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Abstract Unlike finite partially ordered groups, finite pseudo ordered groups can possess
non-trivial pseudo orders. In this paper, we count the number of non-isomorphic pseudo ordered
groups on the cyclic group Z,,. An elementary formula is obtained, when n is a prime. Counting
the number of non-isomorphic pseudo ordered groups on Z,,, when n is composite, is still open.
However, we obtain the result for all n < 25.

1 Introduction

A partially ordered group (po-group) is an algebraic object having the structure of both, a group
and a poset, which are connected in a very natural way. These structures, which simultaneously
carry the properties of a group and a partial order that is compatible with the group operation,
play a fundamental role in diverse areas, including representation theory, cohomology, and the
theory of valuations.

Birkhoff [3] initiated the study of partially ordered groups. This structure has been exten-
sively developed in papers such as Paul Conrad ([5, 6, 7]) and A. M. W. Glass ([10, 11, 12]).
Dropping the assumption of transitivity, Helen Skala ([13, 14]) extended partially ordered sets
(partially ordered groups) to pseudo ordered sets (pseudo ordered groups). Pseudo ordered sets
and trellises are further investigated in [1, 2, 9]. Maria D Cruz gave a necessary and sufficient
condition for a group to admit a compatible pseudo order [8].

The trivial partial order (¢ < b if and only if @ = b) is the only partial order compatible with
a finite group. The relaxation on transitivity of po-group opens the door to a more nuanced com-
binatorial and algebraic investigation in the context of finite groups. In fact, there are multiple
distinct pseudo orders (reflexive and antisymmetric relations) compatible with a finite group.

This paper develops a systematic approach for enumerating the non-isomorphic pseudo or-
ders on Z,, by defining an appropriate group action and employing Burnside’s Lemma. In
particular, the total number of non-isomorphic pseudo orders on Z,, for a prime p is given by

pl
- (P—(2k+D)p—(@4k+1)---(p— 2s—-Dk+1))

the formula 1+ mz:; zk: o(k) ol , where the
second summation is taken over all odd divisors k of ged(m — 1,p — 1) and ¢ is the Euler’s
Totient function. This investigation not only contributes to the structural theory of generalized
ordered groups but also highlights interesting combinatorial properties inherent in finite abelian
groups. The enumeration of pseudo orders on arbitrary groups remains a promising direction for
future research.

2 Pseudo ordered groups

A pseudo ordered group is a generalization that relaxes some of the strict requirements of ordered
groups, allowing more flexibility while preserving certain order-like behaviors. The following
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definitions and results are due to Skala [14] and Maria D Cruz[8].

Definition 2.1. [14] A reflexive and antisymmetric binary relation < on a non-empty set P is
called a pseudo order. The set P together with this pseudo order < is called a pseudo ordered set
(psoset).

We can easily construct a pseudo order by removing non-reflexive pairs from a partial order.

Definition 2.2. [14] A group (G, ), together with a pseudo order < on G, is called a pseudo
ordered group (pso-group) if it satisfies the property: a,b € G and a < bimplies xxaxy < xxbxy
forevery z,y € G.

Definition 2.3. [14] Let e be the identity element in a pso-group G. The subset P of G defined
by P = {z € G;e < «} is called the positive part.

If P~! = {z~!; 2 € P}, then from the definition of P, it follows that P N P~! = {e}.

Theorem 2.4. [8] A group (G, x) can be pseudo ordered with positive part P if and only if
i PNP~'={e}and
ii grg~' € P forevery g€ Gandx € P.

Moreover, if G is abelian, then G can be pseudo ordered with positive part P if and only if
PN Pt ={e}.

Thus any subset P of an abelian group G satisfying PN P~! = {e} uniquely defines a pseudo
order on G. In fact, for any z,y € G, we may define z < yif 2~ xy € P.

To avoid notational complexity, a pseudo ordered group G with positive part P is denoted by
(G, P), unless there is an ambiguity on the binary operation * and pseudo order <.

Definition 2.5. [8] Let (G, P) and (H, Q) be pseudo ordered groups. A map f : G — H which is
both an order isomorphism and a group isomorphism is called a pso-isomorphism and in this case
we write (G, P) =; (H, Q). Two pso-groups are isomorphic when there is a pso-isomorphism
between them.

The following theorem characterizes isomorphism of pso-groups.

Theorem 2.6. [8] Let (G, P) and (H, Q) be pseudo ordered groups. A map f : G — H is a
pso-isomorphism if and only if f is a group isomorphism and f(P) = Q.

3 Pseudo ordered groups on Z,,

Throughout this paper, Z,, is the group {0, 1,2, ---n — 1} with binary operation addition modulo
n.

