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Abstract. In this paper, we investigate the uniqueness problem of transcendental meromor-
phic functions having finitely many poles that share two meromorphic functions of finite order
with their k-th derivatives. Our result improves and generalizes the results of Lii and Yi [8]. Also
as an application of our result, we solve an unsolved problem of Lii, Li and Yang [9]. Moreover
we exhibit some relevant examples to fortify our results.

1 Introduction, definitions and results

Let .#(C) be the family of non-constant functions which are meromorphic in C, whereas
&(C) denotes the family of non-constant entire functions. On the other hand we denote by
A7 (C) and &7 (C) the family of transcendental meromorphic and entire functions respectively.

In the paper, we assume that the reader is familiar with standard notation and main results of
Nevanlinna Theory (see, e.g., [3, 17]). Also we denote by p(f) the order of f. Again we recall
that a meromorphic function « is said to be a small function of f if T'(r,a) = S(r, f).

Let us denote by E(a; f) the collection of all zeros of f — a, counted with multiplicities,
where a = a(z) is a small function relative to f, in particular, @ may be a constant. Also denote
by E(a; f) the collection of all distinct zeros of f — a.

Two meromorphic functions f and g are said to share a value or a small function a CM (with
counting multiplicities) or IM (with ignoring multiplicities) if E(a; f) = E(a;g) or E(a; f) =
E(a;g).

Let k € NU{0} U{oo}. We denote by Ej(a; f) the set of all zeros of f — a, where a zero of
f — a of multiplicity m is counted m times if m < k and k£ + 1 times if m > k.

Let A and B be two sets of complex numbers. We denote by AAB, called the symmetric
difference of A and B, the set (A\ B)U (B \ A).

Let R = g(;é 0) be a rational function, where P and @ are relatively prime polynomials.
We define the degree of R as deg R = deg P — deg ). If R = 0, then we define deg R = —oo. If
R, Ry, R, are three rational functions, then following are obvious:

1. deg R R, = deg R| + deg R».
2. deg% =deg R) — deg R;.

3. deg R’ <degR — 1.

N

. deg% < -—1.

91

. deg(R; + Ry) < max{deg R;,deg R, }.
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Let f € &£(C) and we assume that f(z) = Y a,2". We denote by
n=0

u(r.f) = max_ {lanz"[} and v(r, f) = sup{n : lan|r" = p(r, )}

Clearly for a polynomial P(2) = a,2" + a,, 12"~ + ...+ ag, a, # 0, we have
w(r, P) = |ay|r™ and v(r,P) =n

for all r sufficiently large.
In the general case, |a,|r™ < u(r, f) for all n > 0 and |ay,|r™ < p(r, f) for all n > v(r, f).
Here it is enough to recall that (see [4])

(1) p(r, f) is strictly increasing for all r sufficiently large, is continuous and tends to +oco as
7 — 00,

(2) v(r, f) is increasing, piecewise constant, right-continuous and also tends to +oo as r — oo;
(3) logv(r, F) = O(logr), if p(f) < 4o0.

Rubel and Yang [12] first studied the uniqueness problem of an entire function f when
E(a; f) = E(a; f) for two distinct finite values of a. We recall their result.

Theorem 1.1. [12] Let f € &(C) and a,b € C be distinct. If E(a; f) = E(a; f') and E(b; f) =
E(b; '), then f = f'.

In 1979, Mues and Steinmetz [11] further improved Theorem 1.1 and obtained the following
result.

Theorem 1.2. [11] Let f € &(C) and a,b € C be distinct. If E(a; f) = E(a; f') and E(b; f) =
E(b; f'), then f = f'.

Since then, shared value problems, especially the case of f and f’ sharing two values, have
undergone various extensions and improvements (see [17]).

Changing E(a; f) = E(a; f') by E(a; f) € E(a; f') in Theorem A, Li and Yi [5] obtained
the following result.

Theorem 1.3. [5] Let f € &(C) and a,b(# 0) € C be distinct. If E(a; f) C E(a; f') and
E(b; f) = E(b; f), then one of the following cases must occur.

(1) f=r,
(2) f(z) = cexp(32-2) + a, where c € C\ {0}.

With the idea of sharing polynomials, Lii, Xu and Chen [7] further improved Theorem 1.3
and obtained the following result.

Theorem 1.4.[7] Let f € &(C) and Q\, Q2(£ 0) be distinct polynomials. If E(Qy; f) C
E(Q1; f') and E(Qq; f) = E(Qa; f), then one of the following cases must occur.

() f=r,
(2) f(z) = Qi(2) + Aexp(\z) and (A — 1)Q2 = \Q1 — Q', where A, \ € C\ {0} such that
A1

Replacing f’ by f*) in Theorem 1.4, Lii and Yi [8] obtained the following result, which is
the improvement of Theorem 1.4.

Theorem 1.5. [8] Let f € &(C), k € N and Q,, Q2( 0) be distinct polynomials. If
(i) all zeros of f — Q1 have multiplicity at least k,
(ii) B(Q1; f) C E(Qi; f%)) and E(Q1; f) = E(Qa; f¥)),

then one of the following cases must occur:
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(1) f=f®
(2) f(z) = Qi(z) + Aexp(Az) and (u — 1)Q2 = uQy — Q] , where A, A\, € C\ {0} such
that \F = p # 1.

Remark 1.1. If a is a Picard exceptional value of f, then one can easily conclude that the zeros
of f —a have multiplicity co. Therefore, Theorem 1.5 holds even when f — ) has no zeros. But
it is to be noted that if f — () has a zero at 2, say, then the multiplicity of zp must be at least
k. On the other hand if we add the condition f — ()| has at least one zero in Theorem 1.5, then

f= 0

2 Main Result

In the paper, we have extended and improved Theorem 1.5 in the following directions:
(1) We replace sharing polynomials by sharing meromorphic functions of finite order.
(2) We relax the nature of sharing.

