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Abstract In chemical science, a topological graph index (TGI)/ molecular descriptor based
on a graph yields the characterization of chemical compounds through its unique real index
value. After representing a mathematical model from a molecular graph, it plays as a numeric
parameter to analyze and develop the QSPR/ QSAR studies. The reformulated first Zagreb index
(RFZI) is such a kind of parameter characterized as the sum of the squares of all edge degrees of a
graph . Here we introduce two types of new four operations based on the generalized subdivision
graph. We establish the key outcomes of RFZI in relation to generalized F-join graphs and also
their relationships with Indu-Bala Product (IBP).

1 Introduction, Basic Definitions and Notations

The study of structural relationships between the vertices and edges of molecular graphs in chem-
ical graph theory [5] has more applications in different disciplines in science. Moreover, this
study plays an important role in characterizing the chemical compound or organic molecules
by developing mainly the Quantitative Structure-Activity Relationship (QSAR) and Quantitative
Structure-Property Relationship (QSPR) [26] studies. The TGI [8] is associated with a graph
mathematically by a unique positive real number that characterizes its topology. It remains in-
variant under isomorphism.

All observed graphs are considered here simple, connected, and finite. Let us suppose that
G = (V(9),E(9)) is such a graph with V(G) as the vertex set as well as edge set £(G) in G.
The notation dg(v) stands for the degree (valency) of node (vertex) v in G, that is the number of
adjacent vertices with v in G. The sum of the end-vertices degrees of an edge and then minus 2 is
called the degree of an edge (e = xz) and its expression follows as dg(xz) = dg(z) +dg(z) — 2.
Here we follow some important topological indices. The earliest and vertex based TGIs are Za-
greb indices [6, 7], which imply that M,(G) = > di(\) and My(G) = Y dg(a)dg(B)

AEV(G) aBEE(G)

respectively. The edge version of classical Zagreb indices namely the reformulated Zagreb in-
dices was founded by Milicevic et al. [20]. The reformulated Zagreb indices [15] are explained

as EM,(G) = Y dg(e) and EMy(G) = > dg(¢)dg(n) respectively, where ¢ ~ n
e€E(G) (~mEE(G)

manifests that ¢ and n are adjacent. The F-index was characterized by Furtula et al. [9] and

was characterized as F(G) = > dg(u) = > [di(p) + d}(v)]. The reformulated F-
HEV(G) uveE(G)

index was initiated by Liu et al. [15]. In 2013, Shirdel et al. [25] instituted the hyper Zagreb

index established as HM(G) = > [dg(p) + dg(v)]*. This study also can be applied to

wEE(G)

investigating the indices of graphs in [12, 16, 18, 21]. We refer our interested readers to follow
[1,4, 13, 17, 23] for more study of the topological indices.
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1.1 Preliminary

The joining G; W G, is a new graph achieved from G, and G, by joining one by one node of G,
with every nodes of G,.

Let F be the set of derived graphs of graph subdivision (S(G)), graph semi-total point (R(G)),
graph semi-total line (Q(G)) and the graph total (7'(G)) that are derived from G. Also I(G) be
the new nodes of F'(G) associated with every edge in G such that V(F(G)) = I(G) UV (G). The
notation L(G) [10] called line graph of G is a new derived graph associated with a new common
vertex in every corresponding edges which are adjacent.

The vertex F-join of graphs [24] or F-vertex join graphs (FVJG) of G; with G, is a new graph
derived from F(G;) along with G, that joins every vertex of G; with each vertex of G,. It contains
total number of vertices V (F(G;)) and V(G,). The edge set includes in E(G;) U E(G,) U {zy :
z € V(Gi),y € V(Ga2)}. There are four types of FVIG discussed here namely S-Vertex Join
Graphs (SVIJG), R-Vertex Join Graphs (RVJG), Q-Vertex Join Graphs (QVJG) and T-Vertex Join
Graphs (TVJG) (see Fig. 3).

The edge F-join of graphs or F-edge join graphs (FEJG) [24] of G; with G,, symbolically
G1 W Gy is taken from F(G;) and G,. Then it joins every vertex of I(G;) with all vertices of
G,. Tt consists of V(F(G1)) U (Gz) and edges E(Gi) U E(G1) U{pv : p € 1(G1),v € V(Ga)}.
There are four types of FEJG discussed here such as S-edge join graphs (SEJG), R-edge join
graphs (REJG), Q-edge join graphs (QEJG) and T-edge join graphs (TEJG) (see Fig. 4). These
derived graphs are led by the existence of inter-molecular forces between atoms and bonds be-
sides among atoms interactions.

There exist four several generalized operations based on the subdivision of graphs that are de-
fined in [14] are followed as:

eThe graph S,,(G) called the graph p-subdivision (p > 1 be an integer) is obtained by adding
new p vertices in every edge of G.

e In R, (G) known as the graph p-semi-total point, it is joined S,,(G) with adjacent in G.

eThe graph p semi-total line Q,(G) is derived by the joint of new added vertices of the edges
with one vertex colloquial in basic G.

e The graph p total point 7},(G) is obtained by both R, and @,, operations on S,,(G).

Consider F,, € {S,, R,,Q,,T,} as an operator, where p € Z*. The graph F,(G,) is derived
by the operation F), on G;. It contains vertex set V (F},(G;)) and edge set E(F),(G))) respectively.

>

S
o

R
%
SN /
9, N /

Figure 1. The g-FVIJG of S4(Ps) with Ps and R4(Ps) with Ps.

By inspiration on the work by Sarkar et al. [24], we have introduced two novel graph opera-
tions based on generalized subdivision graph.

Definition 1.1. [11] The generalized F-vertex join graphs (g-FVIJG) of G; with G, is a new graph
derived from generalized F,(G;) along with G, that joins every vertex of V(G) = (F,(G1) \
I,,(G1)) with all vertices of V' (G»).
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Definition 1.2. [11] The generalized F-Edge Join Graphs (g-FEJG) of G, with G, is a new graph
derived from generalized F,(G,) and G>. Then it joins every vertex of I,,(G; ) with each of V(G,).

As an example these definitions are explained in the Figures 1 and 2.

(i)Q3(Py g Ps) (i) T3( Py wr Py)

(i) Qu(Priog Py)

Figure 2. The g-FEJG of Q3(P;) with Ps and T5(P,) with Ps.