For any n € N, even though there are several pseudo ordered groups on Z,,, many of them
are isomorphic. For example, there are 3 pseudo orders that make Z3 = {0, 1,2} a pso-group.
The corresponding positive parts for each of these pseudo orderers are P, = {0}, P, = {0,1}
and P3 = {0,2}. However, (Z3, P») = (Z3, P3), where f : Z3 — Z3 is defined by f(n) = 2n.
Hence there are only two pso-groups on Zs3, up to isomorphism.

Similarly, there are 9 pseudo orders that make Zg a pso-group. The positive parts corre-
sponding to these 9 pseudo orders are P, = {0}, P, = {0,1}, 5 = {0,2}, Py = {0,4},Ps =
{0,5}, Ps ={0,1,2}, P, = {0,1,4}, P; = {0,2,5} and Py = {0,4,5}. However, many of them
are isomorphic. For example (Z¢, Ps) is isomorphic to (Ze, Py). Every pseudo order set (psoset)
can be represented as a directed graph, as illustrated in Figure 1. The isomorphism between the
pso-groups (Ze, Ps) and (Zg, Py) is also depicted therein. Eliminating such isomorphic cases,
we get only 5 pso-groups on Zg up to isomorphism.

In this paper, we enumerate the non-isomorphic pso-groups on Z,,.

Let X,, be the set of all positive parts on Z,, with m elements. The idea is to define a suitable
group action on X,,, so that any two pso-groups are pso-isomorphic if and only if the corre-
sponding positive parts are in the same orbit. Hence counting the number of non-isomorphic
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(Zg, Pg) (Zg, Py)

Figure 1. Isomorphic Pso-groups

pso-groups on Z,, reduces to counting the number of orbits, which can be done by use of Burn-
side’s formula.

We have Z* = {a € Z,; gcd(a,n) = 1} and is a group under multiplication modulo n.
Define v : Z; x X, — X, by ¢(a, P) = aP.

Note that for any a € Z; and P € X,,,,

i aPN—(aP)={0}.
Ifz € aPN —(aP), thena~'z € PN —P = {0} so thatz = 0.

ii aP contains m elements.
In fact, the map ¢ : P — aP, defined by ¢(k) = ak is bijective and hence a P contains m
elements.

Thus the map ) is well defined.

Further, we have
i ¥(1,P)= P and

1

$(a, (b, P)) = (a,bP)
= a(bP)
= (ab)P
= 1(ab, P) foreacha,b € Z; and P € X,,.

Thus 1 defines a group action of Z;, on X,,.

Lemma 3.1. Two pso-groups (Z,,, P) and (Z,, Q) are isomorphic if and only if P and Q are in
the same orbit under the group action defined above.

Proof. Suppose P and () are in the same orbit. i.e., = aP for some a € Z}. Then the map
¢ : Ly — Zyp, defined by ¢(k) = ak is a group isomorphism satisfying ¢(P) = Q. Hence by
Theorem 2.6, (Z,,, P) By (Zy, Q).

Conversely, suppose that (Z,,, P) =4 (Z,,, Q). Then by Theorem 2.6, ¢ : Z,, — Zy, is a group
isomorphism and ¢(P) = Q. Since ¢ is an isomorphism, a = ¢(1) € Z}. Thus Q = ¢(P) = aP
and hence P and () are in the same orbit. O
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For each a € Z}, denote (X,,), = {P € X,,; aP = P}.

n?

Theorem 3.2. The number of non-isomorphic pseudo ordered groups on Z,, is given by the

LnJr] J
formula Z Z [(Xon)al, where | .| is the floor function.

aGZ* m=1
Proof. By Lemma 3.1, number of non-isomorphic pseudo ordered groups on Z,, with positive
parts in X,,, equals the number of orbits.

Using Burnside’s formula [4], the number of orbits in X, is

\Z*\Z| Z|

a€Zy, an*

. . 1
Since for any pso-group (Z,, P), we have P N —P = {0}, P can contain at most {n;J

elements.
Thus the total number of non-isomorphic pseudo ordered groups on Z,, is

PORD ITRREES ey

m=1 EZ* EZ* m=1

4 Enumeration of pseudo ordered groups on Z,, p prime

In this section, we derive an elementary expression to find the total number of non-isomorphic
pseudo ordered groups on Z,, for any odd prime p. From Theorem 3.2, the total number of

:D+l

non-isomorphic pseudo ordered groups on Z, is Z Z [(X . In order to compute
m= lan*

this quantity, we need to find |(X,,),| for each m = 1,2,- ,p“z“l anda =1,2,--- ,p—1.In

many cases this quantity |(X,,).| = 0. The following two lemmas describe those m and a for

which | (X, )a| # 0.

Lemmad4.1. Leta € Z;, = {1,2,--- ,p— 1}, P € (X;)a and m > 1. Then the order of a in Z,
denoted by O(a) is an odd divisor of gcd(m — 1,p — 1).