We now state our main result.

Theorem 2.1. Let f € .#1(C) with finitely many poles, a; = R;exp(Q) (i = 1,2,3), where
Ry, Ry(# 0) and R3(# 0) are rational functions such that Ry # Ry, R3 and Q is a polynomial
such that deg(Q) < p(f). If

(i) all the zeros of f — a have multiplicity at least k,
(i) E(ar; f) € E(ag; f*),
(i) Ei (a2 f)\ A= E\ (a3; f*)) \ A where A = E (a; ) AE (a3; f®) is finite,
then one of the following cases must occur:
(1) Rof® = Rsf,
(2) (Ri — Ry)f™ = (Ry — R3) f + Ri(Rs — Ry) exp(Q),

(3) ifdeg(R4 — R3) = deg(Ry — Ry), where exp(—Q)agk) = Ry, then Q reduces to a constant
and f(z) = Ry(z) + P(z) exp(Az), where P(# 0) is a rational function, A € C \ {0} such

k _ Ry—R;
that A ZLIglo R_R and

p(i)

@2.1)

Ry — ;
o _)\’“+Z(>/\’“

(4) if deg(Rs — R3) > deg(Ry — Ry), where exp(—Q)a\") = Ry, then f = Ry exp(Q) +
P exp(Q), where P(£ 0) is a rational function and Q is a polynomial such that k deg(Q') =

()
deg (R4 — R3) — deg(R; — Ry) and R4 gz = (P;’e‘sl()%g) .

We now make the following observations on the conclusions of Theorem 2.1:
(i) If either &« = 0 or a; = a3, then conclusions (1) and (2) are same.

(ii) Conclusions (3) and (4) do not occur if f — v has infinitely many zeros or deg( Ry — R3) <
deg(R; — R»).

(iii) If Ry = 0 and R, = R3, then deg(Ry — R3) = deg(R; — R,) and so letting |z| — oo
in (2.1), we conclude that \* = 1 and P is a non-zero constant. In this case, we must
have f(z) = cexp(\z), where ¢ € C\ {0} and \* = 1, which implies that f = f(*)
Consequently, from Theorem 2.1, we solely have f = f(*)

(iv) If we assume that f — «; has no zeros and deg(Ry — R3) > deg(R; — R;), then P is a

*)
non-zero constant, and so from (2.1), we deduce that £ B gj = (e’g;(%))
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Remark 2.1. It is easy to see that the condition “deg(Q) < p(f)” in Theorem 2.1 is sharp by the
following examples.

Example 2.1. Let f(2) = exp(2?), Q(z) = 2°, ay(z) = 3Z Lexp(z®) and ax(z) = a3(2) =
6232_%_1 exp(z?). Clearly deg(Q) = p(f) and since f(z) — al( )= 2(f(2) — a1(2)), it follows
that E(ay; f) € E(ag; f'). By a simple calculation, we deduce that

2(62% =2)(f'(2) — aa(2)) = (32° +32° — 2 = 1)(f(2) — ea(2)). (2.2)

Clearly Ey(az; f) \ A = Ei(as; f') \ A, where A = E(a; f)AE(as; f') is finite but f does not
satisfy any case of Theorem 2.1.

Example 2.2. Let f(z) = exp(z*), Q(z) = 2% a; = 0 and ay(2) = a3(z) = —exp(z?).
Clearly deg(Q) = p(f) and since f(z) — a;i(z) = exp(z*) has no zero, we have E(ay; f) C
E(aq; f'). Note that f(2) — aa(z) = 2exp(z*) and f/(2) — a3(z) = (42> + 1) exp(z*). Clearly
Ei(az; f)\ A= Ei(as; f') \ A, where A = E(ay; f)AE(as; f) is finite, but f does not satisfy
any case of Theorem 2.1.

Remark 2.2. It is easy to see that the condition “E(ay; f) € E(ay; f*))” in Theorem 2.1 is
sharp by the following examples.

Example 2.3. Let f(z) = exp(3(z+1)*) +1,Q = 0, a; = 0 and ax(z) = a3(z) = 1 + 1.
Clearly E(a; f) ¢ E(ag; f'). Note that

£() — ax(e) = exply (= + 1) - @3
and | |
F(2) —as(z) = (= + 1){exp(§(z+ 1)?) - ;] 2.4)

Clearly E(az; f) \ A = Ei(a3; f') \ 4, where A = E(ay; f)AE(a3; f/) = {1}, but f does
not satisfy any case of Theorem 2.1.

Example 2.4. Let f(z) = exp(—3(z — 1)*) + 1, Q@ =0y = 0 and an(2) = a3(z) = 1 — 1.
Clearly E(ay; f) ¢ E(ag; f'). Note that
£(2) — aalz) = exp(—5 (= = 1Y) + @5)
and
F'(2) — as(2) = —(z — D) exp(—5 (= = 1) + ] 6
3 = P 5 ik .

Clearly Ey(ay; f) \ A = Ei(az; f') \ A, where A = E(ay; f)AE(as3; f') = {1}, but f does not
satisfy any case of Theorem 2.1.

Remark 2.3. By the following example, it is easy to see that Case (3) in Theorem 2.1 cannot be
deleted.

Example 2.5. Let f(z) = lexp(iz) + 2, Q = 0, ai(z) = z and ax(2) = a3(2) = 2 — 2.
Clearly deg(Rs — R3) = deg(Ry — R,) and f(z) — ai(z) = 1exp(32) has no zero and so
E(aq; f) C E(ap; f). Note that

f@)—aﬂz%:%emﬂ%z)+2z—2amLf@)—aﬂz%:%emﬁl

s +2-1 @D

Clearly Ey(a2; ) \ A = Ei(as; f') \ A, where A = E(aa; f)AE(a3; f') = ¢ and £=% = §,
where P(z) = 1 and Q(2) = }z.

