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Abstract This paper introduces a new integral transform of the generalized M-series using
the Whittaker function as the kernel. The results shown here provide a unified approach to de-
rive Whittaker transforms for various well-known special functions. Our results generalize sev-
eral existing transforms, encompassing them as special cases. The Whittaker transform derived
here provides a ready-made and powerful tool for mathematicians, researchers, and engineers
working with complex analytical problems in the field of quantum physics, fractional calculus,
mathematical physics, economics, biological modeling and computational mathematics.

1 Introduction

In 1903, Gosta Mittag-Leffler introduced the direct generalization of the exponential function,
now known as the Mittag-Leffler function [6], which is given by

Eα(z) =
∞∑
n=0

zn

Γ(αn+ 1)
(1.1)

where z, α ∈ C, Re(α) ≥ 0. The Mittag-Leffler function is direct generalization of exponential
function.

In 1905, Wiman[14] gave the generalization of Eα(z) as

Eα,β(z) =
∞∑
n=0

zn

Γ(αn+ β)
(1.2)

where z, α, β ∈ C, Re(α) > 0, Re(β) > 0 which is known as Wiman function.

Further Prabhakar[7] extended (1.2) to the new generalization given by

Eγ
α,β(z) =

∞∑
n=0

(γ)n
Γ(αn+ β)

zn

n!
(1.3)

where z, α, β, γ ∈ C, Re(α) > 0, Re(β) > 0, Re(γ) > 0 and (γ)n is the Pochhammer symbol
[9] given by
(γ)n = γ(γ + 1)...(γ + n− 1) = Γ(γ+n)

Γ(γ) , n ≥ 1, (γ)0 = 1, γ ̸= 0.

Salim[10] introduced the new generalization of Mittag-Leffler function as

Eγ,δ
α,β(z) =

∞∑
n=0

(γ)n
Γ(αn+ β)

zn

(δ)n
(1.4)

where z, α, β, γ , δ ∈ C, Re(α) > 0, Re(β) > 0, Re(γ) > 0, Re(δ) > 0.
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For |z| < 1, the Confluent hypergeometric function [9] is defined as

M(a; b; z) =
∞∑
n=0

(a)n
(b)n

zn

n!
(1.5)

where b is any non negative integer.

For |z| < 1, the Gauss hypergeometric function [9] is defined as

2F1(a, b; c; z) =
∞∑
n=0

(a)n(b)n
(c)n

zn

n!
(1.6)

where c is any non negative integer.

The generalized hypergeometric function[3] is defined for |z| < 1 by

pFq

γ1, γ2, ...γp

; z
δ1, δ2, ...δq

 =
∞∑
n=0

∏p
i=1(γi)n∏q
j=1(δj)n

zn

n!
(1.7)

such that denominator parameters must be nonzero and non negative integer.

Further in 1933, Wright[15] gave the generalization of hypergeometric function as

pΨq(z) =
∞∑
n=0

Γ(α1 + β1n)...Γ(αp + βpn)

Γ(ρ1 + µ1n)...Γ(ρq + µqn)

zn

n!
(1.8)

where βi and µj are real positive numbers such that

1 +
q∑

j=1

µj −
p∑

i=1

βi > 0

When βi and µj are equal to 1, equation (1.8) differs from the generalized hypergeometric func-
tion pFq(z) only by constant multiplier.

Sharma and Jain[11] extended the generalized hypergeometric function to M -series

α

pM
β
q (z) =

∞∑
n=0

∏p
i=1(γi)n∏q
j=1(δj)n

zn

Γ(αn+ β)
(1.9)

where z, α, β ∈ C, Re(α) > 0.
For Re(γ) > 0, the Whittaker function [13] defined as

Wλ,µ(z) =
e

−z
2 zλ

Γ( 1
2 − λ+ µ)

∫ ∞

0
t−λ− 1

2+µ(1 +
t

z
)λ−

1
2+µ e−t dt (1.10)

where Re(λ− 1
2 − µ) ≤ 0 and (λ− 1

2 − µ) is not an integer.