2 Main Results and Discussions

The aim of this study is to establish certain sharp explanations of RFZI based on g-FVJG such
as generalized S-vertex join graphs(g-SVJG), generalized R-vertex join graphs (g-RVJG), gen-
eralized Q-vertex join graphs (g-QVJG) and generalized T-vertex join graphs (g-TVJG) and
otherwise g-FEJG like generalized S-edge join graphs(g-SEJG), generalized R-edge join graphs
(g-REJG), generalized Q-edge join graphs (g-QEJG) and generalized T-edge join graphs (g-
TEJG) respectively.

Definition 2.1. The g-SVIJG of G, and G,, symbolized as G; Wg, G», is achieved from Sy (G)
together with G, by connecting all vertices of V' (G;) to each and every one vertex of G, (see Fig.

13i)).

Firstly, we are going to establish the expression of RFZI in relation to g-SVJG by applying
the Definition 1.1.

Theorem 2.2. Suppose that the graph G; is connected with n; vertices and m; edges, i = 1,2.
Then EM, (G Ws, G2) = F(G) + F(G2) + 3naM1(Gr) + (5ny — 4) + 2M>(Go) + 2mym3 +
4(p — 1)m1 + 4(n1 — 1)2m2 + nlng(nl +ny — 2)2 + 4(m1n2 + mgnl)(nz +ny — 2) + 8mn,.
Proof. For G| Ws, Gs, the edge set is are decomposed into three parts such as E(S,(G1)), E(G)
and also edges {uv € E(G) ¥s, G2) : p € V(Gi) and v € V(Gy)}. There exist three types
of vertex degree distribution in G; Ws, G» such as dg,us ¢, (1) = dg, (1) +n2 if p € V(G1);
for v € V(G2), dg,ws,6,(v) = dg,(v) + n1 and dg,w,, g, (1) = 2 for u € I(S,(G1)). Then
EM;(G1 ¥s, G2)

= Y ldo(w)+ml*+ D [dg, (1) +ni+dg,(v) +ni — 2
ureE(Gy) urEE(G))

+ Y > da(p) +ma +dg,(v) +my — 2]

HEV(G)) veV(G,)

+ > [2)?

v E€E(Sp(G1))im,v €V (Sp(G1))\V (G1)
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= > dg,(V)(dg,(v) + 2madg, (V) +13) + > | dg,(v))

veV(Gr) HWrEE Qz)

+ 2(2ny — 2)(dg, (1) + dg, (v)) + 4(ny — 1)> + 2dg, (1) dg, (v)]

+ 03 DT g () + dE, () + (n =2+ m)?

ReV(G) veV(G:)

+2(n1 + n2 — 2)dg, (u) +2(n1 + na — 2)dg, (v) + 2dg, (u)dg, (v)] + (p — 1) 4
preE(Sp(G1))

= F(G1) + 2naM;(Gy) + 2min3 + F(Ga) + 4(ny — 1) M1 (G) + 4(ny — 1)*my
+ 2M(Ga) + naMi(G1) + niMi(G2) + nina(ny — 2 + na)?
+ dminy(ng — 24+ np) +4mani(ng — 2 +ny) + 8mimy +4(p — 1)my

Hence the result. O

For the general p-subdivision graph S,(G), each edge of G is replaced by a path of length
p + 1 by inserting p new vertices. In the particular case when p = 1, every edge is replaced
by a path of length 2, i.e., each edge is subdivided once. The resulting graph is precisely the
subdivision graph S(G) [22].

The vertex S-join of graphs (also called the S-vertex join graphs, SVIG) [24]) of G, and G,,
denoted by G| Wg G, is obtained from S(G;) together with G, by joining every vertex of V(G)
to every vertex of G, (see Fig. 3(i)).

Corollary 2.3. Let G; be a graph with n; vertices and m; edges, i = 1,2. Then EM,(G1WsG,) =
F(gl) + F(gz) + 3n, M, (gl) + (5’/7,1 - 4) + 2M2(g2) + 2m1m§ + 4(711 - 1)27’)12 + nlnz(nl +
ny — 2)% + 4(miny + many)(ny +ny — 2) + 8myny.

The symbol ® implies the IBP [11] of graphs. The F-sum of G; and G, [2, 3] is characterized
as (G1®@rG,) and is defined by F(G,)®G, having node-set V(G ®@rG,) = V(G1)UE(G1)UV (G2)
and edge-set E(G) @r G2) = E(F(G1) ® G2) \ E*, where E* = {uv|p € V(F(G))\V(G),v €
V(G2)}. After an investigation, we have seen that there exist an important relationship between
g-FVIG (G W G2) or g-FEIG (G, W5 Gy) with (G @ G2). The IBP (G ® G,) is gained from
two disjoint copies of join (G; + G, ) by joining every corresponding vertices of two copies of G;.

Corollary 2.4. Let n; and m; (i = 1,2) be the vertices and edges of G; respectively. Then we
obtain the following relation EM\ (G, ®s G2) = 2EM (G Ws G2) + 12M(G2) + 4nyna(ng +
ny — 2) + 16ma(my + ny) + 4ming + 2niny + 8my.

Proof. By the definition of F-sum of G; and G, graphs based on IBP, we have

4
EM(G1 ®s G2) = > ldg, @50, (1) + dgy0s6,(v) — 2]

E,=pveE(GI®sGa)
There exist four types of edges in G; ®g G».
Ey:{uw € E(G1 ®s Go) 1 pv € E(G2)}; En i {puv € E(G1 ®s G2) 1 p € V(G1);v € V(Ga)}
Es:{uv € E(G ®sGa) : pv € E(S(Gy))} and Ey : {up € E(G1 Qs Ga) : p € V(Ga)}-
Here the degree distribution in G; ®g G, such as dg,g4g, (1) = dg, (1) + na if p € V(Gy); for
v e V(Ga), dg,0s6,(v) = dg,(v) +ni + 1 and dg, g6, (1) = 2 for p € 1(G)).
Casel: F| = JIZAS E(gl ®s gg) such that Z [dgz (u)—O—m +dg2(V)+’rL1 72]2 = 2[F(g2)+

prE€E(G,)
4(ny — 1)M1(Ga) +4(ny — 1)°my + 2Ma(Gy) + (4m2 +8ma(ny — 1) +4M, (gz))]
Casell: £, = uv € E(91 Xs 92) such that Z [dgl (,u) “+ no + dgz(l/) +ny — 2]2 =

HEE(G);vEE(G)
2[naMi(G1) +n1 M1 (Ga) + ning(ng — 2 +n2)* +4mina(ng — 2 +np) +4mang (ny —2 +np) +

8mimy + (n1n2 + 4(m1 + mz) + 2n1n2(n1 +ny — 2))]

CaselIll: £5 = JIZBS E(91 Xg gz) such that Z [dgl (,Lt)—f—nz]Z = 2[F(g1)+2n2M1 (gl)—l—
ureE(S(G))
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Zmln%}.

