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Abstract. In this article, we focus on the Jones result in Bloss [1] which tells that G-edge
colored diagram algebra ?k(m, G) is a centralizer algebra of the group G S,, on W®*, where
W = C"I€!, In specific, the action of G S,, is restricted to the diagonal action of G'? A,, and we
describe a basis for the centralizer algebra in this diagonal action. Also, we prove that P (x, G)
is isomorphic to its centralizer when n > 2k + 2. Further, we provide the R-S correspondence of

?k(;m G) which gives a bijection among the edge colored diagrams of ?k(:m G) and the pair of
multi-vacillating tableaux of the shape. In addition, we drive the Knuth relations for P k(z, Q).

1 Introduction

The algebra generated by the set partitions diagrams is called a partition algebra and is denoted
by Pi(x) which was introduced by P. Martin [11] and Jones [7] independently. A decade af-
terward, the representation theory of Py (z) and its structure have been studied by many more
authors. The algebra Py (n) consider as the centralizer algebra of the action of .S,, on the k-fold
tensor space V®*, where V' = C"by Jones in [7].

The partition algebra in which the edges are labeling using an arbitrary group elements is
called a G-edge colored partition algebra and is denoted by ?k(x, G) which was studied by
Bloss. He considered the algebra ? x(z, G) as the centralizer algebra of the group G 1 S, acting
on W& where W = C"I€l in [1] and studied the representation theory of this algebra in [3].

Bloss restricted the action of S,, on V®* to the alternating group A,, in P;(x) and showed that
Enda, (VEF) = Py(n), for n > 2k + 2 in [2]. The action of S,, x G is restricted to 4,, x G by
Kennedy et al. in [9] and proved the isomorphism Enda, xc(W®k) & Py(n, G) if n > 2k + 2.

The finite tensor product algebra Py, (z1)® Py (22)®- - -® Py (2, ) has been introduced recently
by Kennedy and Jaish in [8]. They considered the algebra Py (n;) ® Px(n2) ® -+ ® Px(n.,) as
a centralizer algebra of the group S,,, x S,, X --- x S, on the tensor space W®k where
W = ™72 "mIn [6], they restricted the diagonal action of S,,, X Sy, x --- x S, to A, X
Ay, x -+ x Ay, and proved that for all ny, ng, ..., nm > 2k +2, Enda, xA, x-xA,,, (Wek) =
Pip(n1) @ Pr(n2) @ -+ @ Pp(ng,).

The R-S correspondence was introduced independently by Robinson [14] and Schensted [15]
which states that there is a bijection between the symmetric group S,, and a pairs of standard
tableaux. The R-S correspondence of P(z) studied by Halverson and Lewandowski in [4],
which provides a bijection between the set partitions and pairs of vacillating tableaux of same
shape. The R-S correspondence of G-Brauer algebras was studied by Parvathi and Tamilselvi in
[13] and they derived the Kunth relations of this algebras.

In this article, we describe a basis and dimension for the centralizer Endg,a, (W ®*) by re-

stricting the action of GS,, to the action of G1 A4,, in ?k (n, G). We show that Endg,a,, (W®F) =
?k(n, G) if n > 2k + 2. Further, we provide the R-S correspondence of ?k(x, G), which is
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a 1 — 1 correspondence between the elements of ?k(n, G) and the pairs of multi-vacillating
tableaux of same shape. We also prove the identity n*|G|* = Z[A]GFE,H f [’\]mgg\] by constructing
a bijective map between the sequence of tuples ((ai, k1), (a2, h2), ..., (ag, hi)), 1 <aj <n,h; €
G and the pairs (7}y), Pry) of standard multi-tableax 7}, and multi-vacillating tableau ) of the
same shape [A]. In addition, we drive the Knuth relations for ? (n,G).

2 Preliminaries

Definition 2.1. [16] A partition A = (A, A2, ..., Ap,) of a positive integer n is a sequence that
satisfying the following condition A; > Ay > ... > A, > O and Y A; = n. It is denoted by
A n.

A young diagram of A = (A, A2, ..., Ay ) b n is an array of total n boxes with A; boxes in the
throwVi=1,2,...m

A young diagram filled with the numbers 1,2, ..., n is called a young tableau of shape A - n
and the numbers are in the increasing order then the tableau is called a standard tableau of shape
A n.