Proof.
For anyneN, ¢ =1<ad"-1=0
<@ -1 +1)=0
a"—1=0
In fact, if a = —1, then for any element x € P, we get —x = a"z € P, contradicting
Pn—-P={0}.

Therefore O(a) is odd, denote it by k.

Since a € Zj, by Lagrange’s theorem, O(a) | O(Zy) and hence & | p — 1.

The map o : P — P, defined by o(x) = ax is one-one and hence a permutation on P. The orbit
of any non-zero b € P under o is of the form {b, ab,a®b,--- a*~'b} that contains k elements. If

there are r orbits in the permutation o, then m = 1 + (r — 1)k and hence k | m — 1.

This proves the lemma. O
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From the above lemma, it follows that (X,,), # 0, only if & = O(a) is an odd divisor of
ged(m — 1,p — 1). Thus it remains to compute |(X,,),| when £ = O(a) is an odd divisor of
gcd(m — 1,p — 1). This is done in the next lemma.

Lemma 4.2. Let k = O(a) be an odd divisor of gcd(m — 1,p—1),m > l and s = mTil Then

(X0, = P D= @k + 1))};8.8.!(;07 (2(s = Dk +1))

Proof. Let P € X,,, and aP = P. Then

2 k—1
b27ab27af b27"' , @ bZa

2 k—1
b37ab37a' b37"' Y b37

2 k—1
bs,abs,a"bs, -+ ,a bs,}

Starting from the beginning, b; has p — 1 options and the orbit doesn’t change if any of the
elements of {b1 ,aby, a261 R ak’lbl} are chosen. Having chosen b;, we can chose b, such that
by isnone of 0, by, aby, a®by, - - - a¥~'by, —by, —aby, —a®by, - - -—a*~'b;. Hence by has p— (2k+1)
choices. As earlier, orbit of b, doesn’t change if any of the elements of {627 abs, azbz7 caf ’1b2}
are chosen. Continuing in this manner, we get

k k k 5!

(pP—D—-2k+1)---(p—2(s—Dk+1))
kss!

|(Xp)e | = 2ot @k+ D) p=@s—De+D) 1

We are now ready to prove the main theorem of this paper.

Theorem 4.3. The number of non-isomorphic pseudo ordered groups on Zy, is
p+l

”ZT: > (k) (P—(QRk+1)(p—(@k+1)---(p— (2(s = Dk + 1))

kss!
m=2 k
mation is taken over all odd divisors k of ged(m — 1,p — 1) and ¢ is the Euler’s Totient function.

, where the second sum-

Proof. Let N denote the total number of non-isomorphic pseudo ordered groups on Z,,.
ptl

1 2
From Theorem 3.2, N = p—1 Z Z (Xm)al-

m=1 aGZ;
Form =1,
Z |(Xm)al = Z |(X1)al
a€Zs, a€Z,
=21
aEZ;{7
= |2y

pt
1 2
Hence N = 1+ﬁ E E |(Xm)a|

m=2a€ly
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If k = O(a'), then from Lemma 4.1 and Lemma 4.2,
(X )a| = p—1D)p—-Rk+1)(p—@k+1)---(p—(2(s— Dk +1))

kss!
of gcd(m — 1,p — 1), and 0 otherwise.

if £ 1s an odd divisor

Since p is a prime, for any & | p — 1, there are ¢(k) elements of order & in L.

ptl

Therefore, N = 1+§: Z¢(k) (p—(

m=2 k

2k+1)(p—(4k+1))---(p—2(s—1Dk+1))

ol , Where

-1
the second summation is taken over all odd divisors & of ged(m — 1,p — 1) and s = mT

The following table gives the number of pso-groups on Z,, for small values of p.

p 2 3 5 7 11 13 17 19 23 29 31 37
N 1 2 3 6 26 63 411 1098 8054 170823 478318 10761723

5 Enumeration for an arbitrary n € N

We have not succeeded in reducing the equation 3.1 to an elementary expression, for composite
n. In fact, determining |(X,,).|, when n is composite involves more computations. However,
|(Xm)al = 0 when a* = —1 (mod n) for some k € Z. This is proved in the following proposi-
tion.

Proposition 5.1. Let a € Z%. Then (X,,)a = 0 for all m > 1 if and only if a* = —1 (mod n)
for some k € Z.

Proof. Let (X,,)q = 0 for all m > 1. If a* £ —1 (mod n) for any k € Z, then the set
P ={0,a,a?,---} is a positive part satisfying aP = P. Taking m = |P|, we get P € (X,,)a, a

contradiction. Thus a* = —1 (mod n) for some k € Z.