Case IV: By = uv € E(G) ®5 Gy) such that > 4[dg,(p) + m]* = 4[Mi(G2) + nina +
HEV(G2)

4n1m2}.

Using the Corollary 2.3 we simplify the result and get the relation between EM;(G; ®s G,) and

EM,; (G Ws G). ]

Definition 2.5. The g-RVIG (G Wg, G,) is obtained from R,(G;) and G,. It forms by connecting
each u € V(G) together with every v € V(G,) (see Fig. 1(ii)).

Now we determine the expression of RFZI for G, Wr, G,.

Theorem 2.6. Let G, be a graph containing vertices n; and edges m; for i = 1,2. Then we have
EM; (G Wr, G2) = 8F(G1) + F(G2) + 8(2ny — 1)M(G1) + (5Sny — 4)M1(G2) + 2M3(G2) +
SMz(gl) + 4m1(n2 — 1)2 =+ 4m2(n1 — 1)2 + nlnz(nl —+ ny — 2)2 + 4(TL1 + ny — 2)(2m1n2 +
nima) + 2min3 + 16myma + 4(p — 1)m.

Proof. We divide E(G, Wg, G2) into four distinct partitions that are £, for y € {1,2,3,4}. The
partition £ contains m; edges uv such that dg,w, g,(1) = 2dg, (1) + 12 and dg,wp, ¢, (V) =
2dg,(v) + na.  Also the Ep consists of 2m; edges wv such that dg,w, g, (w) = 2 for
w € I(R,(G1)) and dg,wy,,6,(v) = dg,(v) + n1. The third Ej is of m, edges uv such that
dg,wp, 0, (1) = dg, (1) + n1 and dg,wyg, (V) = dg,(v) + n; and the last partition Ey includes of
niny edges pv such that dg,w,, g,(1) = 2dg, (1) + n2 and dg,wy, g, () = dg, (v) + n1. Therefor
the g-RVIJG for (G, Wg, G,) is expressed as

EM(Gi¥r, G2)= Y [2(dg, (1) +dg,(v)) +2n =2
nreE(G)

+ > [2dg, (v) + na + dyg,) (1) — 21
neI(R,(G)),veV(G1)

+ Y [dg, () +ni+dg, (v) +ny — 21
nreE(G,)

+ Y Y 2dg (u) +no +dg,(v) +ny =2
pEV(G1)) veEV(Ga)

+ > 2]

wE€E(Rp(G1))sp,v €V (Rp(G1)\V (G1)

=4[ 3 [, () + B, () + 2, ()dg, () + (ma — 1) + 2 — 1)(dg, (1) + g, ()]

preE(Gr)

+ > [4dg, (v) + 03 + 4nadg, (v)]dg, (v)
veV(G)

+ Y [dg, (1) + dg,(v) + 2dg, (1)dg, (v) + 4(n1 — 1)dg, (1) + dg, (v) + 4(n1 = 1)7]
nreE(G,)

>0 D [AdG, () + dg,(v) + (4 ma - 2)?
LEV(G) veV(Ga)
+4(n1 +ny — 2)dg, (1) +2(ny +ny = 2)dg, (v) + 4dg, (1) dg, (V)]
+-1) > 4
prE€E(R,(G1))
= 4[F(g1) + 2M2(g1) + ml(nz — 1)2 =+ 2(%2 — I)Ml (Ql)] + 4F(g1) =+ 2m1n5 + dny M, (gl)
+ F(G2) 4+ 2Ms(Ga) + 4(ny — 1) M;(Ga) + 4(n1 — 1)*ma + 4na My (Gy) + ni M;(Ga)
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+ nina(ng +ny — 2)2 +4(n1 +np —2)(dminy + nimy) + 16mymy + 4(p — 1)my

Thus the result. |

By B=U

SVIG and EM(PywsCy) = 1302 ) RVIG aqnd EM,(Py Wy Cy) = 2102

SE=0

) QVJIG and EM(Py5pCy) = 1440 ) TVIG and EM(PywrCy) = 2268

Figure 3. The several FVJG of P, and C;.

For non-trivial graphs G; and G, the vertex R-join of graph [19] or the RVIG (G; Wr G>)
is achieved from R(G;) and G,. It forms by connecting each u € V(G;) together with every
v € V(G,) (see Fig. 3). Therefore g-RVJG becomes to RVJG when p = 1.

Corollary 2.7. Let G, be a graph containing vertices n; and edges m; for i = 1,2. Then we
have EM(G18r G2) = 8F(G1) + F(G2) +8(2n2 — 1) M (G1) + (Sny —4) M (G2) +2M>(G2) +
SMQ(Q]) + 4m, (nz — 1)2 + 4m2(n] - 1)2 + nlnz(nl + ny, — 2)2 + 4(711 + no — 2)(2m1n2 +
nymy) + Zmln% + 16mmo.

Corollary 2.8. Let n; and m; (i = 1,2) be the vertices and edges of G; respectively. Then we
obtain the following relation EM\(G) @r G2) = 2EM; (G Wr G2) + 12M;(G2) + 4nina(ng +
ny —2) 4+ 16my(my +n1) + 4m%n2 + 2niny + 16m;.

Definition 2.9. The generalized Q-vertex join graphs or g-QVIG (G Wq, G») is obtained from
Q,(G1) along with G,. It is constructed by adding each u € V(G;) with every v € V(G,)(see
Fig. 2(1)).

Here we calculate the expression of RFZI for G; Wg, G».

Theorem 2.10. If graph G; be connected of order n; and size m; for i = 1,2, then the RFZI of
(G1 Wg, G2) can be expressed as follows:

EM\(G1¥q, G2) = p[F(L(G1)) +4EM(G1) + 2EM>(G1)] +4(p — 1)[F(G1) +2Ma(G1) —
M (G1)+mi]+5F(Gi) + HM(G2) + (Tna +2p — 10) M, (G1) + (511 —4) M1 (G2) + 8Ma(Gr) +
nina(ng+n2—2)>+4(n +na—2) (mina+nymo) +8myma+4my (ng—1)2+2my (np—2)> —4pm;.