Definition 2.2. [5] A sequence of partition [\] = (A1), A .. A")) |- 7 is said to be a multi-
partition of size n if ) F n, A® - ny, .., A\ = n, such that ny +ny + - - - +n, = n and is
denoted by [\ Fn

Definition 2.3. [5] Suppose [A] - n. A sequence of tableau [t] = (t(1),¢(?) ... (")) is said to be
a multi-tableau of shape [)] if the corresponding sequence of Young diagrams are filled with the
numbers {1,2,...,n}.

The entries of each tableau ¢(*) is increasing strictly along rows and columns then the tableau
[t] is called a standard multi-tableau of shape [)].

Let ST™([A]) = {[t] | [t] is a standard multi-tableau of [\] - n}.

Definition 2.4. [16] A two-line array 7 of positive integers is said to be a generalized permutation
if the columns are in lexicographic order and the top entry taking precedence.

B ( il G2 e in )
JuJ2 o Jn
Theorem 2.5. [10, 16] Let x,y be two generalized permutations. The permutations x and y are

Knuth equivalent (i.e. x X y) iff the P-tableau of x and y are same (i.e P(x) = P(y)).

Theorem 2.6. [10, 16] Let x,y be two generalized permutations. The permutations x and y are
dual Knuth equivalent (i.e. x g y) iff the Q-tableau of x and y are same (i.e Q(z) = Q(y)).

2.1 The G-Edge Colored Diagram Algebras

A (G, k)-edge colored diagram is a k-partition diagram in which the edges are oriented and
named by the elements of G, where G is an arbitrary group. Two (G, k)-edge colored partition
diagrams are similar if the following conditions holds: (i) the fundamental partition diagrams are
similar (ii) the G-diagrams are similar up to the "vector addition". Let g1, g2, -..., g6 € G then:

—1
93 9495

S XTI

The product of two (G, k) partition diagrams d and d’ defined in the following way:

» The fundamental diagram of d’d formed by multiplying the fundamental diagrams of d and
d'.

» The lower edges of d and upper edges of d’ are coincides with an equivalent orientation
however the labeling is different, then d’d = 0 during the concatenation.
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« Follow a path starting from d into d’, implement a“vector addition” of the edge labels be-
tween d and d’ along imposed connections . In this process, the d edge-labels are multiplied
by d’ edge-labels on the right side.

« For every middle level connected components, the factor |G| should be added in to the
product.

For example, let g;, hy € G(1 < s <7)and (1 <¢<6),

93 g6
*——o
dld _ 6(h17h5) 1‘2|G‘2 hy 9y hohsy 94 ihé_]
- (9195 ",97) T ‘
°
Note that § (h‘;“, o) is the Kronecker delta
919, »,97

(950 |0 if (9195 ', 97) # (B, hs).

Up to equivalence of such diagrams this product is well defined and associative. The algebra
(2, G) is defined by F'-span of set of all edge colored diagrams. For a finite group G

(e s {1 if (9195 ", 97) = (h1, hs)

=2k
dim Pi(z,G) = 3 [GPFS(2k,1).
=1

Let G1.S,, be a group of order |G|"n! and the elements of this group are in the following form
T(g1,g2,..,9n)» Where m € Sy, and g1, g2, ..., gn € G. This group is called a wreath product group
of S,, with G. The product of two elements defined as follows:

’ _ /
ﬂ'(gl7927--<7gn)7r(g{,gé,...,ggl) - (ﬂ-ﬂ- )(g,r/mg;,gﬂl(z)gé,...,gﬂ/(n)g;l)- (2~1)

Let W = Spanc{v(; ;) | 1 <i <nandj € G} and the action of G 1 S,, on W®* is defined as

Tg1.g20mg0) (Vi) @+ © Vg i) = Vain) giyin) @+ ® Vio(in) ga, ) (22)
Let A € End(W®F). Define the matrix entries AEZ:: Jf:fl )jz()lw(;’;i ’3) (ing jop) € C of Aby

A(’U(ilvjl) O V(iygp) @+ @ U(ilek-))

_ § : 11 291)5 (%2 Jz ,,,,, (ik,Jk)
(41 jm] s(Tk42,dk42)5e- (i2kgj2k>(v(7lk+lvjk+l) ® U(lk+273k+2) ® ® v(lszZk))'

We will write it as A(vr) = 3 ; Al (vy) where I, J € S¥ (S = [n] x G). Then the equation (2.2)

may be written as 7r<g]7gz7m)gn>(v1) Vnio oo (D)-

nan) ()

Lemma 2.7. [1]. A € Endgys, (W) <= AL = A7 7y

T(91,925-,9n)

v € G1S,.

