(I")
(n—1)2A2 + &2
NDSO(I') < -NDM7 ().
Therefore,
(n—1)2A2 + 62
NDSO(TI") < - NDM (I).

(n — 1)Aq + da

4.3 Bounds in Terms of Hyper Neighborhood Domination and Second Neighborhood
Domination Zagreb Indices

Theorem 4.8. Let I' be a graph of size m with maximum and minimum domination degree Ay
and 4, respectively. Then

NDH(T')

NDH(T
(n—1)°A3 =

~2m < NDSDD(I') < =
d

—2m.

Moreover, equality on the left hand side attains when I is complete graph and equality on the
right hand side occurs when I is a 2k-domination 1-regular graph.
Proof. We know that 1 < §; < dyq(s),dna(t) < (n — 1)A4. Then

min(d,q(s),dna(t))  max(dna(s), dna(t)) >
max(dna(s), dna(t)) ' min(d,a(s), dna(t))

NDSDD(I') =
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- (dua(s) + dua()®
= 2 ( Jua(3)dna(t) 2)

steE(I")
_ (dnd(5> + dnd(t))z —om
= StezE%F) < dna(s)dna(t) ) 2
(dna(s) + dna(t))? _ NDH(T")
< ste;(m ( 2 ) —2m = T —2m.

Similarly, one can show that NDSDD(I") > (:[j'f)(z?z — 2m. Therefore,
d

NDH(T)

i NDH(TI')
(n— 1)2Ad

(53 — 2m.

—2m < NDSDD(T') <

O

Theorem 4.9. Let I" be a graph of order n with maximum and minimum domination degree Ay
and 4, respectively. Then

NDH(I") — 2NDM,(T") NDH(I') — 2NDM,(I")
\ﬁ(n — I)Ad \ﬁad .

Moreover, equality on the left hand side attains when I' is complete graph and equality on the
right hand side occurs when I is a 2k-domination 1-regular graph.

< NDSO(T') <

Proof. We know that 1 < §; < dpg(s),dna(t) < (n—1)A4. Then

NDSO(I') = > \[d2,(s) + 2 ,(t)

steE(I")
dpa(s) + dpy(t)
stezE%F) 7 4(s) + did(f)>
_ (dna(s) + dnd(t))z — 2dya(s)dna(t)
steg(F) ( 2 4(s) +d7,(t) )

_ (dna(s) + dna(t))* = 2dpa(s)dna(t)
B Z < V264 )

steE(I")
B NDH(I") — 2NDM,(I")
V26, -

Similarly, one can show that NDSO(I") > W. Therefore,
n—1)Aq

NDH(I") — 2NDM,(T")
V2(n —1)Ay

NDH(I") — 2NDM,(T")
V26, '

< NDSO(T') <

4.4 Bounds in Terms of Modified Forgotten Neighborhood Domination Index

Theorem 4.10. Let I" be a graph of order n and size m with maximum and minimum domination
degree Ay and 6,4 respectively. Then

NDF*(I")

o, NDF*(I')

< NDSDD(I') < ——
d

Moreover, the equality on left hand side occurs if and only if I' is a complete graph and the
equality on the right hand side occurs if and only if I' is a 2k-domination 1-regular graph.
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Proof. We know that 1 < 64 < da(s), dna(t) < (n— 1)A4. Then

NDSDD <mln dnd 5 d(t)) + mz.lx(dnd<5)a dnd(t))>
stEE max dnd S (t)) mln(dnd(s)7dnd(t))
_ <dnd S nd t )
steEB(I" dna(t) "d s)
_ < + dnd >
steE(I"
> mNDF*(F)

Similarly, one can show that NDSDD(I") < %(). Therefore,
NDF*(I")

(n— 143 =

O

Theorem 4.11. Let I" be a graph of order n and size m with maximum and minimum domination
degrees Ay and 64, respectively. Then

NDF*(I") NDF™(I')
V- na, =P =T,

Moreover, the equality on left hand side occurs if and only if I' is a complete graph and the
equality on the right hand side occurs if and only if I is a 2k-domination 1-regular graph.