Remark 2.4. By the following example, it is easy to see that Case (4) in Theorem 2.1 cannot be
deleted.
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Example 2.6. Let f(2) = exp(—3(2—1)})4+22-22—1,Q =0, a;(z) = 22 —2z—land ax(z) =
a3(z) = E= Clearly deg(Ry — R3) > deg(Ry — Ry) and f(2) — ai(2) = exp(—1(z — 1)?)
has no zero and so E(ay; f) C E(ay; f'). Note that

(z—1)°

£(2) — aaf2) = 24 exp(—5(z— 1))

and
2

Fl(2) —as(z) = (2= 1) [@ ~2+ exp(—%(z - 1)
Clearly E(az; f) \ A = Ei(as; f') \ A, where A = E(as; f)AE(as; f') = {1} and £ =

(2~ 1), where P(z) = 1 and Q(z) = (= — 1)2, "

Remark 2.5. By the following example, it is easy to see that the hypothesis of the transcendental
of f in Theorem 2.1 is necessary.

Example 2.7.Let f(z) = 2°, Q = 0, oy = 0 and as(z) = a3(z) = 22° — 322, Clearly
E(ar; f) € E(ar; f'). Note that E(ay; f) = E(as; f'), but f does not satisfy any case of
Theorem 2.1.

Remark 2.6. The following example shows that Theorem 2.1 does not hold when f has infinitely
many poles.

Example 2.8. Let f(z) = #p(_z), Q=0,a; =0and ap = a3 = 1. Clearly f — o has no
zero and so E(ay; f) C E(ay; f'). Note that

z—1+exp(—2)
(1 —exp(=2))*

Clearly F(ay; f) = E(as; f), but f does not satisfy any case of Theorem 2.1.

z—14exp(—=2)

1(z) = aalz) = 1 —exp(—2)

and f'(z) — az(z) = —exp(—=2) (2.8)

3 Auxiliary lemmas

Lemma 3.1. [[4], Corollary 2.3.4] Let f € .#7(C) such ,that p(f) < +oo and k € N. Then
m(r, f®)/f) = O(logr) as r — occ.

Lemma 3.2. ([4], Theorem 3.2.) Let f € & (C). Then there exists a set £ C (1,+00) with a
finite logarithmic measure, we choose z that satisfies |z| = r ¢ [0, 1] U E and |f(z)| = M(r, f),
such that £9)(2) = (v(r, f)/2)? f(2)(1 4 o(1)) for j € N.

Lemma 3.3. ([4], Lemma 1.3.1.) Let P(z) = Y7 a;2%, a, # 0. Then V ¢ > 0, there exists
ro > 0 such that V r = |z| > ry the inequalities (1 — €)|a,|r™ < |P(z)| < (1 4 €)]a,|r™ hold.

Lemma 3.4. ([3], Lemma 3.5.) Let ' be meromorphic in a domain D and n € N. Then F(") =
(fr 4 mnl pn=apr g =3 b, et ()2 Ps(f))F, where f = £ a, = Ln(n -
1)(n—2), b, = gn(n—1)(n—2)(n—3) and P,_3(f) is a differential polynomial with constant
coefficients, which vanishes identically for n < 3 and has degree n — 3 when n > 3.

Lemma 3.5. [10] Let f € &7(C) and E C [1,+00) be a set having a finite logarithmic mea-
sure. Then there exists {z, = r,exp(B6,)} such that |f(z,)| = M(ry, f), 6. € [0,27),
lim,, 1000, = 6y € [0,27), r,, € F and if 0 < p(f) < +oo, then for any given ¢ > 0 and

sufficiently large r,, 577 < v(rn, f) < r8575 If p(f) = +oo, then for any given large

M > 0 and sufficiently large r,,, v(ry, f) > rM.

Lemma 3.6. [3] Let f € .#(C) and let ay, ax(# oo) be two distinct small functions of f. Then
T(Taf) < N(r,oo;f) +N(T,a1;f)—|—N(r,a2;f) +S(’I“,f)

Lemma 3.7.[14] Let f € .#(C) and a,(# 0), an_1, ... , ap be small functions of f. Then
T(ryanf™ 4+ an1 f*' + ...+ a1 f +ao) = nT(r, f) + S(r, f).
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Next we introduce some basic ideas about normal families.

Let F be a family of meromorphic functions in a domain D C C. We say that F is normal
in D if every sequence {f,}, C F contains a subsequence which converges spherically and
uniformly on the compact subsets of D (see [13]).

Now we introduce the notation of the spherical derivative. Let h € .#(C). The spherical
derivative of h at z € C is given as

.M
P& = R

We recall that h is called a normal function if there exists a positive real number M such that
h*(z) <MV zeC.

Here we introduce some other results related to Zalcman’s lemma. We also use Zalcman’s
lemma to prove our Lemma 3.12 which plays an important role in the proof of the main result of
the paper.

The following lemma is the famous Marty’s Criterion.

Lemma 3.8. [13] A family F of meromorphic functions on a domain D is normal and only if
for each compact subset K C D, there exists a constant M such that f#(z) <MV feFand
ze K.

Lemma 3.9. [6] Let f € .#(C) be of infinite order. Then there exist points z, — oo such that
forevery N > 0, f#(z,,) > |2,|V, if n is sufficiently large.