Proof. With the help of formalization of RFZI, we have

EM(G1¥q, G2) = > pl(dg, (1) + dg,y(v) + (dg, (v) + dg, (w)) — 2]

prvweE(Qp(G1))

+ > [dg, (1) + n2 + (dg, (v) + dg, (w)) — 2]
HEV(Qp(G1)),e=rwel(Qp(G1))

+ Y [dgy () + ni+dg, (v) +ny =21
prE€E(Ga)

+ > > dg, (1) +na2 + dg, (v) +n1 — 2

REV(Qp(G1)) veV(G2)
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+ > 4((dg, (1) + dg, (v) — 1]

W EE(I(Qp(G1)))im,v €V (Qp(G1)—V(G1)

= > [(drig)(e) + (drg)) () + 2P

e.fEL(G) e=pv, f=vw

+ Z ngl + dgl (V) + (n2 - 2))2 + (dgl (M) + 2dg1 (V) + (nZ - 2))2]
preE(Gr)

+ > [(dgy (1) + dg, (1)) +2(ny — 1)

uveE(G))

+ >0 ST 43, (v) + dd () + 2dg, (1)dg, (v)

HEV(G1) veEV(G)
+ (1 +n2 — 2)% +2(n1 + ng — 2)(dg, (1) + dg, (v))]
+ > 4[(dg, (1) + dg, (v) — 1]?

nreE(I(Qp(G1)))

= > (d3g,)(e) +digy () +2drg,)(e)drg) (f) +4+ (dug,)(e) +dp) (f))}
efEE(L(G1))

+ D (504 (1) + g, (v)) +2(n2 = 2)* + 6(n2 — 2)(dg, (1) + dg, (v)) + 8dg, (1)dg, (1))

preE(Gr)

+ Y [(dg,(p) + dg,(v))* + 4(n1 — 1)* +4(ny — 1)(dg, (1) + dg, (v))]
urveE(G)

D AW+ Y D AW +2 Y da(w) Y dg(v)
HEV(G)) veV(Gy) veV(Ga) nev(G) HEV(G) veV(G,)

Fuma(n 4+ =27 42+ =2)[ > D de(wW+ D, D dg(v)]

HeV(G2) veV(Gr) neV(Gr) veV(G)

+Hap-1) Y [(dg,(w) +dg,(v)) + 2(dg, (n)dg, (v)) — 2(dg, (1) + dg, () + 1]

nreE(Qp(91))

= F(L(G1)) +2EMy(G1) + 4]

% —my] +4EM;(G)

+ 5F(Gr) + 2mi (ny — 2)* + 6(n2 — 2)M;(G1) + 8M>(G1)

+ HM(G)) +4(ny — 1)>my + 4(ny — 1)M,(Gy)

+ i M(Ga) +naMi(Gy) + 8mymy + nyna(ny +ny — 2)? +4(ny + ny — 2)(myna + nymy)
+4(p = D[F(G1) + 2M(G1) — 2M1(G1) + ma].

Hence the required result follows. O

Corollary 2.11. Let G, be of order n, and size m for = = 1,2, the RFZI of (G| Wg G,) can
be expressed as follows EM,(G, Wg G2) = F(L(G1)) + 4EM;(G1) + 2EM,(Gy) + 5F(G1) +
HM(G) 4 (Tny — 10) M (G1) + (5n1 — 4) My (G2) + 8M(G1) + nina(ng +mny —2)* 4+ 4(ng +
Ny — 2)(mm2 + nlmz) + 8mymy + 4m2(n1 . 1)2 + 2my (n2 — 2)2 — 4m,.

Corollary 2.12. Let n; and m; (i = 1,2) be the vertices and edges of G; respectively. Then we
obtain the following relation EM, (G ®¢g G2) = 2EM; (G, Wg Ga) + 12M1(G2) + 4nina(ng +
ny —2) 4+ 16ma(my + ny) + 4mina + 2ninay + 8my.

Definition 2.13. The g-TVIG (G, Wr, G») is derived from T},(G,) with G, by linking each u €
V(G1) with every v € V(G )(see Fig. 2(ii)).

The expression of RFZI for G, W, G, 1s derived here.
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Theorem 2.14. If G; be a molecular graph of order n; and size m;, i = 1,2. Then EM,(G, Wr,
Go) = p2EM(Gy) + F(L(G1)) +4EM;(Gy)] + 10F(Gy) + HM(G,) + 4HM (Gy) + 2(10n, +
p—12)M(G1) + (Sni —4)Mi(G2) + 12Ma(G1) +4(p — 1)[2Ma(G1) + F(G1) — Mi(G1) +mu] +
nmz(nl +no — 2)2 + 4(712 +n; — 2)(n1m2 + 2mm2) +4my (TLQ - 1)2 + 16mimsy + 4m2(n1 -
1)2 + 2m1(n2 — 2)2 —4pm,.

Proof. The RFZI of (Gi Wr, G2) is calculated as
EM\ (G W, G2)
= Z [d](gl)(/l,) + d[(gl)('l)) - 2]2

mvE€l(T(G1))

+ > [2dg, (1) + 12 + dy (g (v) = 2
HEV(G1),vEI(Tp(G1))

+ Z [dg, (1 +n1+dg2()+nl—2]2
nwveE(Gy)

b YT don(o) o+ 2, () 4 o - 2
HEV(G1) veV(Gy)

+ ) [2dg, () + ng + 2dg, (v) + ny — 2
pv€E(Gr)

+ > 4((dg, (1) + dg, (v) — 17

prEE(Ty(G1))sm,vEV(GI\V(G1)

Z [dz( )+ dzL(g,)(f) +2dg,)(€)drg,)(f) +4 +4(drg,)(e) + drg,)(f))]

Z [(3dg, (1) + dg, (v) + (n2 = 2))* + (dg, (1) + 3dg, (v) + (n2 — 2))’]
€E(G))

Z dgz + dgz( ) + 2(n1 - ])]2

Z Z dg,(v) +4 Z Z dg, (1) + (n1 +np — 2)? Z Z 1

G1) veV(Ga) veV(G2) neV(Gr) HEV(G1) veEV(Gy)