Conversely, let a* = —1 (mod n) for some k € Z. If (X,,), # 0 for some m > 1, choose
P € (X,,), and a non-zero element z € P. Since aP = P, we get afx € P, which gives
—a € P, a contradiction as P N —P = {0}. Thus (X,,), = 0 for all m > 1. i

Corollary 5.2. (X,,),—1 = 0 for all m > 1

Proof. This followsasa=n—1€ Z anda' =n—1=—1 (mod n). i
L2 )

Proposition 5.3. Z (X)1| = 3L
m=1

Proof. 1P = P for any P and hence (X,,); = X,, for all m > 1. Denote P, = {k,n — k}
fork =1,2,--- |25 ]. Forany P € X,,, we have 0 € P and g ¢ P, and P — {0} contains at

n—1
most one element from each P,. We can choose m — 1 P.’s in <L 2 J

) ways. Since each P
m — 1

n—1
contains 2 elements, we get | X,,,| = (L 2 {)27”_'. Thus
m—
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2! 2]
ST = D Xl
m=1 m=1
2 e
_ 125 ]\ g
=2 <m2_1)2 !
)

O

Proposition 5.4. Let a € Z and P € X,,,. Then P € (X,,,), if and only if P is a union of orbits
of the homomorphism ¢ : L, — Zy, given by ¢(1) = a (Orbits are defined as this map ¢ is a
permutation).

Proof. Let k denote the order of a in Z,.

Suppose P € (X,,)q. Then aP = P and hence for any = € P, we must have
{z,¢(z),#*(z), -} = {x,ax,a’x, - ,a*~'x} C P. Thus P is a union of orbits of the permu-
tation ¢.

On the other hand, if P is a union of orbits of the homomorphism ¢, then for each x € P,
we have ax = ¢(z) € P so that aP C P. This would imply a’P C aP,a*P C a*P,--- ,P =
a*P C a*~'P, which gives aP = P and hence P € (X,,)q. m]

Computing |(X3),|, when n = p*, for an odd prime p and k € N is obtained in the following
proposition.

Proposition 5.5. For any prime p and k € N, the total number of pseudo ordered groups on 7,
with positive part containing 2 elements is k.

Proof. Letn = p*. Then X, = {{0,2};z =1,2,--- ,p¥ — 1}.
Forany a € Z;, and P = {0,2} € X,
Pe (X))o aP =P
sar=x (mod p)
sp¥l(a—1)z

This can happen in several ways. In the table below, the first column specifies some conditions
on p and a, while the next three columns list the total number of possible choices for a,x, and
the pair (a, x), respectively, under those conditions.

! (1) | o | 6 | @=(2) x (3) \
pE | (a—1) 1 PP —1 Pk —1
PP (a—1)andp*f(a—1) p-1 pFl—1 pF—pF T —p+1
PP (a—1)and p*~"{ (a —1) P’ —p pF=2 —1 pk—pFl—p24p
p2 ‘ (a _ 1) al’ldp3 )( (a _ 1) pk—2 _pk—3 p2 -1 pk _pk—l _pk—2 +pk—3
p|(a—1)andp*{ (a—1) I T R R I
pi(a—1) pF —ph! 0 0

Thus adding up all elements of column (4) gives Z 1(X2)a| = k(pF — p*~1). Hence the
(LG(Zpk)*
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total number of pseudo ordered groups on Z,= with positive part containing 2 elements is

O

Remark 5.6. By similar arguments, it can be shown that the total number of pseudo ordered
groups on Z,x with positive part containing 2 elements is k — 1

The following table gives the total number N of non-isomorphic pso-groups on Z,, for small
values of n.

n|l 2 3 4 5 6 7 8 9 10 11 12 13 14 15
N|1l 1 2 2 3 5 6 10 17 21 26 70 63 125 290

n |16 17 18 19 20 21 22 23 24 25
N | 314 411 1121 1098 2558 5005 5909 8054 23210 26589

6 Conclusion

In this paper, we have obtained an elementary expression for counting the total number of non-
isomorphic pseudo orders on the cyclic group Z,, where p is a prime. The values for all primes
p < 40 are computed using the formula provided in Theorem 4.3, and these values are listed
in a table. We have not been able to get an elementary expression to count the number of non-
isomorphic pseudo orders on the general cyclic group Z,,, for n composite. However, we prove
some basic theorems in this case, with the help of which the total number of non-isomorphic
pseudo orders on the Z,, is obtained for any n < 25. The computations were carried out using
a basic SCILAB program. Since the enumeration of pseudo orders on arbitrary groups remains
unresolved, we propose the following open problems for future research:

Open Problems:

(i) Derive an elementary expression to determine the total number of non-isomorphic pseudo
orders on Z,, for an arbitrary n € N.

(ii) Count the number of non-isomorphic pseudo ordered groups of any given finite order n.
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