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Abstract Let K be a proper ideal of a commutative ring R. Then K is a strongly irreducible
ideal if for any two ideals C' and D of R, C N D C K implies C C K or D C K. The S
radical of an ideal I (S.rad(I)) of R is the intersection of all strongly irreducible ideals of R
containing I. In this paper some new results concerning strongly irreducible ideals and S.rad(I)
are given and the relations between strongly irreducible ideals and some other types of ideals are
studied. Some results obtained concerning families of strongly irreducible ideals. Additionally
the concept of CS Zariski topology on C'S.spec (R) is introduced.

1 Introduction

In this paper, R is a commutative ring with identity. An ideal K # R of R is a strongly ir-
reducible ideal if for any two ideals C and D of R, C N D C K implies C C K or D C K
[1], and K is a completely strongly irreducible ideal if for any family of ideals { K}, ., of

R, ﬂ K; C K implies K; C K for some t € Q [2]. Clearly, every completely strongly irre-

teQ
ducible ideal is a strongly irreducible ideal. In Section 2, some properties of strongly irreducible

ideals and their relation with some other types of ideals are given. In Section 3, we obtain some
results concerning the S radical of ideals. In Section 4, the concepts of strongly irreducible spec-
trum S.spec(R) and the S Zariski topology on S.spec (R) are studied and some properties of
such topologies are investigated. Finally, we study the CS Zariski topology on C'S.spec (R).

2 Strongly irreducible ideals

In this section, strongly irreducible ideals of a ring R are studied. We focus on the relations
between strongly irreducible ideals and some other types of ideals and we obtain some results
concerning strongly irreducible ideals. Finally, the construction of strongly irreducible ideals of
a unique factorization domain is investigated.

Proposition 2.1. /3] For an ideal K of R, the following conditions are equivalent:
1. K is a strongly irreducible ideal.
2. If (¢)N{d) CK, then {c) C K or (d) CK, for any two principal ideals {c) and {(d) of R.

3. The set R\K is an i-system; that is, V ¢,d € R,c € R\K and d € R\K implies (c) N {d) N
(R\K) # 2.

The requisite definitions, all taken from [7], [8], and [9], are recalled below.
1. A proper ideal I of aring R is

a. prime, if a, b € R with ab € I impliesa € [ orb € I.
b. weakly prime, if a, b € R with abe I\{0} impliesa € T orb € I.
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c. almost prime, if a, b € R with ab € I\I?> impliesa € T orb € I.
d. n-almost prime, if a, be R with abeI\I"™, n> 2 implies a€l or bel.
2. Aring R is said to be a Laskerian ring, if every proper ideal of R has a primary decompo-
sition.
3. Aring R is said to be a Zerlegung prime ideal ring (Z PI-ring) if every proper ideal of R
can be written as a product of prime ideals of R.
4. R is absolutely flat if every principal ideal is idempotent;

5. If R is a commutative ring and M is an R-module, the idealization of R by M is the
ring R @ M with addition (ry,mq) + (r2,m2) = (r1 + r2,m1 + my) and multiplication
(ri,my)(r2, ma) = (r172, rima+rymy). In this ring, M is identified with the ideal {0} & M,
whose square is zero.

6. A ring R is said to be arithmetical if any of the following equivalent conditions holds:

a. Forallideals, I, J and K of R,wehave IN (J+K ) = (INJ)+ (I NK)
b. For all ideals, I, J and K of R, we have I + (J NK ) = (I+ J)N(I[+ K).

Remark 2.2. [4, 5, 6]. Consider the ring R. Then

1. Every strongly irreducible ideal is irreducible.

2. Anideal K is prime if and only if K is a strongly irreducible ideal and K = rad(K).
3. Every strongly irreducible ideal is primal.
4

. Every primary ideal of an arithmetical ring is irreducible and every irreducible ideal is a
strongly irreducible ideal.