+2ma+m =20 > > dg,(w)+2 Y D dg(w)]

HEV(G1) veV (Ga) veV(Gy) neV(Gr)
+4 Y dg,(p) D dg,(v
nev(Gy) veV(G2)
+ ) [2(dg, (1) +dg, (v) +2(ny — 1)

WEE(G))

+4 > (g (n) +dg,(v) — 1]

nr€E(Tp(G1))

= F(L(G1)) +2M>(L(G1)) + 4[E(L(G1))| + 4M:1(L(G1))
+ ) [10(dg, (1) + dg, (v) + 2(ng — 2)* + 12dg, (12)dg, (v)
wEE(G)
+ 8(n2 — 2)(dg, (1) + dg, (v))}

+ > Udg,(p) + dg,(v))* + 4(ny — 1)(dg, (1) + dg,(v)) + 4(ny — 1)?]
HUEE(G)
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+ i My (Ga) + 4na My (Gy) + nyna(ng + ny — 2)?
+ 2(ny +ny — 2)(2nymy + 4myny) + 16mym,

+4 > [(dg, () + dg, () + (n2 = 1) +2(n2 = 1)(dg, (1) + dg, (v))]
HvEE(G))

+a4p—1) Y (dg, () +dg,(v)) +2(dg, (n)dg, (v))
nv€E(Tp(G1))
— 2(dg, (1) + dg,(v)) +1]

= F(L(G1)) +2EM(G1) 4 2M:(G1) — 4my +4EM;(G1)

+ 10F(G1) + 2mi(ny — 2)* + 12M3(G1) + 8(ny — 2) My (Gr)
+ HM(G2) +4(ny — 1)M;(G2) + 4ma(ny — 1)

+ 1M1 (Ga) + 4naMy(Gy) + nina(ny +ny — 2)?

+ 4(ny +ny — 2)(nymy + 2myng) + 16mymy,

+ A[HM(G1) 4+ mi(na — 1)* 4 2(ny — 1) M1 (G)))]

+4(p — D)[2My(G1) + F(G1) — M1 (G1) + my].

Hence this complete the result. O
When p = 1, g-TVIJG converts to TVIG.

Corollary 2.15. Let G; be a molecular graph of order n; and size m;, i = 1,2. Then EM, (G, Wr
gz) = F(L(gl)) + 2EM2(g1) + 4E M, ((_}1) + IOF(gl) + HM(gz) + 4HM((_}1) + 2(10n2 —
11)M1 (gl) + (577,1 — 4)M1 (gz) + 12M2(gl) + nmg(nl +no — 2)2 + 4(712 +n; — 2)(n1m2 +
2ming) +4my(ny — 1)* + 16mymy + 4my(ng — 1) + 2my(ng — 2)? — 4my.

Corollary 2.16. Let n; and m; (i = 1,2) be the vertices and edges of G; respectively. Then we
obtain the following relation EM,(Gy @1 G2) = 2EM;(Gy Wr Go) + 12M,(G2) + 4nyna(ng +
ny —2) + 16ma(my + n1) + 4ming + 2niny + 16m.

e 2%

i)SEJG and EM(PyWgCy) = 900 (1) REJG and EMy(Py;C5) = 1082
(iii) QBJG and EMi(PysyCy) = 1440 ) TEJG and EMy(Py 3 Cy) = 1650

Figure 4. The several FEJG of P4 and Cj5.

Definition 2.17. The g-SEJG of G; with G,, characterized as G; & 5, G, is derived from §p(g1)

and G,. Then each and every vertex of 1(S,(G,)) is joined to all vertices of G,.

As an example we have depicted the Fig. 1(iii).
The degree distribution of the vertices in G Wg, G, are followed as dg, g, (n) = dg,(n) if
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pe V(s »(G1)); forv e V(S »(G2)), dglwgpgz(u) = dg,(v) + m; and dglwgpgz(ﬂ) =2+ ny for
pe IS »(G2)). Here we have calculated the RFZI of g-SEJG of G, together with G».

Theorem 2.18. Suppose that G;, fori = {1,2}, be a non-trivial connected graph of order n; and
size m;. Thus E M, (Ql H’Jgp gz) = F(gl) +2m1n%+2n2M1 (gl) +HM(g2) +4(m1 — I)Ml (gz) +

dmy(my — 1) + pmy [M;(Ga) + 4ma(ng + my) + na(my +n2)?] +4my(p — 1)(na + 1)%
We calculate here the manifest expression of RFZI for G, Wz Gs.

Proof. The characterization of RFZI implies that

EM, (G W3, Go) = Z [dg, (v) + na)*dg, (v)
UEV( »(G1))
+ Y [dg,(w) +mi +dg, (v) +my — 2P
weE(G,)

+ | Z D (dg,(w) +mi +n2)?]

u€I(S,(G))) wEV(G2)

+ [2(ny +2) —2]?
weE(S,(G1))

[(dg, (v) + 13 + 2nadg, (v))]dg, (v)

veV(Gy)

+ [(dg,(u) + dg,(v)) +2(my = D> +pmy > [dg,(v) +my + na]®
weE(G,) veEV(G2)

+4(p—1) Z [ny + 1]?

weE(G)
= F(G1) + 2min3 + 2 M (Gy) + HM(G>) + 4mo(my — 1)?
+4(mi = )M (G2) +pmu Y [dg, (v) + 2(ma + n2)dg, (v) + (ma + n2)’]
veV(Gy)
= F(G1) + 2min3 + 2o M (G) + HM (G2) + 4(my — 1)M;(G2)
+ 4my(my — 1) + pmy [Mi(G2) + 4ma(nz + my) + na(my + nz)z}
+dmy(p—1)(ng + 1)

Thus the desired result follows. O

The edge S-join of graphs [24] or S-edge join graphs (SEJG) of G, with G,, characterized as
G1 Wg Gy, is derived from S(G;) with G,. The it conjoins each and every vertex of I(G) to all
vertices of Y. As an example we have depicted the Fig. 4(i).
For p=1, g-SEJG becomes to SEJG.

Corollary 2.19. Suppose that G;, for i = {1,2}, be a non-trivial connected graph of order n;
and size m;. Thus EMI(QI Wg gz) = F(gl) + HM(gz) + 2ny My (Ql) + (5m1 — 4)M1 (gz) +
mina(my + n2)? + dmyma(na + my) + 4ma(my — 1)% 4 2myni.