Lemma 3.10. [18] (Zalcman’s lemma) Let F be a family of meromorphic functions in the unit
disc A such that all zeros of functions in F have multiplicity greater than or equal to [ and all
poles of functions in F have multiplicity greater than or equal to j and « be a real number
satisfying —! < a < j. Then F is not normal in any neighborhood of zy € A, if and only if there
exist

(i) points z,, € A, z, — zp,
(ii) positive numbers p,,, p, — 0T and
(iii) functions f, € F,

such that p,*f.(z, + pnC) — g(¢) spherically locally uniformly in C, where g is a non-
constant meromorphic function. The function g may be taken to satisfy the normalisation

g*(¢) < ¢*(0) = 1(¢ € C).

Lemma 3.11. [2] Let f € .#(C) have finitely many poles. If f has bounded spherical derivative
on C, then f is of order at most 1.

Lemma 3.12.Let f € .#(C) have finitely many poles, ¥ € N and let o; = R; exp (Q) for
i =1,2,3, where R;’s are rational functions and () is a polynomial such that o} #Z ay, a3. If all
the zeros of f — o have multiplicities at least k, E(a; f) € E(ay; f*)) and E(ap; f) \ A =
E(az; f®))\ A, where A = E(ay; f)AE(as; f*)) is a finite set, then p(f) < +o0.

Proof. Let H = f — «. Clearly all the zeros of H have multiplicities at least k. Also
E(0;H) C B(a; — o\"; H®) and E(ay — an; H) = B(as — ol HF)),

Suppose P = Ryexp(Q), Ry — Ry = %, Ry— R = % and B3 — Ry = %, where Py;

and ()y; are non-zero polynomials fori = 1,2,3. Lety = a; —aj and 6 = a3 — agm. Also let
F=£
¥
First, we suppose p(F') = +oo. Then by Lemma 3.9, there exist w; — oo such that for every
N>0

F*(w;) > |w;|Y, (3.1)

if j is sufficiently large. Since f and «; have finitely many poles, then H has finitely many poles.
Also ~y has only finitely many zeros and poles. Therefore F' has finitely many poles. So there
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exists ar > O such that H # oo,y # 0,00and A = ¢in D = {z : |z| > r}. Also since w; — 0o
as j — oo, without loss of generality we may assume that |w;| > r + 1 for all j € N. Let

H(w; +2)

F .
Y(wj + 2)

i(2) = Flw; + 2) =

Since |w; + z| > |w;| — |2], it follows that w; + z € D for all z € A. Also since F is analytic

in D, it follows that F} is analytic in A for all j € N. On the other hand zeros of F} are of
multiplicities at least & for all j € N. Note that F/(0) = F*(w;) — oo as j — oo and so by
Lemma 3.8, we conclude that {F}} is not normal at z = 0. Now if we apply Lemma 3.10, then
there exist

(i) points z; € Asuch that z; — 0 as j — oo

(ii) positive numbers p; such that p; — 0" as j — co
(iii) a subsequence {g;(¢) = Fj(z; + p;C)} of {Fj(2)}
such that
H(wj + Zj + ij)
Y(wj + 2 + p;C)
converges locally and uniformly in C, where g € £(C). Using Lemma 3.11, we have p(g) < 1.
By Hurwitz’s theorem, we say that zeros of g are of multiplicities at least k. Also

9;(C) = Fj(z + p;iC) = —9(¢) (3.2)

M M
pi < = , 0< M < 0. 3.3)
T T FHa;)  FH(w))

Now from (3.1) and (3.3), we see that for every N > 0
pi < Mlw; |77, (34)
if j is sufficiently large. Also we see that

Y (wj+ 2+ piQ) _ (Ba— Ri)'(w; + 2 + p;C)
Y(wj+zj+p¢) (B — Ri)(w; + 25 + p;()

+ Q/(’LU]‘ + Zj + pJC) (35)

Observe that ((};22_—};211)),((&7:2:& i 8 — 0 as j — oo. Suppose N > s, where s = deg(Q').

Therefore from (3.4), we have

lim p;|w;|® < lim Mw;|*~~ = 0. (3.6)
J—00

j—oo
Note that |Q’(w; + z; + p;¢)| = O(Jw;|*) and so from (3.6), we have
pi1Q" (w; + z; + p;C)| = O(pjlw;|®) = 0 (as j — o0). 3.7
Now from (3.5) and (3.7), we have

p_v’(wj + 25 + pj¢)
" y(wj + 2+ pj€)

—0 (as j — o0). (3.8)

Also we have

(a1 — o) (w; + 2 + ps¢) _ (B — Ra)(wj + 2 4 p;¢)
Y(wj + 25 + p;C) (B2 — R1)(w; + zj + pyC)
(

P11Qu2)(w; + z; + piC

= PuQu)(w; 5 4 6) _ o),
(Pr2Qui)(wj + zj + p;Q)

where | = max{deg(P1Q12),deg(P12Q11)}. Since N > 0 is arbitrary, we may suppose that

kN > [ and so from (3.4) we deduce that
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— "N _ _
elon =0 )Wy £25 1200 _ 14 148 50 a s o0 (3.9)
v(wj +zj + p;iQ)
Let [; = max{deg(P13Q12),deg(P12Q13)}. Since N > 0 is arbitrary, we may suppose that
kN > [, and so from (3.4), we deduce that

pk H(w]- + Zj + PJC)
Ty (wj + 25+ pi€)
Now proceeding in the same way as done in the proof of Theorem 1.3 [8], we arrive at a

contradiction. Consequently F' can not be of infinite order. Hence p(F') < 400 and so p(f) =

p(Fy +ar) <max{p(F), p(7), plen)} < +oc.
This completes the proof. O

= O(|w;|" ") - 0 as j — 0. (3.10)

