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Abstract This paper aims to obtain the mellin transform of the generalized k-hypergeometric function. The result ob-

tained here is verified by referring to existing results of the mellin transform of some special functions and used to deduce the
mellin transform of k-Hypergeometric function of three parameters » Fi 1 (c, 3;; 2).
The outcome gained here provide a consistent framework for determining the mellin transforms of a variety of special func-
tions, ranging from intermediate functions like Wright, M-series, and K-functions to classical functions like exponential,
hypergeometric, and Mittag-Leffler functions. This so greatly enhances the study of special functions and provides a useful
resource for mathematicians and researchers in related fields.

1 Introduction

The Hypergeometric function enables us to address various fascinating problems and thus plays a crucial role in mathematical
analysis and its applications. Many of the functions encountered in the analysis are specific cases of hypergeometric functions.

In 2008, Diaz and Pariguan [1] defined the new form of hypergeometric function namely the generalized k-hypergeometric
function as follows.

forz € C,a = (aj,az,...,ap), 8= (B, B2,...0¢) and k > 0,
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where o} s, B;.s € C,and B3; # 0, —k, =2k, ....

The series (1.1) is convergent for all finite z if p < ¢; it diverges for p > ¢ + 1. When p = ¢ + 1 the series con-
verges for |z| < 1, diverges for |z| > 1 and is absolutely convergent on |z| = 1 provided the parameters satisfy specific

conditions.

The Pochhammer k-symbol [1] used in 1.1 is defined for £ > 0 as,
(), = (o + k) (a +2k)...(a+ (n — 1)k), forn > 1,a # 0 and (), = 0.

For k > 0 and () > 0, the k-gamma function is defined as,
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The relation between Pochhammer k-symbol and k-gamma function is given as follows,
k(o + nk)
a =—" 1.3
( )n,k Fk (a) (1.3)
Additionally, the following is the relationship between the k-gamma function and the regular gamma function
Fk(a):k%’ll“<%). (1.4)
It is certain that,
I'y >Tas k—1 (1.5)
Aditionally, for ®(p) > 0, R(g) > 0,
Tk )Tk (q)
Br(p,a) = ———. (1.6)
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Definition-1: Mellin Transform
Mellin transform of a function f(z) is defined in [2] as

MIf(2):8] = F(s) = /Ooo f(z)*""dz, s € C. (17
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provided the function is well-behaved under the integral.

Definition-2: Mellin Inversion Formula
If F(s) is holomorphic in a strip S(ay, az) then for a; < a < a; the inverse mellin transform of F'(z) defined in [2] as.
1 a+joo

MY F(s);2} = e F(s)z"%ds. (1.8)

The following section provides the mellin transform of the k-Hypergeometric function.

2 mellin Transform of k-Hypergeometric function

Theorem 2.1. - The mellin transform of the k- Hypergeometrzc funcnon under the conditions defined in (1.1), for |arg(z)| <
T — 06,6 > 0and for0 < R(s) < min{R(F), R(F), - %(k )}is
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Proof. Forz € C,a = (ay, 2, ..., ap), B = (B1,52,...0¢) and R(c;),RN(B;) > Oforalliand 5,

i (ks) [T0_, Tk(oy — ks)
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By the definition of Inverse mellin transform (1.8) for R(s) > 0,

Consider the function F'(s) =

M~YF(s)} = % F(s) z~%ds.

Here B is the contour of integration in the s-plane starting from a—iocc and runs to a+ico, where 0 < a < min{R(Z), R(F), .-

to put the poles of ' (ks) to the left and of I'y (o; — ks), Tk (a2 — ks), ..., Tk (ap — ks) to the right of the path.
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Consider the contour C'r which consists of a large anticlockwise oriented semicircle of radius R with center at the origin
[Cr = Re?, l7r <0< %Tl’], situated to the left of B and bounded away from poles and the curve B. Let C' be the closed
contour c0n51st1ng of C'r and a portion of B terminating above and below C'r, covering all singularities s = 0, —1, =2, ....

By the Cauchy-Residue theorem, as R — oo

1 T'i(k T i — k
M_]{F(S)} = — kq( $) iz Telas S)l z 7 %ds
271—] C j=1 rk (B] - ks) ks—
_ s Res 'k (ks) ]_[Z (Tr(o —ks)

z
s —s —m q 1 Te(By —ks) kot

>l ES—IT P Tploy —k
_ Z lim (s +n) . (s) H1:1 k(i s) 55
S — —n . Fk(ﬁj — ks) ks—1

n=0 7=1
N 1 [T7_) Cr(as; — ks) -
- nz:;) I'(1 — s)cos sm szl Fk(ﬂ] — ks)
EENVERVICORS k(2"
o ITTw(8s) nz:: = (ﬁg)n,k n!
= H EZI)) pF (a ﬁ —Z)
J

31 Tk (B) Ti(ks) [T7., T — ks)

MA{,F, (a8 —2)} = . 2.2)
{P q, ( )} :1 rk( Z) H;:] rk(ﬁj _ ks) ks_l
This result gives the mellin transform of k-Hypergeometric function.
For w € C, the result (2.2) becomes
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3 Mellin Transform of Special Functions

Theorem 2.1 establishes a unified framework that encapsulates and generalizes several existing results found in the current
literature. The following corollaries show the wider application and generality of our theorem 2.1 and validate it.

Corollary 3.1. For k = 1 and p = 0, q = 0, by Theorem 2.1, the mellin transform of e~ % is
s M{eT*} = M{oFo,1(—;—; —2)} = Ik (ks) =T(s). @D

In line with the result given by Fikioris [3].

Corollary 3.2. For k = 1,p = 2 and q = 1 the Theorem 2.1 provides the mellin Transform of the Gauss’ Hypergeometric
function.

ap, ap,

S MR
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The result is identical to the one listed in the Table of Integral Transforms given by Bateman et al.[4, p. 336].

Corollary 3.3. For p = 2 and q = 1 the k-Hyperbolic function gets reduced to the Gauss’ k-Hypergeometric function of three
parameters [3]. It’s mellin transform by the Theorem 2.1 is

Te(v3)  Ti(ks)Te(yi — ks)D)k(y2 — ks)
e (v1)Tk(72) Li(ys — ks) ks~ lws
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for 0 < R(s) < mm{%(?),%(z)}

The result justifies the mellin transform of Gauss’ k-Hypergeometric function of three parameters given by Kiymaz [5].

4 Conclusion

The paper presents accurate result regarding the mellin transform of the generalized k-hypergeometric function. The corol-
laries included in this article demonstrate the validity and broad applicability of our study. This result may play a significant
role in solving the k-hypergeometric differential equation. Moreover, since this function generalizes many special functions,
the findings will be valuable for solving fractional differential equations using the mellin transform.
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