5. Every strongly irreducible ideal of a unique factorization domain or of a Laskerian ring, is
primary.

6. Every principal primary ideal of a unique factorization domain is a strongly irreducible
ideal.

7. Ina ZPI-ring and in an absolutely flat ring, an ideal is primary if and only if it is a strongly
irreducible ideal.

Remark 2.3. The concept of a strongly irreducible ideal is independent of the concepts of pri-
mary ideal, m-almost prime ideal, weakly prime ideal and almost prime ideal. For example, the
zero ideal I = (0) of the ring Zg is m-almost prime, weakly prime and almost prime ideal but
it is not a strongly irreducible ideal and the ideal (p™) of the ring Z,», 1 < m < nandn > 2
is a strongly irreducible ideal but it is not m-almost prime ideal, weakly prime ideal and almost
prime ideal. Moreover, let R be a local Noetherian ring which has at least two minimal prime
ideals and L be its maximal ideal and let E = F(R/L) be the injective envelope of the quotient
field R/L of R considered as an R module. Then the ideal (0) of A = R + F the idealization
is a strongly irreducible ideal but not primary [10]. Moreover, the ideal I = (x, y>2 of the ring
R = Z, [z, y] is primary but not a strongly irreducible ideal.

By an ideal C' is smaller than an ideal D of R or D is larger than C we mean C' is contained in
D properly.
Proposition 2.4. Consider two ideals C and D of R. Then

1. C N D is strongly irreducible in R if and only if C and D are comparable and the smaller
one is strongly irreducible.

2. C'UD is strongly irreducible in R if and only if C and D are comparable and the larger of
the one ideal is strongly irreducible.

3. If C and D are distinct maximal ideals of R, then for every m,n € ZT neither C™ N D™
nor CD is strongly irreducible in R.
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Proof. 1. Let C ND be a strongly irreducible ideal of R and suppose that there are ¢, deR with
c€C\D and deD\C. Then clearly (c) N(d) CC N D but (c),(d) ZCND, contradiction
with C'N D is a strongly irreducible ideal. Then CCD or DCC, consequently the smaller
one is a strongly irreducible ideal. The converse is clear.

2. Itis clear that if CUD is an ideal of R, then C'CD or DCC. Moreover, if CUD is a strongly
irreducible ideal, then the larger one is a strongly irreducible ideal.

3. Let C and D be two distinct maximal ideals of R and let C™ N D" be a strongly irreducible
ideal of R. Then by part (1), C™ C D™ or D™ C C™. If C™ C D", then for each z € C,
™ e C™ C D™ C D. Since D is a prime ideal, then x € D. This means that C C D,
contradiction with C' and D are two maximal ideals. Therefore, C™ N D" is not a strongly
irreducible ideal of R. Clearly the ideals C, D are coprime. Then CN D = CD. Therefore,
CD is not a strongly irreducible ideal of R.

|

Proposition 2.5. [4] Every proper ideal of R is a strongly irreducible ideal if and only if any
two ideals of R are comparable.

Theorem 2.6. If {S\},, is a family of strongly irreducible ideals of R ordered by inclusion,
then (e Sx and \Jycp Sx are strongly irreducible ideals of R.

Proof. Let S = ﬂ Sy and (a) N (b) C S for some a, b € R. Then (a) N (b) C S, for each A. If

AEA
a, b € Sy for each ), then the statement is true. So suppose that there is o € A such that a € S,

and b ¢ S,. We claim that a € S for each A € A. Contrary, suppose a ¢ S for some § € A.
Since S5 is a strongly irreducible ideal, hence b € Sy, this contradicts the fact that {5} AeA 18

totally ordered by inclusion. Hence a € S for each A € A and ﬂ S 1is a strongly irreducible
AeA
ideal. Now, let T' = U Sy. Clearly T is an ideal of R, hence T is contained in a maximal ideal

AEA
M of R. So M is an upper bound of {Sx},.,. By Zorn’s lemma, {S)},., contains at least
one maximal ideal say S; for some t€A. Since {S\},., is totally ordered by inclusion, S; is

the unique maximal ideal in {S)}, 5, consequently U Sx =S¢ which is a strongly irreducible

AEA
ideal of R. O

Theorem 2.7. Let f : R — Ry be a ring homomorphism and K be a strongly irreducible ideal
of Ry with K¢ # R,. If one of the following conditions is satisfied:

(i) (CN D)°=C* N D¢ for any two ideals C, D of Ry, or
(ii) C N D = CD for any two ideals C, D of R»,
then K€ is a strongly irreducible ideal of R .