4 Proof of Theorem 2.1

Proof of Theorem 2.1. Let agk) = Ryexp(Q), Ry — Ry = %, Ry— R = % and R3 — Ry =

i;’ where Pj; and @);; are non-zero polynomials for i = 1,2, 3.
Let L(f) = (o) =) (f —ou) = (a1 =) (f' — ) = (&) =) (f — 2) = (o1 — a2 ) (f" = 03).
If possible, suppose L(f) = 0. Then we have

! / / /
! N )

f—ar  a—a

On integration, we have f — a; = ¢y(a; — ap), where ¢y € C, ie., f = a1 + o1 — a2).
This shows that p(f) = deg(Q), which is a contradiction. Hence L(f) # 0. Let

L(f) (a1 — a3) f — (a1 — a2) f®) — ay(an — a3))
(f —a)(f — ) '

We now consider the following two cases.
Case 1. Let ® # 0. Then clearly (a; — a3) f — (o — ) f¥) # (s — a3). Also by Lemma
3.12, we have p(f) < +o0o. Note that

L2 W G, RO 11/

o= @.1)

(f—a)(f—m) a—m Y- f—a
:azj;:szz—m];:zll%-(a']—a’z)
and
L(f) _ 1 <L(f)L(f)):f/—a/2f'—0/1
(f-a)(f-aw) a-a\f-a f[f-m f-aw f-a’

Now from (4.1), we get

(#)
¢:<(ala3>(ala2)f> FL(f) R L(f)

f](f—a)(f—a

(k) I 1
= ((al —a3) — (a1 — az)ff> <a2J} 7222 - al]}f 31] + (o) — 0/2)>

e — o) (J}_;j; - ;_j;)

and so

exp(—ZQ)CD = ((R] — R3) — (R] — Rz)fk> X
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f/—Oéz fl /1 / / ! f/_alz f/_a/l
(R = f — +(Ry—R)+ (R — R)Q Ri(Ry—R3) o F— o
Since R; for ¢ = 1,2,3 are rational functions and p(f) < +oo, then by Lemma 3.7, we
conclude that m (r, exp( 2Q)®) = O(logr) as r — oo.

Let z be a zero of f — ay of multiplicity po(> k) such that a;(29) # 0, co, where i = 1,2, 3.
Since E(ay; f) € E(ay; f7), it follows that zy must be a zero of f(*) — o of multiplicity go.
Clearly 2o will be a zero of L(f) and (a; —a3) f— (a1 —an) f*) —a (an —a) of multiplicities po—
1 and ¢y = min{py, g0} (> 1) respectively and so from (4.1), we conclude that ® is holomorphic
at 2g.

Let z; be a common zero of f — o and f*) — a3 such that o;(2;) # 0, 00 fori = 1,2,3. Let
z1 be a zero of both f — ay and f (k) — a3 of multiplicities p; and ¢q; respectively. Then by some
routine calculations, we can easily conclude from (4.1) that

®(2) =0((z — 2171, 4.2)

where ¢t; > min{p;,q;} > 1 and so & is holomorphic at z;. Therefore it is easy to conclude
that N(r,®) = O(logr) as r — oo and so N (r,exp(—2Q)®) = O(logr) as r — oo. Thus
T(r,exp(—2Q)®) = O(logr) as r — oo, which means that exp(—2Q)® is a rational function
and so @ has finitely many zeros and poles.

We use N(k(r, a; f) to denote the reduced counting function of those a-points of f whose
multiplicities are not less than k.

If p; > 2 and ¢; > 2, then from (4.1) and (4.2), we deduce that z is a zero of ®. Since P has
finitely many zeros and poles, it follows that N, (r, az; f) = O(logr) and N 5(r, az; f¥)) =
O(logr) as 1 — oo. Consequently f — a; and f*) — a3 have only finitely many multiple zeros.
Let 9 _ o

f—a

By the given conditions, we can deduce that « has only finite many zeros and poles. Also
p(a) < +oo. Therefore we can assume that « = Se”, where §(# 0) is a rational function and ~
is a polynomial. Hence

o =

f® — a3
f—a

Now we consider following two sub-cases.
Sub-case 1.1. Let p(f) < 1. Since deg(Q) < p(f), we get Q € C. Now (4.3) gives

= Bexp (7). (4.3)

k) _ o
p(exp(7)) = p(Bexp(v)) = p <ff_3> < max{p (f(’“)) ()} =p(f) <1
o

and so 7 is a constant. Without loss of generality we assume that

f<k) -3 =8(f — ), ie, f<k) =Bf+az — Bo. 4.4)

If a3 — Bay = 0, then from (4.4), we have f¥) = 2 . Next we suppose a3 — Baz # 0. We
now consider following two sub-cases. i

Sub-case 1.1.1. Suppose f — «; has infinitely many zeros. Let z; be a zero of f — a; such
that B(21), i(21) # 0,00 fori = 1,2. Then f(z1) = a1 (z1). Since E(ay; f) € E(ay; fF)), we
get f(F)(z)) = ay(z1). Putting z| into (4.4), we get o (21) —a3(z1) = B(z1) (a1 (21) —aa(z1)). If
aj—az # B(a1—ay), then one can easily conclude that f—a; has only ﬁnitely many zeros, which
is impossible. Hence oy — a3 = B(a; — ap). In this case, we have f) = Z: ng + « 3?:3;,
which is impossible.

Sub-case 1.1.2. Suppose f — «; has finitely many zeros. Consequently f — «; has finitely
many zeros and poles. Since p(f) < 1, we have p(f — 1) < 1 and so we can take f — oy = P,
where P(# 0) is a rational function. Therefore f = «; + P is a rational function, which is a
contradiction.