Corollary 2.20. Let G, G, be two graphs having n; vertices and m; edges, where i = {1,2},
Then EM, (G, ®3 G>) = 2EM,(Gy Wg Go) + 12M,(G2) + 40mymy + 4ming + 4myna(my +
nz) + 2miny — 8my.

Definition 2.21. The g-REJG Gy W G» is derived from R,(G1) and G, under the join operation

in such way that every vertex of I(R,(G:)) with all vertices of G, (see Fig. 1(iv)).
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The vertex-degrees in Gy Wy G, are followed as dg,u, 6 (n) = 2dg,(p) when p €
V(Ry(61)); when v € V(R (gz)), dguy 6,(v) = mi1 +dg,(v) and dg,u 6,(p) = n2 + 2 for
1€ I(Ry(G2)).

Theorem 2.22. Let G; be a molecular graph having n; vertices and mj; edges, for j = {1,2},
then EM; (G Wg Gy) = 4HM(G1) —8M,(G1)+4F(Gy) +4na M (Gr) +2min3 +pmi[M;(G) +
na(mi +n2)? +dma(my + na)| + HM(Gy) + 4my(my — 1)% + 4(my — 1) M1(G2) + dmy (p —
1)(na +1)% + 4m,.

Proof. From the definition of RFZI of graph, we can be expressed as

EM(Giop G)= Y. [2dg, () + 2dg,(v) — 2P

uv€E(R,(G1))

+ > 2dg, (v) + na]?
HEI(R,(G1)),veV(R,(G1))

+ pldg, (v) +my 4 ny)?
HEI(Rp(G1)),vEV (Rp(G2))

+ [dg, (u) +mi + dg, (V) +mi — 2]
wreE(R,H(G)))

+ > 4[ny + 112
neE(I(Ry(61)))

=4 Z dg] —|—dg]( )) 72(d91(:u‘)+d91(1/))+ 1]

preE(Gr)

+ > dg (v)[Adg, (v) + 4nadg, (v) + 13]

veV(G)

+pmy Y [dg, (V) + (mi +n2)* + 2(m +m2)dg, (v)]

veV(G)
+ Y [(dgy () +dg,(v))* + 4(m1 — 1)* + 4(my — 1)(dg, (1) + dg, (v))]
nreE(G,)
+4p-1) > [m+1]
pr€E(Gr)

=4[HM(G) — 2M,(G1) + my]
+4F(Gi) + 4na My (G1) + 2min3
+ pmi [M1(Ga) + na(my +m2)? + 4ma(my + ny)]
+ HM(G) + 4ma(my — 1)* 4+ 4(my — 1)M;(Ga)
+4mi(p—1)(ny + 1)
By simplifying the above results we reach to the goal. O

The edge R-join for two graphs [24] or REJG of G, and G, signified by G, W5 G, is formed
by R(G1) and G,. It is obtained by joining every vertex of 1(G;) with all vertices of G, (see Fig.
4(ii)).

Corollary 2.23. Let n; and m;j be the vertices and edges in order of Gj, for j = {1,2}. Then
EM (G W5 Go) =4HM(G1) + HM(Gy) +4F(G1) +4(ny —2)M(Gy) + (5Smy — 4)M(G2) +
mina(ny +my)? + dmima(ng +my) + dmy(my — 1)% + 2m1n§ +4m,.

Corollary 2.24. If G, G, be two graphs having n; vertices and m; edges, where i = {1,2}, Then
EM,; (g1 ®pn gz) = 2EM1(g1 Wa gz) + 12M, (gz) + 40mymy + 4m%n2 + 4m1n2(m1 + nz) +
2m1n2 — 8m2.
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Definition 2.25. The g-QEJG of two disjoint graphs G; and G,, characterized as G, &J@p Gy, 18

derived from @p(gl) as well as G, by adding one and all vertices of I (@p(g 1)) to all vertices of
G», (see Fig. 2(iii)).

The valency of the nodes of G Wg G are dgl%pg2 () = dg,(u) or (dg,(p) + my) or
(dg,(¥) + dg,(w) +na) when p € V(Gy) or p € V(Ga) or Ypw = e € I(Q,(G1)) respectively.
Theorem 2.26. Consider Gy, for k = {1,2} be a (ny, my) graph. Then EM,(G, Ws, G) =
p[F(L(G1)) +2EMa(G1) +4(na+ 1) EM(G1)] +n2 HM (Gy) + HM(G2) +5F(G1) + <2p(n2 +

1)2 + ZTL% + 2myny + 2ny + 4my — IZ)MI(Q]) + (5m1 — 4)M1 (gz) + 8M2(g1) 4+ mlnz(nz +
my — 2)2 + 4nomy (m1 +ny — 2) + 4m2(m1 — 1)2 + 2m1(n2 — 2)2 — 4pm1(n2 + 1)2.

Proof. E(G; Ws, G,) is partitioned into five subsets like

{iv € E(G1 ¥5 gz) uv € E(I (@p(gl)) for similar edges of I(Q,)};

{uv € E(91 W5 g2) pv € E(I(Q,(Gy)) for two dissimilar but also adjacent edges of I(Q,)};
{nv € E(Gi 85, G2) - 11 € V(Qp(G1)),v € 1(Qp(G1))}:

{uv € E(g @ 2) 1 e 1(Qy(G))),v e V(G)};

{w € E(Grg Ga) - pv € B(G)}-

= [dg, (1) + dg, (v) + na + dg, (v) + dg, (w) + ny — 2]
pr,vweE(I(Qp(G1))

4[<d91 (N) + dgl (V> +no — 1}2

+
M

neE(1(Qy(91)))

+ Z [(dg, (1) + dr(g,)(€) = 2)* + (dg, (1) + di(g,)(f) — 2)°]
HEV(Qp(G1))se, FENQp(G1))

+ ) > Udig)(w) +n2) + (dg,(v) +my) — 2]

veV(G2) uel(Q,(G1))
swer 6 (dg, (1) +m1) + dg, (v) +my — 2]

= > pldzg)(e) + drg, (f) + 2(na + 1))
e=pv,f=vweE(L(G))

+4p-1) > [(dg,(n) +dg,(v) +ny — 17

uveE(Gr)