Proof. Suppose (C N D)“=C* N D¢ for any two ideals C and D of R,. Clearly K¢ is an ideal
of Ry. Let (¢) N (d) C K¢ for c,d € Ry. Then ({c)N(d))° C K. By [11, Proposition
1.17], ({c) N {d))® € K. From assumption (c)° N (d)® C K. Since K is a strongly irreducible
ideal, (c)° € K or {(d)° C K, so (c) C K¢ or (d) C K¢, that is K“is a strongly irreducible
ideal. Now, suppose C N D = CD for any two ideals C, D of R, and (c¢) N (d) C K°. Then
{(e){d) = (ed) C K¢ which implies ({cd))® C K, so (f(cd)) = (f(¢)f(d)) C K. Then
(f(c))N{f(d)) C K, thatis (c)°N{(d)® C K implies (c)* C K or (d)° C K. Hence (c) C K€ or
(d) C K¢, that is K¢ is a strongly irreducible ideal. |

The following result is an improvement of [4, Corollary 2.3(2)].

Theorem 2.8. Every strongly irreducible ideal of a unique factorization domain can be gener-
ated by a prime power element or by a set of distinct prime elements.
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Proof. Let K be a strongly irreducible ideal of a unique factorization domain R. By [4, Corollary
2.3], there is a family A of prime power elements generating K. If A = {p"} for some prime p,
that is A contains exactly one element, then K = (p™). Suppose that A contains more than one
element. Now, let B = {Piﬁi 1 p;® € Aforsome o; in ZT and f3; is the minimum of all v; where
p;”" € K}. Then clearly B generates the ideal K. Suppose that p,”r, ps#s € B such that 8, > 1.
Then clearly (p,” =" (p, + p.%)) = (p.* ") (pr + ps%) = (7Y N (pr + p.*) C K.
Then (p,”~=') C K or (p, + p,’+) C K, thatis p,’~~! € K or p, € K. This means that 3, is
not the minimum of all powers of p,. in K, contradiction. So that <prﬂ"’1> , <pr + p5ﬂ5> ,@ K
which is contradiction with the assumption K is a strongly irreducible ideal. Therefore, K can
be generated by a set of distinct prime elements. O

Remark 2.9. A nonprincipal ideal generated by at least two prime elements of R need not be
prime. For example, x and x + y? are two prime elements in R=Q[z, y] but the ideal I =
(z, x +y*) # R is not prime. Since y> € I buty ¢ I.

3 Sradical of ideals and rings

Consider a commutative ring R. The strongly irreducible spectrum X = S.spec(R) of R is
the set S.spec(R) = {I : I is a strongly irreducible ideal of R}. In this section, we study some
properties of the S radical of an ideal of R, which is also an ideal of R. For any subset E of R,
the S variety of E, denoted by Vg(E), is the set Vs(E) = {I € S.spec(R) : E C I}[12]. Note
that Vs(E) = Vs(<E>)

Definition 3.1. [12]. Let K be an ideal of R. Then the S radical of K denoted S.rad(K), is
defined to be the intersection of all strongly irreducible ideals of R containing K. Moreover,
the strongly irreducible radical of R denoted by S.rad(R) is the intersection of all strongly
irreducible ideals of R.

Example 3.2. Consider the ring R=Z4 [z]/(2z, 2?)={0, 1, 2, 3, z, 1 + =, 2+ z, 3+ x}. The
proper ideals of R are K1={0}, K,=(2) ={0, 2}, K3=(z) ={0, =}, Ku= 2+z)={0, 2+z}
and Ks= (2, ) ={0, 2, z, 24=x}. Clearly K5 is the only strongly irreducible ideal of R which
is the max1mal ideal of R. So that for each 1 < i < 5, S.rad (R)=S.rad (K;) = Ks. This
means that for each 1 < ¢ < 5, Sorad (K;) # K;. Moreover, for each 1 < j < k < 5,
S.rad (K;) = S.rad (Ky) but K; # K.

Proposition 3.3. Consider the two ideals K| and K, of R. Then S.rad(K1K,) C S.rad(K; N
Kj)= S.rad(K,) NS.rad(Ky).