Sub-case 1.2. Let p(f) > 1. We now prove that ~y is a constant. If not, suppose deg(y) =
m > 1. Letv(2) = ¢n2™ + cm12™ ' + ...+ co where ¢; € Cfori =0,1,...,mand ¢, # 0.
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Then from (4.3), we have

Lk)_# lﬂ_L
Bexp(y) = %‘w, ie., ’y:logﬁ{#IZQZ_Q)JC7
I ~ spt-ar

where log h is the principle branch of the logarithm. Therefore by Lemma 3.3, we have

1 - e
m z exp (— z
lemlr™ (1 +0(1)) = ()| = |log s =5 | (4.5)

exp (—Q)f(2)

Now by Hadamard factorization theorem, we obtain f = £, where g € &(C) and 6( 0) is a

polynomial. Let F' = fT, Then F' = % — %/ and so by Lemma 3.4, we have

k(k—1)

5 FF2F 4 ap, FF3F" 4 b FR=4(F') 4 Py _3(F). (4.6)

Note that

)
AN (iv) ne m\ 2 " 7\ 2 N 4
G) =i () ey (6) ()
g g g9 g g g g g

and so on. Thus in general we have

q (4) , q i+1 Sl
@ e (@) e
g X g

g

X; X;
i(dq g q, g(z+l) ;11 s s . . . .
where M} S =5 o and q7%, ..., q;;, are non-negative integers satisfying

S0 ¢} < iand A} € R. Similarly we have

7=1
5 (4) : 5 i+1 Lo 5
(5> = Al <5> JFZA:AAMA (5> (4.8)

Now from (4.6), (4.7) and (4.8), we have

F9G) g @) IOV (WY (g (9@
f(z) _Bk(g(z)) +z)\:B>\<5(2)> ( 502) ) (g(z)) (g(z) )
4.9)
o (6@)) ’

where 7% ... r2 € N U {0} and s}*,...,sp¢ € N U {0} satisfying Z?:] r;\’ < k-1,
SF s} <k—land BY,CF €R.
Since g € &(C), it follows that M(r, g) — oo as r — co. Again we let

M(r,g) = |g(z.)|, where z, =re? and 6 € [0,27). (4.10)

Then from (4.10) and Lemma 3.2, there exists a subset £ C (1,+o00) with finite logarithmic
measure such that for some point 2z, = re®?(0 € [0,2n)) satisfying |2,.| = ¢ E and M(r,g) =
lg(2,-)|, we have

g(gjgizg) _ (V(Z,g))j(l +o(1))asr — oo (1 <j<k) (4.11)
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Therefore from (4.9) and (4.11), we have
(k) k
f (z) :B’Iz (V(ZQ)) (1+0(1))

)
PN (W)™ (v \™ NI
+§&<wﬂ “(&@) (*52) v+t (53)
. 1+ 0(1) Ui k k Z(S/(Z) s;\k Z(s(k)(z) s;k Zk—7L>\—s>\y r n
—ﬁ-“”+¥%(&a)'“<w>> 09
+Ck (i‘;g?) (1 +0(1))], (4.12)

k k
where 1 < sy, = Zsj’ <k—1land1l <ny, = Zr?f <k-1.
J=1 J=1
LetoR; = Z;?, where a1; and ap;(# 0) are polynomials for i = 2, 3. Let a;y,, 2™ and b;y,, 2™
denote the leading terms in the polynomials ay;(z) and ay;(2) respectively for ¢ = 2, 3. Taking

e = %, we get from Lemma 3.3 that

1 , 3 , 1
§|aimi|7ﬁmz < |a1i(z7.)| < ilaimi‘Tml and > ‘bmlv < |a21(27)| < |bini‘7m

for i = 2, 3. Therefore

|aim. i
5(2)Ri(z,)| < 3 imalt
8z Ri()] < 3
fori = 2,3. Since g € &(C), we know that M (r, g) increases faster than the maximum modulus
of any polynomial and hence faster than any power of r.
First, we suppose ( is a constant polynomial. Then from (4.10), we have
P

m < m - s = g .
rll}-‘roo | e*Q(Zﬁg | TE"FOO 3 ‘bznl |’/‘"i M (T’ g) 0 (l 2’ 3)

Next, we suppose @ is a non-constant polynomial. We claim that e=%g € &(C). If possible,
suppose that e"?g = p, where p(# 0) is a polynomial. Therefore g = pe® and so by Lemma
3.7, we have T'(r, g) = T(r,e?) + S(r,e?). This shows that p(g) = p (¢?). On the other hand
we have H = 4, i.e., P(f) = % and so by Lemma 3.7, we have n T'(r, f) + S(r, f) = T(r, g) +
S(r, g). This shows that p(f) = p(g) and so p(f) = p (e?) = deg(Q), which is a contradiction.
Hence e~ ?g € &-(C). Again since e=% € &7 (C), it follows that [e=@*)| > C|z|*1 as |2| — oo,
where C € R™ and k; € N. Then from (4.10), we have

16(2r) Ri(2r)| . 3 @i, 7™
< R <] — z =0
P P T e R Wyl o vy v oy

lim |7(Z r) iz

r—+oo'e Q(zr )g
for ¢ = 2, 3. Therefore, in either case, one may conclude that

Ri(z) 8(zr)Ri(2r)

m ety = ety [ S0 =23, (“-13)
Also we have _
|M|<c as |z|=r—o00 (i=12... k) (4.14)
5(ZT) > 0 7 5 5o ey . .