The Whittaker transform [8] is defined as,

W (f(x); γ, λ, µ) =
∫ ∞

0
e

−t
2 tγ−1 Wλ,µ(t) f(t)dt (1.11)

where Wλ,µ is a Whittaker function.
The Whittaker integral relation [4] is given by,∫ ∞

0
e

−t
2 tγ−1 Wλ,µ(t) dt =

Γ( 1
2 + µ+ γ) Γ( 1

2 − µ+ γ)

Γ(1 − λ+ γ)
(1.12)
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where Re(γ ± µ) > −1
2 , Re(γ − λ > −1), Wλ,µ(t) is the Whittaker function & λ, µ are param-

eters.

Several integral transformations of special functions are studied by different authors and also
Whittaker transform of Mittag-Leffler function and few of it’s extensions are seen in [4], [5],
[10], [12], [8], [11]. The purpose of this investigation is to introduce the Whittaker transform of
the generalized M-Series.

2 Whittaker Transform of Generalized M-Series

Theorem 2.1. For α, β, γi, δj , ϕ, τ, σ, ω, λ, µ ∈ C, Re(γi), Re(δj), Re(τ), Re(σ) > 0,∀i = 1, ..., p
and ∀j = 1, ..., q, Re(τ + σn ± µ) > −1

2 and Re(τ + σn − λ) > −1, the Whittaker transform
of generalized M-series is given by,

∫ ∞

0
e

−ϕt
2 tτ−1Wλ,µ(ϕt)

α

pM
β
q (ωt

σ)dt

= K ϕ−τ
p+3Ψq+2

(γi, 1), (
1
2 ± µ+ τ, σ), (1, 1)

; ω
ϕσ

(δj , 1), (1 − λ+ τ, σ), (β, α)

 (2.1)

where K =
∏q

j=1 Γ(δj)∏p
i=1 Γ(γi)

.

Proof. put ϕt = v in L.H.S. we get,

L.H.S =

∫ ∞

0
e

−v
2 (

v

ϕ
)τ−1Wλ,µ(v)

α

pM
β
q (ω(

v

ϕ
)σ)

dv

ϕ

= ϕ−τ

∫ ∞

0
e

−v
2 vτ−1Wλ,µ(v)

∞∑
n=0

∏p
i=1(γi)n∏q
j=1(δj)n

1
Γ(αn+ β)

(
ωvσ

ϕσ
)ndv

= ϕ−τ
∞∑
n=0

∏p
i=1[

Γ(γi+n)
Γ(γi)

]∏q
j=1[

Γ(δj+n)
Γ(δj)

]

( ω
ϕσ )n

Γ(αn+ β)

∫ ∞

0
e

−v
2 vτ+σn−1Wλ,µ(v)dv

Using the whittaker integral relation mentioned in (1.12), we get

= ϕ−τ
∞∑
n=0

∏p
i=1[

Γ(γi+n)
Γ(γi)

]∏q
j=1[

Γ(δj+n)
Γ(δj)

]

( ω
ϕσ )n

Γ(αn+ β)

Γ( 1
2 + µ+ τ + σn)Γ( 1

2 − µ+ τ + σn)

Γ(1 − λ+ τ + σn)

= K ϕ−τ
p+3Ψq+2

(γi, 1), (
1
2 ± µ+ τ, σ), (1, 1)

; ω
ϕσ

(δj , 1), (1 − λ+ τ, σ), (β, α)


here K =

∏q
j=1 Γ(δj)∏p
i=1 Γ(γi)

.
which proves the theorem.

Theorem 2.1 is the generalization of Whittaker transform of the exponential function, Mittag-
Leffler function[6] and its generalizations given by Wiman [14], Prabhakar[7] and Salim[10].
Equation (2.1)also gives the Whittaker transform of family of hypergeometric functions such as
Confluent hypergeometric function, Gauss hypergeometric function and generalized hypergeo-
metric function.
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Corollary 2.2. On putting α = 1, β = 1, no numerator parameter and denominator parameters
in (2.1) we get,

∫ ∞

0
e

−ϕt
2 tτ−1Wλ,µ(ϕt) exp (ωtσ)dt = ϕ−τ

2Ψ1

(
1
2 ± µ+ τ, σ)

; ω
ϕσ

(1 − λ+ τ, σ)

 (2.2)

where k = 1, Re(τ + σn± µ) > −1
2 and Re(τ + σn− λ) > −1

which represents Whittaker transform of exponential function, seen in [5].