Proof. We know that 1 < §; < dya(s), dna(t) < (n — 1)A4. Then
g < dhg(s),dog(t) < (n—1)°A%
= 25} < d2y(s) + dgl1) < VE(n — 1A

= V284 < /2, (s) + d2, (t)gxﬁ(n—md

1

V2(n —1)A / s) +d2 ,( féd

=

Now,

NDSO(I') = > \[d2 (s) + d2,(t)
steE(I")

_ did(s) + did(t)
steg(l”) ( 4 4(s) + d%d(t)>

a2, (s)+d%,(t)\ _ NDF*(I')
Sz<d\/§5dd )_ V284

steB(I")

NDF*(I')

Similarly, one can show that NDSO(I") > V1A

. Therefore,

NDF*(I')

NDF*(I)
<NDSO(I') <
=",

V2(n—1)Ag ~
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Lemma 4.12 ([30]). Ifcj,d; > 0and pd; < c; <Ud; for1 < j < n, then
n 2
(329)(3524) < (S em)
Jj=1 Op j=1

If c; > 0 for some 1 < j < n, then the equality occurs if and only if ¢ = U and c; = @d; for
every 1 <j <n.

Theorem 4.13. Let I" represent any graph of size m and order n having maximum and minimum
domination degrees Ay and 4, respectively. Then

2 m(n - 1)(5dAd " «
. < < : .
50t (1= DA, NDF*(I") < NDSO(I'") < y/m - NDF*(T)

Moreover, equality is attained on the left-hand side when I is 2k-domination 1-regular graph,
while equality on the right-hand side occurs when I is a k-domination r-regular.

Proof. We know that 1 < 64 < dpa(s), dna(t) < (n — 1)A4. Leta; = \/d?,(s) + d? 4(¢) and
bi =1. NOW,

265 < dog(s) + drg(t) < 2(n — 1)°A7

= V204 </, (s) + >, (t) < V2(n—1)Ay

Here we take ¢ = /204 and U = v/2(n — 1)A,. From Lemma 4.12, we get

s () g oo es)

steE(I) ste B(I)

2
d%zd + dnd( ))

(>

steE(I")

<6d + (n— 1)Ad>2 2
= mNDF(I) € st (NDSO(F))

4m(n — 1)6dAd

<5d + (n — I)Ad>
. Zym (n = 1)daAa - \/NDF*(I") < NDSO(I"

5d+ TL—IAd

S -NDF*(I') < (NDSO(F))2

Again, by Cauchy-Bunyakovsky-Schwarz’s inequality [31], it holds

(= ¢T 0) £ X 0P X o)+ Eat0)

steE(I" 5tEE(F) steE(I")

= (NDSO(F))2 < m - NDF*(I)

— NDSO(I') < \/m - NDF*(I").

2 m(n — 1)5dAd " ”
. < < . .
50t (n 1A, NDF*(I") < NDSO(I") < \/m - NDF*(I")

Therefore,
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Theorem 4.14. Let I be any graph of order n and size m with maximum and minimum domina-
tion degrees Ayq and b4, respectively. Then

Zm(n - 1)5(1Ad +NDF*(F)

o= V2 ((n —1)Ag+ 5d>

Moreover, the equality holds if and only if I' is a k-domination r-regular graph.
Proof. We know that 1 < 64 < dya(s),dna(t) < (n— 1)A4. Then

(Sd S dnd(8)7dnd(t) S (TL — 1)Ad

= 5(2i S d%bd(8)7 d%Ld(t) S (Tl - l)zAzi

— 263 < d2y(s) + d>,(t) <2(n—1)°A3

= V20, < /2, (s) +d2,(t) < V2(n—1)Ay

— (1 [, (s) + d2 ,(t) — fzad> : (\fz(n —DAg— /2, (s) + dfld(t)) >0
= V2(n— 1Ay /2 (s) + > ,(t) — (did(s) + did(t)> —2(n — 1)d4Aq

+ V28 -1/ d2 4 (s) + d2,(t) > 0

= \/§<(n — DAy + 6d> /2 (s) + 2 4 (t) > 2(n — 1)d40a + (did(s) + did(t))

= \f2<(n—1)Ad+5d>~ S 2ys) 2, ) > > 2(n—1)6A

steB(I) ste B(D)

+ > (dﬁd(s)+did(t))

steE(I")

— fz((n —1DAg+ 5d> - NDSO(I") > 2m(n — 1)64A4 + NDF*(I").