Now from Lemma 3.5, there exists {z; = r;e"% } such that [g(z,)| = M (r;,9), 0; € [0,27),
lim 0; =0y € [0,27),r; ¢ E. Then for any given ¢ satisfying
J—00

(k—nx)(p(g) = 1) + s»
ny+k

0<€<m/\in
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and sufficiently large r;, we have

297 < u(ry,g) < P09 (4.15)
Then from (4.14) and (4.15), we have

A

() (W()) g o(1)

d(2) 3(zj)
< [BEICp i o pP0Fns — | gl ganyaplaltmas i e, (4.16)

Since nap(g) + nre + k —nx — sa < k(p(g) — €), it follows from (4.15) and (4.16) that

’Bf (ij(zj)yik (Zj 5(k>(zj)>8kk 2y T w(r )™ (14 o(1))

6(’2]) (5(2’])
< CIT;?(P(Q)—ZE) — O(V(Tj,g)k) @.17)
asr; — 4oo, r; ¢ E, where C} > 0. Also from (4.14) and (4.15), we have
TELIEAN K(pla)—) A
’Ck 5(z;) ’ <G <Gy =O(v(r;,9)") (4.18)

asr; — 400, r; ¢ E, where C, > 0. Since p(g) < +oo, we have
logv(r,g) = O(logr). (4.19)
Therefore from (4.5), (4.12), (4.13), (4.17), (4.18) and (4.19), we get

HY (z)) R (z5)
m 1 H(z;) o e~ Qi zj
[emlr (14 0(1)) = 7(25)| = | log — o = O(logry),
B(Z]) 17 E_Q#)JI‘](Z')

for |z;| = r; — 400, r; € E, which is impossible. Hence v € C. Therefore (4.4) holds. If
a3 — By = 0, then from (4.4), we have (%) = @ f. Next we suppose a3 — Sy # 0. We now
consider following two sub-cases.

Sub-case 1.2.1. Suppose f — «; has infinitely many zeros. Proceeding in the same way as
done in Sub-case 1.1.1, we arrive at a contradiction.

Sub-case 1.2.2. Suppose f — a; has finitely many zeros. Since p(f) < +oo, we can
take f = «; + Pexp(Q), where P(# 0) is a rational function and Q is a polynomial
such that deg(Q) < deg(Q). Then f*) = Ryexp(Q) + (P(Q)* + P1)exp(Q), with
P = kQUE=DP' 4 P(P” Q'), where P(P”, Q') is differential polynomial in P” and Q’. Also
we see that deg(P;) < deg(P(Q’')*). If possible, suppose f — a; has finitely many zeros. Since
deg(Q) < p(f), it follows that exp(—Q) f € .#7(C). Then by Lemma 3.6, we have

T(r,exp(—Q)f) < N(r,ar:exp (—Q)f) + N(r,az;exp (—Q) f)
+N(r,00;exp (—Q) f+S(r,exp (=Q) f) = S(r,exp (—Q) [),

Which is impossible. Hence f — a has infinitely many zeros. Let 2, be a zero of f — «; such
that R;(22) # 0,00 for i = 1,2,3, 4. Therefore we have

Ri(22) exp (Q(22)) — Ra(22) exp (Q(22)) + P(22) exp (Q(22)) = 0

and
Ry(z2) exp (Q(22)) — Ra(z2) exp (Q(22)) + (P(22)(Q'(22))" + P1(22)) exp(Q(22)) = 0.

Suppose agk) = a3, i.e., R4 = R;. Then, from above, we have P(2)(Q'(22))* +Pi(z) = 0.
This shows that zeros of f — a; are the zeros of P(Q')* + P;. Since P(Q')* + P is a rational
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function, it follows that f — a, has only finitely many zeros, which is a contradiction. Hence
agk) # a3, 1.e., R4 # R3. Now by eliminating ¢?(*) and ¢2(*2) from above, we obtain

P(2) _ P(2)(Q(2)" + Pi(22)
R] (22) — R2(22) R4(2’2) — R3(22) ’
If possible, suppose P(Rs — R3) # (P(Q')* + P1)(R1 — Ry). This shows that z; is a zero

of P(Ry — R3) — (P(Q)* + P1)(R; — Ry) and so f — ay has finitely many zeros, which is a
contradiction. Hence P(Ry — R3) = (P(Q")* +P1)(R; — Ry), i.e

Ry—Rs  (Pexp(Q))W
Ri— Ry,  Pexp(Q)

(4.20)

We now consider the following sub-cases.
Sub-case 1.2.2.1. Let deg(Rs — R3) < deg(Ry — R»). Set F = D@ Then p= o' + 2

Pexp(Q)
and so by Lemma 3.4, we have
(Pexp(Q))* , P 5 ;P
W Q'+ P +Pk71 Q +$ . 4.21)
Now from (4.20) and (4.21), we obtain
Bs - R _ (g7 k+15 o+ Z (4.22)
Ri— Ry P e P) '

Letting |z| — oo, from (4.22), we see that kdeg(Q’) = 0, i.e., Q" € C. We claim that Q' = 0. If
there suppose that Q' = ¢ € C\ {0}. Note that

k ( i

S ()

=

Then from above, we have

Ry — 33 _ P
Rom -7 Z ( ) (4.23)

Letting |z| — oo, we arrive at a contradiction from (4.23). Hence Q' = 0 and so @ € C.

Thus, it follows from f = a; + Pexp(Q) that p(f) = deg(Q), a contradiction.