Proof. Consider the following three subsets of S.spec(R); A = {H € S.spec(R) : K; C H},
B={H € Sspec(R): K, CH},andC = {H € S.spec(R) : KjNK, C H}. Now, if H € C,
then K| C H or K, C H since H is a strongly irreducible ideal. Hence C' C A U B and clearly
AUB C C. ThenS. rad(K; N K,)= Intersection of all strongly irreducible ideals in C. That is
S.rad(KiNKy))= (VH = () H=([)H)N(() H)=S.rad(K;)NS. rad(K>).
HeC HeAUB HeA HeB
Now, since K1 K, C K; N K>, then S.rad(K1K,;) C S.rad(K; N K;), which completes the
proof. O

Corollary 3.4. Let I, I, . .., I, be distinct ideals of R. Then

S. rad(HI) cS. rad(ﬂ ) ﬂ S.rad(l

Now, we give an example showing that the inclusion in Proposition 3.3, can not be an equality.

Example 3.5. Consider the ring of integers Z. Let I=J= (2), then IJ= (4) and S.rad (I.J) = (4)
but S.rad(INJ) =(2). Therefore, S.rad(IJ)#S.rad(INJ).

Proposition 3.6. Let K be an ideal of R. Then
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1. Sorad(K) C rad(K) C Jac(K); In particular S.rad(R) C rad(R) C Jac (R).
2. Ifx €S.rad(R), then ™= 0 for some ne Z*.
3. Ifr € Srad(R), then 1 — wyisaunitin R forally € R.

Proof. 1. Itis clear.

2. Letx € S.rad(R). Then by part (1), z € rad(R). By [11, Proposition 1.8], z™ = 0 for
somen € Z7.

3. Letz € S.rad(R). Then by part (1), = € Jac(R) . By [11, Proposition 1.9], 1 — zyisa
unitin R forally € R.
o

The converse of part 2 and part 3 of Proposition 3.6, need not be true, for example, in the ring
Zg, S.rad (Zg) = {0} and 2 ¢ S.rad (Zg) however, 2° = 0. On the other hand, 1 — 4y is a unit
inRforally € Rbut4 ¢ S.rad(Zs).

The following is easy to prove.

Proposition 3.7. Let K| and K; be two ideals of R. Then S.rad(K,) = S.rad(K,) if and only
if Vs(K1) = Vs (K2).

Proposition 3.8. If K| and K, are two ideals of R, then S.rad(K| + K;) = S.rad(S.md(Kl) +
S.rad(K>)).

Proof. Let H € V (K, + K;). Then H € S.spec(R) and K; + K, C H. Implies
that K; C S.orad(K,) € H and K, C S.rad(K,) C H. Then clearly K; + K, C
S.rad (Ky)+Srad (K;) € H+ H = H, implies H € V,(S.rad (K1) + S.rad (K3)). Let
H e Vi (Srad(Ky) + S.rad (K>)). Then H € S.spec(R) and S.rad (K) + S.rad (K,) C H.
Since K; C S.rad (Kl) and K, C S.rad (Kz), then K| + K, C S.rad (Kl) + S.rad (Kz) CH,
implies H € V; (K| + K3). Therefore, V; (K| + K;) = V; (S.rad (K,) + S.rad (K>)). Then
by Proposition 3.7, S.rad (K, + K») = S.rad(S.rad (K;) + S.rad (K3) ). i

Recall that two ideals I and J of R are coprime or comaximal if I + J = R.

Proposition 3.9. Consider an ideal K of R. Then
1. Sorad( Srad(K))=5S.rad(K).
2. Sorad(K)=TRifand only if K =R.
3. If K is a strongly irreducible ideal, then S.rad(K) = K.
4

. Let Kyand K, be two ideals of R such that S.rad (K,) and S.rad (K,) are coprime. Then
Kiand K, are coprime ideals.

5. Leta,be R. If Xs (a) C X, (), then a € S.rad (b).

Proof. 1. By [12, Proposition 3.1(4)], Vi (K) = V;(S.rad(K)), then by Proposition 3.7,
S.rad ( S.rad (K)) = S.rad(K).