917!]27---ag'r7,)
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In [1], Bloss defined a homomorphism E) : ?k(n, G) — End(W®F) on a G-edge colored
partition diagram d as follows:

oy (7 () (iasha) e (i B
¢ (d) - (¢ (d) (ikﬂ’hkﬂ):(ik+2’hk+2))"'7(i2k7h2k‘)) (23)
= (w(d)z;ff:zkilj,12k 6h11917h12 5hz3937h14 T 6hzmgm7hzm+l>7 (2.4)

where
1 if i, = i, whenever the vertices a and b have connection in d,

¢@%ﬁ&={ (2.5)

0 otherwise.
Define an action of ?k(n, G) on the tensor space W®* by
%
AV, hy) @+ O Vigne)) = (D) (V0 © - @ V(i a))-

Theorem 2.8. [1]. C[G1S,,] and ?k (n, G) generate full centralizers of each other in End(W ®¥).
That is, for n > 2k,

©) ?k(ny G) = Endgs, (W),
(i) G S, generates End;;k(n’G) (Wek).

Theorem 2.9. [2]. C[A,] and P;,(n) generate full centralizers of each other in End(V®*). That
is, forn > 2k + 2,

() Pi(n) = Endg, (VEF),
(i) A, generates Endp, (V).

Theorem 2.10. /3]. Let G be an irreducible G(r, 1,n)-module and let W denote the permuta-
tion representation of G(r, 1,n) with respect to the subgroup G(r,1,n — 1). Then

~ G(r,I,n G(r,I,n ~
G QW= (G[/\] i’GEr,l,n)—l)) TGEr,l,n)—l): @ G[H]v
[]=(\7)"

where ([\7)* is an r-tuple of partitions with n boxes total that is obtained by removing a box
from [A] and then adding a box.

k=0T 0)

k=1:Oo0) @me) @oo

k=2:(Oam0) (Bjj,@)) (om,O) (Q:\,@) (Hﬂ’m (BZ\,EI) (0o, ) (EEI,EP

Figure 1: Bratteli diagram for G(2,1,4)
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The set P.(n, Z/rZ) = {N] = MO XD XD SN = nn—k < (MO <n,0 <

7

IANO7| < k} indexes all the irreducible representation of ?k(n, Z/r7).

The Bratteli diagram for G(r, 1,n) and ?k(n, Z/r7Z) as they act on W®* where r = 2 and
n = 4 1is given in Figure 1.

3 The Algebra Endg,a, (W®F)

As in §2 G S, acts on the tensor space W®* diagonally, and we restrict this diagonal action
from G 1 S,, to the subgroup G ! A,,. Now we give a basis of the algebra Endg,a, (W®F). Also,
Endgs, (W) C Endga, (W®k). Along with that, we prove Endga, (W®F) = ?k(n, Q)
for n > 2k + 2 and compute the dimension of Endg,a, (W®F).

(1)

k I _ 7‘—( 19250 n)
Lemma 3.1. A € Endga, (W) < A} = A”(thz _____ zn) 77 I (g1.92,00,90) € G VAR
Proof. Let A € Endga, (W®F)
S (g1,00, 9 A = ATg1 00 90) Y T(g1,g2,090) € G LAR

<:>7T(917927---,9n)A(U1) = Aﬂ(gl,gz,-<~7gn)(vl)’ Vour

I
EMgygarmgn) O AT(01) = Alvg, )
J
(g1 990 9m) L)
<:>ZA57T(917§27~--7971)(UJ) = ZAJ( v ) (vs)
J 7

1 _ T(g1.2.-gn) (L)
e E AJUw(g,,gz,.,.,g,,nu) - § :An(gl,gz _____ o) (1) VT (01,02, 9m) ()
J J

The lemma follows from linearly independence. O

Hence we can describe a basis of Endg, 4, (W®*) by describing G ¢ A,,-orbits on
Q:=({1,2,...,n} x G)*

_ {[(i"j')a(izsz),~~-,(ik,jk)

:| ‘ 1 < i17i27"°7i2k < nandjlija"'ajZk € G}

(ther150k41)5(Fr42,0k42) 50+ (128 G2k )

The wreath product group G ? S,, act on Q by

(i1,51),(12,32) 55 (i 53k o (i1,91),0(12,52),- -0 (k)
U{ j j Jx (imj%)} _ [ j j i }7

(Ut 159141) 5 (2,0 k2 55 0 (ki 1,dk41),0 (112, k42) 50 (G2k ,J2k)

where 0 € G S,,.