Sub-case 1.2.2.2. Let deg(Rs — R3) = deg(R; — Ry). Set lim,_, g“ R“ = u. Clearly
1 # 0, 00. Then from (4.22), we have

Ry — Ry — uRy + uRy P\ P
= = By = 4.24
e+ R R, <Q+P tha Q@+ 5 ) (4.24)

where deg (Ry — Rz — uRy + pRy) < deg(Ry — Rp). Now letting |z| — oo, from (4.24) we
conclude that (Q')* = u. Let Q" = A. Clearly \* = p. Since deg(Q) < p(f), it follows that
Q € C. In this case we may assume that f(z) = Ry(z) + 77( ) exp(Az)not,there P(£ 0) is a

rational function, A € C \ {0} such that \* = lim,_, ., 24 Lis > and

Ry )
_)\k: Ak 7,
Ry — +Z<)

Sub-case 1.2.2.3. Let deg(R4 — R3) > deg(R; — Ry). Now letting |z| — oo, from (4.22) we
conclude that k£ deg(Q’) = deg (R4 — R3) — deg(R; — R») and so deg(Q) > 2. In this case, we
have f = a; + Pexp(Q), where P(# 0) is a rational function and Q is a polynomial such that
kdeg(Q') = deg (Rs — R3) — deg(R1 — R») and (4.20) holds.

Case 2. Let ® = 0. Since L(f) # 0, we get (a; — a3)f — (a; — a2) f*) = a; (s — a3) and
so flk) = cuzas ¢ 4 o =22, This completes the proof. O

ap—ag
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5 Applications

In 1996, Briick [1] first discussed the possible relation between f and f’ when E(a; f) =
E(a; f"), where f € &(C) and a € C. In this direction, an interesting problem still open is the
following conjecture proposed by Briick [1].

Conjecture 5.1. Let f € &(C) such that p,(f) € NU {co}, where p(f) is the hyperorder of f.
If E(a; f) = E(a; '), where a € C, then f —a = ¢(f — a), where ¢ € C\ {0}

Though the conjecture is not settled in its full generality, it gives rise to a long course of
research on the uniqueness of entire and meromorphic functions sharing a single value with
their derivatives. Specifically, it was observed by L. Z. Yang and J. L. Zhang [15] that Briick’s
conjecture holds if instead of an entire function one considers its suitable power. They proved
the following theorem.

Theorem 5.1. [15] Let f € &(C) and n € N such that n > 7. If E(1; ™) = E(1;(f™)’), then
f*=(f") and f(z) = cexp(Z), where c € C \ {0}.

In 2010, J. L. Zhang and L. Z. Yang [16] improved and generalized Theorem 5.1 by consid-
ering higher order derivatives and by lowering the power of the entire function.

Theorem 5.2. [16] Let f € &(C) and k,n € Nsuch that n. > k+1. If E(1; ) = E(1; (f7)®),
then f™ = (f")*) and f(2) = cexp(2z), where ¢, A € C\ {0} and A\F = 1.

In 2011, Lii and Yi [8] replaced the sharing value 1 by sharing a polynomial in Theorem 5.2
and obtained the following result.

Theorem 5.3. [8] Let f € & (C), k,n € Nsuchthatn > k + 1 and let Q # 0 be a polynomial.
If E(Q; ) = E(Q; (f™)™)), then conclusion of Theorem 5.2 holds.

Generally speaking, solving any non-linear differential equation is a very difficult task. As
an application of our result, we now consider the following non-linear differential equation:

(f")™ — Ryexp(Q) = Rexp(7) (f" — Ryexp(Q)), (5.1)

where k,n € N, @ is a polynomial, - is an entire function and R, R; and R3 are non-zero rational
functions.

For the very special case for £ = 1 and () € C, Lii, Li and Yang [9] obtained the following
result.

Theorem 5.4. [9] Let f € Er(C),n € N\ {1} and R», Rj3 are polynomials. If f is a solution of
3

equation (5.1), then % is a polynomial and " = - f.

6 An open problem

Certainly, the case for k£ > 2 remains as an open problem. In the paper, we settle the problem
for k£ > 2 at the cost of considering the fact that deg(Q) < p(f). Therefore as a solution of the
non-linear differential equation (5.1), we present the following result.

7 Result

Theorem 7.1. Let k,n € N such that n > k + 1 and deg(Q) < p(f). If f is a transcendental
meromorphic solution of the non-linear differential equation (5.1), then (f*)*) = £ f*. In

particular, if R, = Rs, then f(z) = cexp(%z), where ¢ € C\ {0} and \* = 1.
Next, we present the following theorem, which is an improvement to Theorem 5.3.

Theorem 7.2. Let f € .#r(C) having finitely many poles, k,n € N such that n > k + 1,
Q be a polynomial such that deg(Q) < p(f), R, and R3 be non-zero rational functions. If
Ei(Ryexp(Q); f) \ A = Ei(Rsexp(Q); (f™)®)) \ A, where the value of A is given by A =
E(Ryexp(Q); f)AE(R3 exp(Q; (f™)*)) is a finite set, then (f™)*) = %f”. In particular, if
Ry = Rs, then f(z) = cexp(22), where ¢ € C\ {0} and \F = 1.
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Proof of Theorem 7.1. Note that if f € .#(C) is a solution of the non-linear differential equa-
tion (5.1), then one can easily conclude from (5.1) that f has only finitely many poles. We
prove the result, based on the proof of Theorem 2.1. We consider Theorem 2.1 for f™ in-
stead of f. Taking R; = 0, we see that E(0; f*) C E(0;(f)*). Also from (5.1), one
can easily conclude that F)(Ryexp(Q); f) \ A = Ei(Rsexp(Q); (f")*) \ A, where A =
E(Ryexp(Q); f)AE(R3 exp(Q); (™)) is a finite set. Then from Theorem 2.1, we conclude
that (f™)*) = %f". In particular if R, = Rs, then we have (f*)*) = f” and so f(z) =
cexp(2z), where c € C\ {0} and \* = 1.

This completes the proof. O

Proof of Theorem 7.2. We use f™ instead of f in Theorem 2.1 and taking R; = 0, we see that
E(0; f*) € E(0; (f™)*)) and so the proof of Theorem 7.2 follows directly from the proof of
Theorem 2.1. So we omit the details. O
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