2. Let S.rad (K) = R. Since Srad(K) = ()| S.then (] S =R.SothatR C S
SeV(K) SeV4(K)
for each S € V, (K). Since V; (K) C S.spec(R) and R ¢ S.spec(R), then V, (K) = 0.
Therefore, K = R. Conversely, let K = R. Then by [12, Proposition 3.2(1)], V; (K) = 0.
So that S.rad (K) = ﬂ S =R, since it is intersection of an empty family of sets.
SeV(K)

3. It is Obvious.

4. By Proposition 3.8 and part (2), S.rad (K + K) = S.rad (S.rad (K) + S-rad (K3z)) =
Srad(R) =R.
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5. Suppose that a ¢ S.rad (b). Then there is S € S.spec(R) such that a ¢ S, butb € S.
Since X, (a) C X, (b), this means that for each S € S.spec(R), if a ¢ S, then b ¢ S,
Contradiction.

O

Proposition 3.10. Let R be a unique factorization domain. Then
1. If K is a principal ideal of R, then S.rad(K) = K.

2. If K is a finitely generated ideal of R and for any two ideals C and D, S.rad(C 4+ D) =
S.rad(C) 4 S.rad(D), then S.rad(K) = K.

Proof. 1. Let K be a principal ideal of R. Then K = (p{"p3*...p%*) :(H p;*) for some
distinct primes p; with k > 1 and o; € Z* for 1 < i < k. Clearly (p‘f“p?z. .DRF)

k
_ﬂ p%). By Corollary 3.4, S.rad(K) = Srad(ﬂ< ) ﬂsmd (p®). By [4,

Theorem 2.2(iii)], for each 7 the ideal (pj*) is strongly 1rreduc1ble so by Proposition
k k

3.9(3), S.rad(p) = (p{). Consequently (] S.rad(pi) = ()(p{) = K. Therefore,
i=1 i=1
Srad(K) = K.

2. Let K = (ay,ay,...,a,) be a finitely generated ideal of R. Clearly K = (a1) + {(a2) +
At {ay) = Z(ai>. Then S.rad(K) S’md(Z( )) = ZS.md(ai>. By part (1), for

i=1 i=1
each ¢ we have S.rad(a;) = (a;). Therefore, S. md( ) =K.

4 Strongly irreducible spectrum S.spec (R)

Let R be a commutative ring. From [12, Proposition 3.2], the family F' = {V, (E): E C R }is
closed under finite union and arbitrary intersection, so that I satisfy the axioms for closed sets of
atopology on X = S.spec (R). This topology is said to be the S Zariski topology on S.spec (R)
or S.spec(R) topology. So that the collection of subsets X, (E) = S.spec(R)\Vs (E) of
S.spec (R) for all subsets E of R makes S.spec (R) into a topological space. In this section,
we obtain some results concerning these concepts. Moreover, we introduce and discuss the con-
cept of the C'S Zariski topology on C'S.spec (R).

The following remark is a direct consequence of Propositions 3.1 and 3.2 [12].
Remark 4.1. Let K, K, be two ideals of R. Then

1. Vi (K;) C Vs (K1 K) and X, (K1 K,) C X, (K5), 1€ {1, 2}.

2. Vs (K1 UK) CVs(K;) and X (K;) C X5 (K3 UK,), @ € {1, 2}.

3. Vi (K1 + K2) C Ve (K;) and X, (K;) C X, (K| + K»), 1€ {1, 2}.

4. Foreach ¢, d € R, if ¢|d, then V; (¢) C V; (d) and X, (d) C X, (c).

Remark 4.2. Let K, K,be two ideals of R. Then V, (K;) NV ( ) = Vi (KiUK,) =
Vs (Kl + Kz) equivalently X (Kl) U X (Kg) = X (Kl U Kz) (K1 -+ Kz).

Proof. By [12, Proposition 3.2(2)], Vs (K;) N Vs (K,) = Vi (K1 UK,). Now, let S €
V;(KlLJKQ). Then KUK, CS. Then Ky C Sand K, C S. Then Ky + K, C S+5=S5.
Then S € V; (K] + Kz). Therefore, V; (Kl @] Kz) - VS (Kl + Kz). Let S € V; (Kl + Kz).
Then K; + K, C S. Then K; C Sand K, C S. Then K; UK, C S. Then S € V, (K U K3).
Therefore, V (K| + K>) C V(K U K3).