From, §2 we know that the dimension of Endgs, (W®*) is nothing but number of G ¢ S,,-
orbits on Q. This G ! S,-orbits and the set partitions of {1,2,,....,2k} are in one-to-one cor-
respondence. However, as we see the G ! A,,-orbits with the equivalence relations on the set
{1,2,,....,2k} are not necessarily in 1 — 1 correspondence. Since an entire G { S,,-orbits on the
set Q is nothing but may be a disjoint union of G { A,,-orbits more than one.

The equivalence relation on the set {1,2,,....,2k} with [ classes is denoted by ~;. We
have S(2k,!1) total number of such equivalence relations and for each such relations there are
|G|**~! ways to pick the elements from the group G. Therefore, corresponding to the equiva-
lence relations ~; there are |G|**~'S(2k, [) basis elements T of the algebra Endg,s, (W®F). Let
T., € Endgs, (W®F) denote one such basis element of type |G|**~!S(2k, ), so that according
to ~; the basis element T, entries have indices partition. Define the following set:

(41,01)5(42,52) -+, (ke J1e)
or.,) ={]

:Hjl,...,jZk € G and

(it 15,9410+ (P2, 52k )



916 P. Jaish, P. Sundaresan and A. Joseph Kennedy

1 <iy,...,7 < n, where the entries iy, iy, ..., 1o} are partitioned corresponding to ~; }

Let O,, denote the G A,,-orbit of « for every « in the set Q(7.,). Note that the number of

. . G|"n! G|"n!
elements in Q(7.,) is |Q(T.,)| = MTT)L, and |O,| = ZI(‘%A:)QI’ where (G An)a C (Gl A,)
is nothing but the stabilizer of «. If the disjoint union of two G ! A, -orbits is Q(7T.,), then we

could say that the element 7., € Endg,s, (W®¥) splits when lifted to Endg,a, (W ®F).

Proposition 3.2. i) If 2 < n < 2k, then

n—2
dim Endeya, (W) = |G (2k, 1) 4 2|G*F ="V S (2k,n — 1) + 2|G[** "5 (2k, n).
=1

ii)If n =2k + 1, then

2k—1 2k
dim Endea, W) = Y |GPP*71S(2k,1) +25(2k,2k) = Y |GIP*71S(2k, 1) + 1.

=1 =1
iii) If n > 2k + 2, then

2k
dim Endga, (W) =Y |GIP*1S(2k,1).
=1

Proof. 1) We know that, dim Endg,s, (W®*) =Y, |G|**~'S(2k,1). Observe that

dim Endea, (W) =" a|GI*1S(2k,1).
=1

Here ¢, is denoted by the total number of disjoint G ! A,,-orbits which Q(7.,,) comprises where
T., is of the following type |G|**~'S(2k,)(c; is depends only on [ and independent of ~). we
are going to get that¢; = 1 or ¢; = 2.

Let us assume that o € Q(T.,) where the element 7., € Endgs, (W®*) is of type
|G|**=1S(2k,1). So, the only element in G ! A,, which is the identity element fixes all of the
n different entries of a.. Therefore, |O,| = |G|" - & as [Q(T.,)| = |G|"n!, we get ¢, = 2.
Likewise, ¢,,—; = 2.

Now let a € Q(T.,) where the element T.,, € Endgs, (W®*) is of type |G[*~1S(2k, 1),
(1 <1<n-2). Observe that (G14,,) = A,_;. Hence, |0q| = (|G["-2)/("52) = |Q(T.,)],
soc = 1,1 <[ <n—2,and this completes the proof.

ii) We know that in this case, dim Endes, (W) = S27* |G|*~1S(2k,1). We consider
that dim Endga, (W®*) = S7%, ¢/|G[**-1S(2k, 1), and by case (i) the only element 7., €
Endeys, (W®F) that can split into the following type |G|**~"S(2k,n) or |G|**~(»=DS(2k,n —
1). As the above sum will not have ¢,, = ¢+ 1, only T, € Endeys, (W®*) of type |G|*+—(—1
S(2k,n—1) = S(2k,2k) splits. Therefore, we have ¢, =2and¢; = 1,1 <1 <n—-2=2k—1.
Note that S(2k,2k) = 1, hence dim Endaa, (W) = S0 |G 1S (2k, 1) + 25(2k, 2k) =
SR GRS (2K, 1) + 1.

iii) Likewise here also, dim Endes, (W®F) = 0% |GI2F1S(2k,1). Asn < 2k + 2, the
above sum will not have ¢, and ¢, ;. So, dim Endga, (W®*) = 3% ¢)|G|?*1S(2k, 1),
and therefore ¢; = 1,1 < I < 2k(n — 2). Hence, we get the result dim Endg.a, (W®*) =