Therefore,
Zm(n - 1)6dAd + NDF*(F)

\fZ((n 1)Aq +5d)

NDSO(I') >

4.5 Relationship Between NDSDD and NDSO Indices

Theorem 4.15. Let I be any graph of order n and size m with maximum and minimum domina-
tion degrees Ayq and b4, respectively. Then

V264
e

\/§~ (n— I)Ad

- NDSO(I") < NDSDD(TI") < =
d

- NDSO(T").

Moreover;, the equality occurs on both sides if and only if I' is a 2k-domination 1-regular graph.

Proof. We know that 1 < 8§y < dyq(s), dna(t) < (n —1)Aq.

NDSDD(I") = Z (min(dnd(s)7dnd(t)) n max(dnd(s),dnd(t))>

steB(I) max(dnq(s), dna(t))  min(dpa(s), dna(t))
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- ¥ ()

d
steE(I")
_ dna(s) + dpy()
- steg(f') ( dna(s)dna(t) )
B V() + By(t) - [ Py(s) + 1)
- ste B(I) ( dna(s)dna(t) >
= (W dpy(s) +did(t)> = W . NDSO(T).

Similarly, one can show that NDSDD(I") > V24 - NDSO(T'). Therefore,

( )2 AZ
% - NDSO(I') < NDSDD(T') <
(n—1)%- A%

w -NDSO(I').
dg

O

Theorem 4.16. Let " be any graph of order n and size m with maximum and minimum domina-
tion degrees Ay and 04, respectively. Then

0 — DA
%4 npspp(1) < NDSo(r) < (= DA
V2 V2
Moreover, equality is attained on the left-hand side when I' is 2k-domination 1-regular graph,
while equality on the right-hand side occurs when I is a k-domination r-regular.

Proof. Suppose that 1 < 64 < dpg(s), dna(t) < (n—1)A,.

- NDSDD(I').

NDSO(I' Z b 4(s) + i g(1)
steE(I"
_ Z )+ d2a(1))?
o
steE(I" dnd ) + d ( )
2
dnd(s dpq(t
Z (dm((t; + dndés))) 'did(5>did(t)
- steB(I) dpy(s) + d7 g (t)
- 1 1
steE(I") d2 ,(s) + 0] dnd(t) dnd(s)
< 2 i 1 T (3“(5) + ;l"d(t)) _ (n= DA - NDSDD(I').
steE(I") (n—1)2A2 + (n—1)2A2 nd(t) nd(s) \/Z
Similarly, NDSO(I") > % -NDSDD(T"). Therefore,
dd (n—1)Aq
—— - NDSDD < NDSO(I') £ ——— - NDSDD(I').
v () < Npso(r) < " ()

Theorem 4.17. Let I be a connected graph of order n and size m. Then

NDSO(I') < \/NDSDD(I") - NDMy(I").

Moreover; the equality occurs if and only if I' is a complete graph.



886 Jayjit Barman and Shibsankar Das

Proof. Letx = (z;) and a = (a;), i = 1,2,...,n, be two positive real number sequences. Then
using Radon’s inequality [29], for all » > 0, we get

Now,
2

> — -
steE(I) dna(s)dna(t) (ZsteE(m dnd(s)dnd(t)>

2 4(s) + d2 4(t)
= Z ( dnd(s)dnd<t) )2

dnd(s) dnd(t)
= Z <dnd(t) N dnd(5)> = NDMZ(F)

steE(I")

— NDSDD(T') >

— (NDSO(F)>2 < NDSDD(T") - NDM,(T").

Therefore,

NDSO(I') < \/NDSDD(I") - NDMy(I").

5 Conclusion

In this article, we defined the neighborhood domination degree of a graph and then established
neighborhood domination topological indices of the graph using the same. Here, we calculated
the exact values of the NDSDD and NDSO indices of some families of graphs. In addition, we
presented several bounds on the NDSDD and NDSO indices in terms of the order, size, maximum
and minimum domination degree and other neighborhood domination degree-based topological
indices. Moreover, we obtained some relationships between the NDSDD and NDSO indices of
the graph.
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