O
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Proposition 4.3. Let Ny, N, € S.spec(R). Then
1. {N1} is a closed subset of S.spec (R) if and only if Ny is a maximal ideal of R.
2. {Ni} =V, (V).
3. N, e W if and only if N; C Nj.
4. The space S.spec (R) is Tp.
5

. For each subset E C R, if Vs (E) # 0, then there is a maximal ideal N| of R contained in
V. (E).

6. If (0) € S.spec (R), then every nonempty open subset of S.spec (R) contains the zero ideal.

Proof. 1. Assume that {N;} is closed subset of S.spec (R), then there an ideal I such that
Vs (I) ={N1}. So that I CN;. If the ideal N is not a maximal ideal, then there is a maximal
ideal L such that I CN;CL, implies LV, (I), contradiction. Now, let V; be a maximal
ideal. Therefore, V; (V1) = {V;}, this means {V, } is a closed subset of S.spec (R).

2. Since V; (INp) is the smallest closed subset of S.spec(R) containing Ni, then {N;} =
Nvie v Vs (B) = Vs (V1)

3. It is obvious.

4. Let Ny # N,. Then Ny € N, or N, € Ny, say Ni € N,. Then N, ¢ {N,}, otherwise by
part (3), Ny C N,. By part (2), N, ¢ V; (N,). Therefore, N, € X, (N,) and N; ¢ X, (Ny).

5. Let V; (E) # () for some E C R. Then (E) contained in a maximal ideal N;. Consequently
Ny eV, (E)

6. Let (0) € S.spec(R) and X, (E) # @ be an open subset of S.spec (R). Then E # {0}.
This means (0) ¢ V, (E). Then (0) € X _(E).

O

Recall that an ideal N € S.spec (R) is said to be the minimum ideal of S.spec (R) if N C I,
foreach I € S.spec(R).

Remark 4.4. Let H € S.spec (R). Then the following are equivalent:

1. H is the minimum ideal of S.spec (R).
2. Vi (H)=>S.spec(R) equivalently X, (H)=0.

3. H is a generic point of S.spec (R).

Proof. (1) = (2) It is obvious.

(2) = (3) . Let Vi (H) = S.spec(R). Then by Proposition 4.3(2), {H} = V, (H)=
S.spec (R). Therefore, H is a generic point. (3) = (1) Let H be a generic point. Then {H} =
S.spec (R). By Proposition 4.3(2), {H} = V, (H) = S.spec(R). So that H C S for each
S € S.spec (R). Therefore, H is the minimum ideal in S.spec (R). O

Remark 4.5. Let a be an element of R. Then

1. V; (a) = @ equivalently X (a) = S.spec (R) if and only if a is a unit element of R.

2. If V5 (E) = S.spec(R) equivalently X (F) = &, then the elements of £ C R are nilpo-
tent.

3. If r # 0 is not a zero divisor regular element, then V (r) =@.

4. Let E be the set of all nontrivial idempotent elements of R. If E#(), then V; (E) =@.
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Proof. 1. See [4, pp. 152, Theorem 4.1(iii)].
2. Let V, (E) = S.spec(R). By [12, Proposition 3.1(1)], for each a € E, V, (E) C V; (a). So
that S.spec(R) =V (E) C Vs (a), implies V, (a) = S.spec (R). By [12, Proposition 3.4)], a is
a nilpotent element. Therefore, the elements of £ C R are nilpotent.
3. Let r # 0 be a nonzero divisor regular element. It is well known that r is a unit. Then by part
(1), V, (r) = .
4. Let E # (. Then clearly there are two elements e(# 0,1), 1 —e € E. Then (E) = R.
Therefore, V; (E) = @.

]

Definition 4.6. [13]. If K is an ideal of R and 2 + K is an idempotent element of R /K, implies
that z + K = e + K for some idempotent e of R, then we say idempotents lift modulo K.
Now, we have to mention that, if e is an idempotent element of R and K is an ideal of R, then
€ = e + K is an idempotent of R/K. The converse is not true, for example, consider the ideal
K = (6) of Z. Then 4+ (6) is an idempotent element of the ring Z/ (6), however, 4 is not an
idempotent element of Z.

Proposition 4.7. [13] If K is a nil ideal of R, then idempotents lift modulo K.