) |GPPRLS (2K, ). o

Theorem 3.3. C[G A,] and ?k(n, G) generate full centralizers of each other in End(W®F).
That is, for n > 2k + 2,

() Pr(n, @) = Endgya, (WEF),
(il) G A, generates Endl—gk(ng)(W(@k).
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Proof. 1) We know that, ﬁk(n, G) 2 Endg,s, (W®*) forn > 2k. Then Endg,s, (W ®¥) has the
algebra Endg, , (W®¥) as it’s subalgebra; by (iii) of above proposition dimEndgs, (W®*) =
dimEndga, (W®%) when n > 2k + 2. Therefore Endgs, (W®*) = Endga, (W®*) when

n > 2k + 2. In particular, ?k(n, G) & Endgs, (W) = Endga, (W®*) when n > 2k + 2.

The proof of (ii) follows from (i) and Double Centralizer Theorem. O

4 Vacillating Tableaux
Let G be a finite group and cyclic.
Let AY, = {[(\ = A Y AN Enn—k < A0 <n,0< MO <k}

and T, ={\ =MD Ay e]0 <t <k}

Let [A] € Af,,. A multi-vacillating tableaux of shape [A] with length 2k is a sequence,
(.0, 0) = O, DI, 0. D, 1 = )

satisfying for every 1,

(i) [N@ € A, and [N]7+2) € AG, |,
(i) @ 2 A0+ and [N @) /A2 = 1,
(iti) [AJOF2) C [A]6@HD and [[AJEFD/A]0F2)| = 1.

Let the irreducible (C?k(n, G)-representation indexed by [\ € Aﬁn is denoted by T,LA] and let
VT ([A]) denote the set of multi-vacillating tableaux of shape [\] with length % then

A . A m
my! = dim(T) = VI ().
For n > 2k, the sets Aﬁn and Fﬁn are bijection with each other using the following maps,
N I, — AL
The example of a multi-vacillating tableaux is

Py = ((am, 0,0,0), (oo, 0,0,0), (o, 0,0, 0), (0o, 0,0, 0), (a0, 0,00, 0)).

5 The Proof of identity n*|G|* = > fRm
NeAg,

To give a combinatorial proof of

e = N0 Nm forn > 2k. (5.1)
[(Neag

Find a bijection map of the following form

{((ar, ), (a2, h2), ooy (an, b)) [ 1 < aj <myhi € Gy e— | | ST™([N]) x VI ([A]).
Neay .,
Let the jeu de taquin of removal of = from S* when 2 appears in the /" component is denoted

by x % S and is defined by

(i) Let c = S! ; be the box containing z.
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(i) If the box c is not a corner box, then

a. Take min{S},, ;, 5! |} is in the box ¢;
b. Interchange the boxes ¢ and ¢'.

(iii) Remove the box c.

Example 5.1. Let S = ( E%, (4], , (1] ) then 2 ¢ S as follows:

- (E=E") - EeFY) - (@E) - o)

The insertion of a positive integer z that is not in .S into the [ component of S using R-S

LSS}
o)}

algorithm is denoted by x R s
(i) Let R be the first row of I*" component in S

(i1) If z is smaller than some element of R, then

a. Choose a smallest element y which is larger than z in R and replace the element y by z;
b. Now, take = := y and go to the next row.

(iii) Put the value z at the end of the row R.

Example 5.2. Consider S = (11|3L 415 61,>then2ﬁ>S2 as follows:
7[8
9
— 1(3([4]5]|6] (10 1(3([2]|5]|6] (10 1(3([2]|5]|6] (10 1(3]|2|5(6] |10
s (1 | 1,78{ L)ﬁ(l | 1778{ 1,):,(1 | 1748{ 1,):»(1 | 1,48! 1,)
9 9 9 7
:>(11I3L256L).
438
7
9]

Similarly, the reverse process also possible using the R-S reverse insertion, (see, [16]).

Theorem 5.3. The function ((ay, h1), (az, ha), ..., (ax, hk)) (T,\ '\]) gives a bijection be-
tween the sequence in the set {((a1,h1), (a2, h2), ..., (ak, hi)) < aj < n,h; € G} and

LI ST™([A]) x VI*([A]), and thus provides aproofof(5 1).
[Aea$

Proof. Given (ay, hy), (a2, ha), ..., (ag, hy) with 1 < a; < n,h; € G, we can produce a pair
(T, Py, [N € Aﬁn, where Tiy) is a standard tableau and P is a vacillating tableau. Initially
we start with

0= (ML 02 . 00)
Define the following standard multi-tableau 7 +2) and TU+D for 0 < j < k — 1 recursively by
TU+3) — (%H P >)
TG+ — (aj+1 &S, T(H%)) 7

jdt (5 o .
where a;.1 ¢~ TU) is the removal of a, using jdt from the component where a;,; lies and

aji1 RS, 7(+1) is insertion of a number a;y1 into the (i — 1) component of a tableau 70+ 2)
using RS if hj 11 = g;.