+

+ D (2dg, (1) +dg, (v) + (n2 = 2))* + (dg, (1) + 2dg, (v) + (n2 — 2))?]

nrveE(G)

+ > Y (de, (1) + dg, (v)) + dg, (w) + (m1 +ny — 2)]?

nreE(G) weV(G,)

+ Y [doy(p) +do,(v) +2(mi — 1))

HrEE(G:)

= Y pldig)(e) +dig) () +2dg,)(€)drg,)(f) +4(n2 + 1)
efEE(L(G1))

+ 4(nz + 1)(drg,)(e) + drg,)(f))]

+4p—1) D [(dg, () + g, (v)) +2dg, (n)dg, (v)

nreE(G)
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+ 2(n2 = 1)(dg, (1) +dg, (v)) + (nz — 1))

+4(na + 1)(dpg(€) + drgy (NI +5 D | )+ Y 2Am -2
;/,VGE(Q[) preE(Gr)
+6(n2—2) > (dg(p) +dg,(»)+8 > (dg,(p)dg,(v))
uveE(Gr) WrEE(G)
+ Z Z dgl +dg1 Z Z d27
weV(Gy) pveE(Gy) nwrveE(G) weV(G)

+ Y D> (m+mp—2)

weV(G,) preE(Gr)

+2 Z dg2 Z (dgl (:u') + dgl (V))

weV(Gy) uveE(Gy)

Fomitm-2) S (de () + dg, ()

weV(Gy) preE(Gy)

+2mi+m2—=2) Y Y dg(w)

weV(G:) preE(Gr)
+ Z dgz +dg2(l/))2+4(m1 - 1)(d92(ﬂ) +dg2(1/)) +4(m1 - 1)2]
uveE(G))

M —m) +4(n2 + 1) EM; (G1)]

+4(p — DF(G) + 2M2(Gr) + 2(np — 1)M;(G1) + mi(np — 1)7]
+ 5F(G1) + 2mi(ny — 2)* + 6(ny — 2)M1(G1) + 8M2(Gy)

+ naHM(G1) 4+ mi My (G2) + mina(my + ny — 2)° + 4ma My (G))
+ 2na(my 4+ na — 2)M1(G1) + 4minz(my + np — 2)

+ HM(Gy) + 4(m1 — 1)M1(G2) + 4ma(my — 1)

By adding the above, we have the desired result. O

= p[F(L(G1)) + 2EM;(G1) + 4(n2 + 1)2(

The edge Q-join of graphs [24] or Q-edge join graphs (QEJG) of two disjoint graphs G; and
G,, characterized as G, Lﬂ@ G, is derived from Q(G;) as well as G, by adding one and all vertices
of V(G,) to all vertices of G, (see the Fig. 4(iii)).

Corollary 2.27. Assume that Gy, be a graph with ny, vertices and my, edges, for k = {1,2}. Then
EM,; (G Wg G2) = F(L(G)) + 2EM(G1) + 4(ny + V)EM,(G1) + no HM (Gy) + HM(G,) +
5F(G1) + (4n3 +2mny 4 6ny +4my — 10) M (G1) + (5my —4) M1 (G2) +8M2(Gr) +mana(na +
mp — 2)2 + 4dnomy (ml +ny, — 2) + 4m2(m1 — 1)2 + 2m1(n2 = 2)2 — 4m1(n2 + 1)2.

Corollary 2.28. Let Gy, G> be two graphs containing n; vertices and m; edges, where i = {1,2}.
Then EM] (g1 ®©g2) = 2EM1(g1 &J@gz)+4(n2+3)M1 (gz)+2m1n2(4m1 +2n2—3)+32m1m2.

Definition 2.29. The g-TEJG G, @z G is created by adding each and every vertex of T(G) to
one and all vertices of G, (see Fig. 2(iv)).
E(G Wp G, ) is divided into six subsets such as
P {pw € E(G W Gy) : uv € BE(I(T,(G,)) for similar edges of I(T})};
Py {pv € E(G1 W5 gz) uv € E(I(T, (gl)) for two dissimilar but adjacent edges of I(T},)};
Ps:{w € E(Gi ) peV(G), v e I(T,(G))}:
Py {uv € E(G1 Wp gz) e I(T,(G)),v € V(Ga)}:
Ps : {uv € E(G W5 Qz) wr € E(G)};

Pe : {uv € E(G Wa 7, gz) wv € E(Gy)}.
Now we establish the exact formula of RF' ZI for G, Lﬂﬁ) G>.
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Theorem 2.30. Let G| and G, be two disjoint graphs containing ni,n, vertices and edges
my, my, separately. Then EM(G1 Wz Gy) = p[F(L(G1)) +2EM>(G1) +4(nz + 1) EM,(G1)] +
(n2-+4) HM (G1)+H M (G2)+10F(Gy)+ (2p(na+ 1)2+203+2mina +4na+-4ma—24) My (G1)+
(5my —4)M(G2) +12M(G1) +4(p—1)[F(G1) +2Ma(G1) +2(na — 1) M (G1) +my (no — 1)?] +
NoMy (m1 +n272)2—0—4n2m1 (n2+m1 72)—|—2m1 (n272)2-|—4m2(m1 — 1)274pm1 (TL2+ 1)2—0—4m1.

Proof. Applying the definition of RF'ZI, we get

EMi(Giwg Go)= Y [dig) (@) +dyg(v) =2
zveE(I(Ty(G1))
+ > [dg, (1) + dg, (V) + na + dg, (v) + dg, (w) + ny — 2]*

MV,V'LUEE(I(TP(QI))

+ > D Pdo (@) +digy(e) -2

z€V(G1) ecI(T,(G1))

+ ) ) [do(x) + dg,(v) + dg, (w) + (my + ny — 2)]?
zvEE(G)) weV(Gy)

+ ) [2(dg,(2) +dg,(v)) = 2]

zveEE(G))

+ Y [dg,(z) + dg, (v) + 2(my — 1)]?

zvEE(G,)
= Z+Z+Z+Z+Z+Z say)
P P2 P3 P Ps
Firstly,» = > 4[(dg, (1) +dg,(v) +na — 1]
P weE(I(Ty(G))))
4 Z dgl +dg1(l/) +tny— 1]2
€eE(G
=4(p— 1) [(dgl () + dg, (v))

vEE(G)