By Proposition 4.7 and the fact that S.rad(R) is a nil ideal, we obtain the following result.
Proposition 4.8. If K = S.rad(R), then idempotents lift modulo K.

Proposition 4.9. Ler CCS.spec (R). Then the following are equivalent:

1. C is a clopen subset of S.spec (R).
2. C= Vy(e) for some idempotent e of R.

Proof. (1) = (2). Assume that C = V, (H) is a clopen subset of S.spec (R), where H is
an ideal of R. Then there is an ideal L such that Vi (H) NV, (L) =0 and Vs (H) U V(L) =
S.spec(R). By Proposition 4.2, Vi (H) N Vs(L) = Vo(HUL) = V,(H+L), then
Vs(H+ L)=0. Sothat H+ L = R. Since HL C H N L, then if S € S.spec(R) con-
tains one of H or L, then S contains HL and since V, (H) U V (L) = S.spec(R), then
HL C Srad(R). Hence there existc€ Hand1 — c€ L andc(c— 1) € S.rad(R). This
means ¢ = ¢ + S.rad (R) is an idempotent of R/S.rad (R). By Proposition 4.8, there is an
idempotente € R withc==¢. Sothat V(¢c) = V(e)and V(1 —¢) = V(1 — e). Therefore,
C = V(e).

(2) = (1) Let e € R be an idempotent element. Then 1 — e is also an idempotent element.
Then V; () N Vs (1 — e) =0, otherwise there is S € S.spec (R) containing both e, 1 — e, which
implies 1 € S, contradiction. Now, we show that V; (e) U Vi (1 —e) = S.spec(R). Since
(e) + (1 —e) = R, then the two ideals (e), (1 —e) are coprime. So that (e) N (1 —¢€) =
(e)(1—e) = (0) C S, for each S € S.spec(R), implies (¢) € S or (1 —e) C S. So that
S e Vi(e)or S € V(1 —e). Therefore, Vi (e) U Vi (1l —e) = S.spec(R), which means
C = Vs(e) is a clopen subset of S.spec (R). i

Proposition 4.10. For a ring R, the following statements are equivalent:
1. There is an idempotent e € R with e # 0, 1.
2. R is the direct product of two nonzero rings.
3. S.spec(R) is disconnected.
4. Spec(R) is disconnected.

Proof. (1) = (2) It is well known that if e # 0, 1 is an idempotent element of R, then R =
eR x (1 —¢) R [14, p. 746]

(2) = (3) Suppose that R = R x Ry. Then (lg,, 0) is an idempotent element of R and
(1g,, 0) # (1r,, 1r), (0, 0). By Proposition 4.9, V; (1%,, 0) is a clopen nonempty proper
subset of S.spec(R).

(3) = (1) Follows from Proposition 4.9. (4) < (1) The proof follows directly from Exercise 15
in[11, p. 141. 0
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Proposition 4.11. Let R be a ring. Then

1. The space S.spec (R) is compact;
2. If S.rad (R) is a strongly irreducible ideal, then S.spec (R) is irreducible.
3. If R is Noetherian, then the space S.spec (R) is Noetherian.

Proposition 4.12. For a ring R, the following statements are equivalent:

1. There are no comparable strongly irreducible ideals of R.

2. If SeS.spec (R), then S is a maximal ideal of R

3. If SeS.spec (R), then Vs (S) ={S}.

4. If SeS.spec(R), then {S} = {S}, equivalently {S} is a closed subset of S.spec (R).
5. The S.spec(R) topology T is T.

Proof. (1) = (2). Let S€S.spec (R). Then there is no maximal ideal M such that S C M. This
means that S is a maximal ideal.

(2) = (3). It is obvious.

(3) = (4). Let S€S.spec(R). By part(3), Vs (S)={S}. This means that {S} is a closed
subset of S.spec (R). Consequently, {S}={S}. (4) = (1). Let H, L be two distinct strongly
irreducible ideals of R. Then clearly H, L € S.spec(R). So that {H}, {L} are closed subsets
of S.spec(R). By Proposition 4.3 (1), H and L are maximal ideals of R. Then H ¢ L and
L ¢ H.