Let [\]V) € AF, and [A]UF e A¥, | be the shapes of tableaux T and TU+2) respectively.
Then

Ty =T% and Py = (N, N, N, B,

so that the shapes of a multi-vacillating tableau Py and a standard multi-tableau 77y will be

same, [A] = [\|¥) € AG,,. Hence ((ar, 1), (a2, ha), .., (ar, hi)) 2% (Tinp, Py))-
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Example 5.4. For ((3, 92), (2, 93), (5,92), (1, 93), (3, 94)) the pair (Tjyj, Py)) is as follows:

J (a5, h;) T0)

0 (‘0), 0, 9@, @(3))
3 (3,92) 4 ((0>7@(1)7@(2),@(3))
1 3.g) 2 ((‘)),“)’@(2)’@(3))
13 @) & (s, &, 02, 00)
2 (2,93) RS (<0) , B , (z), @(3))
21 (5,92) gdt ((0> o, @(3)>

3 (5,9) RS ((0)’ BER 7 (2)7 @(3))
33 (1,93) gdt ((0>7 a2, @(3>>

4 (Lg) = (“’),“)7(2)7@(3))
4 B & ((0),(”,(”7@(3))

5 (G,g) B ((0>’(1>’(2>’(3>)

Ty = (ELE 0 E1)

The associated multi-vacillating tableau is

Py = ((Djjjj, 0,0,0), (oo, 0,0,0), (oo, o, 0, 0), (0o.o,0,0), (ao,0,0,0),

(m,0,0,0), (o,0m,0,0), (0.o,0,0), (D,EDH 0), (ELELB, 0), (D,D,B,D)).

Let us consider [\]0T2) C [A]U+D with [\]UHD) e AC

Jjt+lno 7

AU+3) € AG, | and, also

consider a standard multi-tableau 7U+!) has shape [\]U+!). We may find a;,; uniquely to-
gether with a color h,;; associated by a;1; and a tableau TU+2) of shape [A]G*2) such that

TU+) = (ajH EER T(j+%>) . To do this, consider the box b in [\]+1 /[\]G+2) and use RS
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reverse insertion to delete the value in box b then we get a;, and T(+2). A color hj+1 is asso-
ciated to a1 if the entry a;; is removed from (i — 1) component in TG+ then hjt1 = gi.

Now, assume that the tableau 70+ 2) has shape [A]72) € Afn_l with entries from {1,2, ..., n}
\{a;+1} and the entries of rows and columns are in increasing order and, let [A\])) C [\]U*2) with
[A]U) € A%, . We may find a standard tableau 7/) uniquely satisfying 7'V 1) = (aj+1 LG )).
To do this, consider the box b in [\]¥) /[A]0+2) place the entry a,; in the box b of T +2) and
apply the reverse jdt to get 7).

Given a shape [A] € A{, and a pair (T}, Pryj) € ST™([A]) x VT;"([\]) apply the above
procedure in [\]*~2) C [A\|®), T() = T}, to produce a pair (ay, i) and T*~1. Continue like

wise, we can get the sequence ((ay, hi), (a2, h2), ..., (ax, hy)) and T*) 7¢=D - 70) satisfies
((a1, ), (@2, ha)y ooy (ary b)) 25 (Tiay, Poyy)- o

6 R-S Correspondence of GG-edge colored Partition Algebras

To give a combinatorial proof of

=2k
STlePEtsek ) = Y (my))? (6.1)
=1 [\]eré

k,n

where G is a cyclic group of finite order, find a bijection map of the following form

Pr(n,G) — || VI x VIF(A)
Nerg

by making a function which takes a (G, k)-diagram d from P k(n, G) and gives a pair (P}, Q[y))
of multi vacillating tableaux.

Using standard representation every diagram d of ?k(n, G) is represented as a single row
with vertices of order 1,2, ..., 2k. Relabel the vertex j' by 2k — j + 1.