+ 2dg, (1 )dgl( )+ 2(np — 1)(dg, (1) + dg, (v)) + (na — 1)*]
=4(p — 1)[F(G1) + 2M(G1) + 2(np — 1)M1(G1) + mi(na — 1)°]

Likewise, » = Z pldrg,)(e) + drg,)(f) +2(n2 + 1))
P> e=pv, f=vweE(L(G))

= Y plldg(2) +dg, (v) +m2) + (dg, (v) + dg, (w) +na) — 2]
zv,vwEE(G))

= > [drig)(e) +2+ma+ dpg,)(f) + na)?
ef€E(L(G))e=zv, f=vw

= pl(d7 g, (€) + d1 g, (F) +2drg) (€)drig,) (f)
ef€E(L(G1))

Mi(G1)

= p[F(L(G1)) + 2Ma(L(G1)) + 4(n2 + 1) (—

mi) +4(nz + 1) M (L(G1))]
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Now Z Z Z [2dg, (x) + d(g,)(e) — 2]

Ps z€V(G1) ecI(T,(G))

= > [2dg (x) +dyg,)(e) = 2)* + (2dg, (v) + dr(g,)(f) —2)’]

zveE(G))

=10 Y (dg(x)+ )+12 > dg,(z)dg, (v
zveEE(G)) zv€E(Gr)

+8(na—2) Y (dg(z) +dg,(v)+ D 2

zveE(G)) TvEE(G))

= 10F(G1) + 12M»(G1) + 8(ny — 2)M;(G1) 4 2my (ny — 2)?

So,» = Y Y ldg,(x) +dg, (v) + dg,(w) + (mi +ny = 2)P?

Py zveE(G) weV(G)

= Z Z dgl + dgl( ))2 + Z Z d2Q1 (U))

weV(G,) zveE(G)) 2veE(G)) weV(G,)

) (mAm-2p

weV(G,) zveE(G))

+2 ) dg,(w) > (dg(z)+dg,(v))

weV(G,) 2vEE(G))

+2mi+na=2) > Y (dg(x) +dg, (v))

weV(Gy) zveE(G))
+ 2(my +np —2) Z Z dg,(w)

WV (G) peE(G))
=mHM(G1) +miM(G2) + mina(my + no — 2)* + 4ma M, (Gr)
+ 2na(my 4+ np — 2)M1(G1) + 4myma(my + ny — 2)

Szmzlarly,z Z 2(dg, (z) + dg, (v)) — 2]2

Ps zveE(G))
=4 Z dgl +dg1( )) _z(dgl(x)+dg](v))+ 1]
zveEE(G))
=4[HM(G) — 2M;(G1) + m]

Lastly, Z = Z [dg, () + dg, (v) +2(my — 1))

Ps zvEE(G,)
Y (g, (2) + dg, (v))* +4(my — 1)(dg, (x) + dg, (v)) + 4(my — 1)’]
zveEE(G,)

= HM(Gy) + 4(m1 — 1)My(Ga) + 4ma(my — 1)?

6
After simplifying > >, we get the requisite result. ]
i=1 P

The edge T-join of graphs [24] or T-edge join graphs TEJG of G; with G,, indicated by
G1 W5 Go, is created by adding each and every vertex of T(G1) to one and all vertices of G,(see
Fig. 4).



The Reformulated First Zagreb Index 961

Corollary 2.31. Let G| and G, be two disjoint graphs containing ni,n, vertices and edges
my,ma, separately. Thus EM (G Wz Go) = F(L(G1)) + 2EM2(Gy) + 4(n2 + 1) EM1(G1) +
(n2+4)HM(G1) + HM(G>) + 10F(Gy) + (4n3 + 2myny + 8ny + 4my — 22) M, (Ga) + (5my —
4)M1 (gz) + 12M2(91 ) +nomy (m1 +no —2)2+4n2m1 (n2+m1 —2) +2my (le —2)2+4m2(m1 —
1)2 — 4m1 (n2 + 1)2 + 4m1.

Corollary 2.32. Let Gy, G, be the graphs containing n; vertices and m; edges, where i = {1,2}.
Then EM, (91 ®fgz) =2FEM, (91 &Jfgz) +4(n2—|—3)M] (gz)—f—zm] ny (4m1 +2n, —3) +32myms.

As an application, we can apply the above theorems for the graphs G, = P, and G, = C,,.
We have ny = m;m; = (m — 1); M1(G1) = (4m — 6); M(Gy) = (4m — 8); F(G1) = (8m —
14);F(L(g1)) = (8m — 22); HM(Q]) = (16m — 30); and Ny =n= mz;M1 (gz) = Mz(gz) =
4n; F(G,) = 8n; HM(Gy) = 16n for m > 2 and n > 3. Therefore

Example 2.33. EM; (P, s C,)) = mn((m+ n)? +8m + 6n + 16) —2n(3n+7) +2(4m—7),
EM, (P wg C) = mn((n +m)? + 12m + 14n + 56) — 14n(n + 6) + 4(17m — 33),

EM, (P g C) = mn((m + 1)+ 8m + 6n + 24) —6n(n+5) +4(17m — 41),

EM,(Py w1 C,) = mn((n m)2 4 12m + 14n + 64) — 2n(Tn + 50) + 6(24m — 53).

Example 2.34. EM, (P, 65 C,) = mn((m+n)2+5m+2n+7) —n(n4+4n+13)+2(4m—7),

EM\(P,, w5 Cp) = mn(n—l—m)2 +5m+2n+ 15) —n(n? 4+ 4n +25) + 4(17m — 33),
EM\(Py Wg Cp) = n(m — 1)(m +n —3)(m +n+ 1) + 2mn(6m + Tn + 20) — 2n(11n +
53) +4(17m — 41),

EM;(Py Wz Cy) =n(m—1)(n+m —3)(m +n+ 1)+ 2nm(6m + Tn + 24) — 2n(11n +
59) + 6(24m — 53).

3 Conclusion

In this paper, we have investigated the topological graph index like RF'Z1 of graphs G, Wr, Gy
using the concept of several generalized subdivision graph. In addition, we have put in the results
to calculate the RFZI for some novel (chemical) graphs that can be established by applying
these special types of graph operations. Also, we have followed up their special relationship with
Indu-Bala Product. However, the open problem is to investigate for more topological indices in
relation to certain generalized F-join graphs. In future, it will be more thoughtful to create new
graphs by applying these results in chemical graph theory.
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