(4) < (5) Itis obvious. i

Corollary 4.13. If the space S.spec (R) is T}, then

1. Either R is a field or the zero ideal is not a strongly irreducible ideal.

2. If the S.spec (R) topology is an Alexandrov topology, then it is the discrete topology.

Proof. 1. Suppose that R is not a field. Then R has a nonzero maximal ideal M. If the
zero ideal is a strongly irreducible ideal, then being (0) C M we get a contradiction with
Proposition 4.12.

2. Let S.spec(R) topology be an Alexandrov topology, I€S.spec(R) and B={ X € T';
Ie X }. Then ﬂ X € Ts. Since the space is 71, then for each J€ S.spec (R) there

X,€B
is X; € Bsuchthat J ¢ X, Then J ¢ ﬂ X , for each J € S.spec(R) \{I}.
X.€B
Therefore, ﬂ X = {I} which is an open set. Hence the topology is discrete.
X,€B

O

Remark 4.14. The S.spec (R) topology need not be an Alexandrov topology. For example, let
R = Z3y (the localization of Z at the prime ideal (3)). The non-zero ideals of R form the chain

B3)y>3)>3)>....
Then U Vs((3")) = S.spec(R) \ {(0)}. Hence U Vs((3%)) is not a closed subset of
keZ* kEZ*

S.spec (R).

Finally we study completely strongly irreducible ideals and we introduce the CS.spec (R) topol-
ogy.
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Remark 4.15. The concept of completely strongly irreducible ideal is independent of each of the
following concepts Maximal ideal, prime ideal, and weakly prime ideal, for example, the ideal
(py of Z, p is a prime number is a maximal ideal consequently it is a prime ideal and a weakly
prime ideal but it is not a completely strongly irreducible ideal. Moreover, the ideal <34> of the
ring Zss is a completely strongly irreducible ideal but it is not a Maximal ideal, not a prime ideal,
and not a weakly prime ideal.

Definition 4.16. The completely strongly irreducible spectrum of R is the set
X = CS.spec(R) = {I : I is a completely strongly irreducible ideal of R}.
For any subset £ C R, the CS variety of E, denoted V(E), is
Ves(E) = {I € CS.spec(R) | E C I}.

Note that Vos(E) = Vi((E)) and CS.spec(R) C S.spec(R).
The family
F={Vsx(E): ECR}

is closed under finite unions and arbitrary intersections, hence satisfies the axioms for the closed
sets of a topology on X = CS.spec(R). This topology is called the CS Zariski topology on
CS.spec(R) (or the CS.spec(R) topology).

Consequently, the collection of open subsets

Xes(E) = CS.spec(R) \ Ves(E), ECTR,
makes CS.spec(R) into a topological space.
In the following example we illustrate C'S.spec (R).

Example 4.17. Consider the ring R = Z,), the localization of Z at the prime ideal (p). Then

S.spec(R) = {{0), (p), (*), (). ...}

but
CS.spec(R) = S.spec(R) \ {(0)},

since ﬂ {p"™) = (0) while (p") Z (0) for every n € Z*.
nezZt
For each n € Z* we have

Vs ((™) = Ves((0™)) = {®), %) ... (")}

and
Vs((0)) = S.spec(R), Ves((0)) = CS.spec(R).
Regarding CS.spec(R) as a subspace of S.spec(R), we obtain
CS.spec(R) = S.spec(R),

so CS.spec(R) is dense in S.spec(R). The space S.spec(R) is sober, Tj and quasi-compact,
hence by [15, Proposition 4] it is a spectral space. Because CS.spec(R) has no generic point, it
is not spectral and therefore not sober.

Proposition 4.18. The CS.spec(R) topology is an Alexandrov topology.

Proof. Let {Ve(K4)}aca be a family of closed subsets of CS.spec(R), where each K, is an
ideal of R. It is well known that U Ves(Ko) C Vcs<ﬂ Ka). Now, let I € VCS( ﬂ Ka).

acA aEA aEA
Then ﬂ K, C I. Since [ is completely strongly irreducible, K, C I for some o € A; hence
aEA
I € Vi(K,) for that a, and so I € U Ves(Kq). Therefore , U Ves(Ko) = Vcs(ﬂ Ka)v
aEA aEA aEA

which shows that an arbitrary union of closed sets is closed. Thus the CS.spec(R) topology is
an Alexandrov topology. O
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