The edges will be drawn in the following way to the one line representation of d:

Draw an edge from the vertex ¢ to j with ¢ < j if the vertices i and j are connected by an edge
in d with there is no vertex ¢ is connected to ¢ or j such that ¢ < ¢ < j. In a similar way connect
the remaining vertices to its neighbors in the same block. Edges in a diagram d € Bk(n, G) are
labeled using groups elements of G and consider the same labeling for the edges in a single row
representation.

Example 6.1. Consider the Zs-edge colored diagram where Zy = {e = ¢1,92,93,94} as in
Figure 2:

g2

Cle

4/

Figure 2:

A standard one line representation of the above diagram is as follows:
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Figure 3:

We label every edge e of d with (2k + 1 — v, g), where e is the incoming edge of the vertex v
with color g as follows:

(3*-(]2) (2(]3)

Figure 4:

The insertion sequence of d € ?k(n,G) to be the sequence E(**) = {E;} indexed by
j=2,1,15,...,2k — 1,2k — 1,2k is defined as follows.

g — (a,g;), if vertex j is the left end point of edge (a, g;)
71 (0,e), if vertex j is not a left end point of edge (a, ;).

E

j7

=

) (a,gi), if vertex j is the right end point of edge (a, g;)
" | (0,e), if vertex j is not a right end point of edge (a, g;).

The above diagram has the following insertion sequence:

iz 1 b 2 2 3 35 4 4 5 5,

Ej | (0.¢)(8,91) (0,€) (3,92)(8,91)(2,93) (0 ) (6,92)(6,92) (4, 92) (0, ¢)

j 6 61 5 8 83
Ej [ (0,e)(4,92) (0,€) (3,92)(1,94)(2,93) (0, ¢) (1, 94) (0, €)

A pair (P}, Q[5)) will be produced for the insertion sequence {E;} of d € ?k(n, G). Initially
we start with the empty tableaux

=(0,0,...,0).
Then the standard tableaux 7U*2) and TG+ for 0 < j <2k — 1 defined recursively by:
T70) — (@(1)7@&)7 o 00

T(jJr%) o (a,gi) (J—dtT(]) iij+
T ifE;,

= (a7gi)7
= (0,g), forany g € G,

1
2
1
2

where (a, g;) <% 7U) means that delete a from the ' component of 7'0)

RS (itd)
p) _ ) (ag) = TUR) i By = (a,90)
TU+3) if Ej11 = (0,9), forany g € G,
where (a,g;) =2 TU+3) is insertion of a into i component of TU*%) and the remaining
components of T/ +3) are unchanged

Let [A]) and [A](“"2) be the shapes of the tableaux 7" and T*+2) respectively, and let
[A] = [\]*). Define

Qpy = (0. LN, WD, IO € v () (62)
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Py = (W, =D, NED, W) € v (). (63)

We denote this process of producing a pair (P, Qpy) to a diagrams d € ?k(n,G) by
d — (P, Q)-

For the insertion sequence above the pair of multi-vacillating tableaux is given by

j B 70)
0 (0,02),09,0)

! 0,e) 2% (0,02),09,0)

1 (8,e) B8, (E",02,09,0)
1L (e g (B, 02,00, 00)
2 B.q) S, (E",5%,09,00)
21 (8,e) g (@ ,@<4>)
3 (2,0)  BS, (00,7, 21V, 9®)
3L (D) g (00,1, 27, 09)
4 (6,) S, (SREORREENR)
4L (6,3) g% (00,517,217, 0, )
50 () s, (00,EEP Y 09)
51 (Be) gt (00, EE17, &, 0)
6 0,¢)  BS, (0, BT ),@<4>)
6L (4gp) g (@ @<4>)

7 (,e) RS, (00,3 @<4>)
75 (g I (0,0 (‘”)
8 (1,gs) RS, (00,002,217, )
81 () Jt (0, 02),00,07)
9 (,e) RS, (0,02),09,m%)
ol (lg) gt ((2) L0, g3 ,@4>)
10 (he) RS, (0,02),09,0)

Py = ((0.0,0,0), (0,0,0,0). (6,0,0,00). (6,0,0,00). (9,0.0,0), (9,0,03,0),
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=
O
O
=

0,0,000), (0,013,0,0), (0,C13,000), (0,(10,01,0))
Quy = ((0.0,0,0), (0,0,0,0), (C,0,0,0), (1,0,0,0), (,01,0,0), (0,03,0,0),
0), (0,0,0,0), (0,001,0,0), (8,0,000), (0,010,0,0) ).

=
[
[]

Theorem 6.2. The mapping d — (P}, Q[x)) gives a bijection between the diagrams of P k(n,G)

and the pair of multi-vacillating tableaux in the set | | VT;"([\]) x VI;"([\]), where G is
Nerg.,

finite order cyclic group and this gives a proof of (6.1).

Proof. We construct the inverse of the map d — (P}, Q[x)) to prove the converse part. We
produce the sequence [A](2), [A|(V), ..., [\]@*—2) [)\] (2’“ using Q) followed by Py in the this
revert process. Let us consider the initial tableau 7*) = (), 0, . @)

Now, we present the process to construct the tableaux T(i+3 ) and the entry of E;,; so that
T+ = (B, 25 T+ 1f [A]6+D) = [A)0+D) then take 72 = T(+D and E;yy = (0,¢).
Otherwise, we have [A](*1) /[X](+2) is a box that containing the entry a and use uninsertion on

a in the box to produce a tableau T(+3) and FE; 1 such that 70+ = (E; RS plits )). If box
containing a in the i*" component then E;,| = (a, g;).

Now, we discuss the method to construct a tableau 7(*) and the entry of E; 11 so that T(+1) =
(B JU @) I [N = [A]+3) then let T() = TG+ and EZ+1 = (0, e) Otherwise, we
have [A]/[A](*+2) is a box containing a. Let the tableaux T() and T**2) having the same
entries and the entry 2k — ¢ is in the box. Let £, ; = = (2k — 14, g;). Atany given step i, 2k — i is

the highest value added to the tableau thus far, so that the tableau T is standard. Further more,
Tli+1) = (EH% L T%), since a = 2k — i is already in a corner box and thus jdt simply delete
it.

The sequence Eyy, Fog—1, ..., 1 will be produced by the above iterative process, which de-
termines the diagram d completely. Thus, we get d — (Pry, Qpy))- ]

6.1 The Knuth relations

We give the knuth relations of G-edge colored diagrams in this section. Given d € ?(n, G) we
may construct a insertion sequence F(%*),

Definition 6.3. Given a insertion sequence E(%*) of the G-edge colored diagram d, we may
associate [dy, da, wy,ws, s1, $2) such that

dy = {(zs,9i) | xi = 2;,Y0 < 4,5 < k}
dy = {(wi,9i) | wi = 25,V k < i,j <2k}
wy = {(zi,9:) | xi #2;,V0<4,5 <k}
wr = {(25,9i) | wi # 25,V k < i,j <2k}
s1={(0,e) | e=g;, VO <i<k}
sa={(0,e) | e=g;,Vk <i<2k}

Furthermore, the pairs in [dy, dy, wy, wy, S1, 52| are still arranged in the same order as in the
insertion sequence E(%F).,
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Remark 6.4. In the above definition
(1) |wi| = t, where the number of vertical edges are denoted by t.

2) wr ={(z1,01), (2,92), -, (T, 9¢) Y and Ty > 13 > ... > @4,

Definition 6.5. Let d,d’ € ?(n, G). The diagram d is Knuth equivalent to d’ if the following
conditions holds.

(i) s2 = s5,
(i) dr = dj,
K
(iii) wy ~ wj.
B(n,q)

K
The Knuth equivalent of d to d’ is denoted by d "~ d'.

Definition 6.6. Suppose d,d’ € ?(n, @). The diagram d is dual Knuth equivalent to d’ if the
following conditions holds.

(@) s1 = s,

Gi) dy = d},
(i) w; & w!.

K
The dual Knuth equivalent of d to d’ is denoted by d e g,

*

/ K K
Lemma 6.7. Let w; € E\*) and w) € E\Y*) such that |w| = |w}| = t. Thenw; ~ w} or w; ~
w) = wy = wh.

Proof. Tt follows from the Remark (6.4) and Theorems: (2.5) and (2.6). ]

K?(n,c)

Proposition 6.8. Suppose d and d' € ?(n, G). Then d d’ if and ony if Py = P[’)\] where

B(n,G)

K
Py, P[’A] are defined as in Eqn.(6.3), i.e. d ~~" d' if and ony if d and d' have same path from
2k to k.

Proof. Let d is Knuth equivalent to d’ then by the Definitions (6.3), (6.5) and Lemma (6.7), we
have E(@*) = E(@#) where k + 1 < j < 2k. Thus, we get Py = P}, By retracing the steps
we can prove the converse part. o

K?(n,c)
~J

Proposition 6.9. Ler d and d' € ?(n, G). Then d d’ if and ony if Qp\ = QE/\] where

d' if and ony if d and d' have same path from 0 to k.

K
Qp: @) are as in Eqn.(6.2), i.e. d B(n.6)

Proof. The proof is similar to the above Proposition (6.8). |
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