Corollary 2.3. Put β = 1, no numerator and denominator parameters in (2.1) we get,

∫ ∞

0
e

−ϕt
2 tτ−1Wλ,µ(ϕt)Eα(ωt

σ)dt = ϕ−τ
3Ψ2

(1, 1), (
1
2 ± µ+ τ, σ)

; ω
ϕσ

(1, α), (1 − λ+ τ, σ)

 (2.3)

where k = 1, Re(α) > 0, Re(τ + σn± µ) > −1
2 and Re(τ + σn− λ) > −1

which is Whittaker transform of Mittag-Leffler function.

Corollary 2.4. With no numerator and denominator parameters in (2.1) we get,

∫ ∞

0
e

−ϕt
2 tτ−1Wλ,µ(ϕt)Eα,β(ωt

σ)dt = ϕ−τ
3Ψ2

(1, 1), (
1
2 ± µ+ τ, σ)

; ω
ϕσ

(β, α), (1 − λ+ τ, σ)

 (2.4)

where k = 1, Re(α) > 0, Re(β) > 0, Re(τ + σn± µ) > −1
2 and Re(τ + σn− λ) > −1

which represents Whittaker transform of Wiman’s function, seen in [5].

Corollary 2.5. Consider, one numerator parameter γ and one denominator parameter δ = 1 in
(2.1) we get,

∫ ∞

0
e

−ϕt
2 tτ−1Wλ,µ(ϕt)E

γ
α,β(ωt

σ)dt =
ϕ−τ

Γ(γ)
3Ψ2

(γ, 1), (
1
2 ± µ+ τ, σ)

; ω
ϕσ

(β, α), (1 − λ+ τ, σ)

 (2.5)

where k = 1
Γ(γ) , Re(α) > 0, Re(β) > 0, Re(γ) > 0, Re(τ+σn±µ) > −1

2 and Re(τ+σn−λ) >

−1
which represents Whittaker transform of Prabhakar’s function given in (See [4], Page no. 102)
and [5].

Corollary 2.6. On taking one numerator parameter γ and one denominator parameter δ in (2.1)
we get,

∫ ∞

0
e

−ϕt
2 tτ−1Wλ,µ(ϕt)E

γ,δ
α,β(ωt

σ)dt =
ϕ−τΓ(δ)

Γ(γ)
4Ψ3

(γ, 1), (1, 1), (
1
2 ± µ+ τ, σ)

; ω
ϕσ

(β, α), (δ, 1), (1 − λ+ τ, σ)


(2.6)

where k = Γ(δ)
Γ(γ) , Re(α) > 0, Re(β) > 0, Re(γ) > 0, Re(δ) > 0, Re(τ+σn±µ) > −1

2 and Re(τ+

σn− λ) > −1
which is Whittaker transform of 4-parametric Mittag-Leffler function by Salim.

Corollary 2.7. On substituting α = 1, β = 1, one numerator parameters γ1 = a and One
denominator parameter δ1 = b in (2.1) we get,

∫ ∞

0
e

−ϕt
2 tτ−1Wλ,µ(ϕt) M(a; b;ωtσ)dt = ϕ−τ Γ(b)

Γ(a)
3Ψ2

(a, 1), (
1
2 ± µ+ τ, σ)

; ω
ϕσ

(b, 1), (1 − λ+ τ, σ)


(2.7)

where Re(a), Re(b), Re(τ), Re(σ) > 0, Re(τ + σn± µ) > −1
2 , Re(τ + σn− λ) > −1.

which is Whittaker transform of Confluent hypergeometric function [1].
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Corollary 2.8. On taking α = 1, β = 1, two numerator parameters γ1 = a, γ2 = b and One
denominator parameter δ1 = c in (2.1) we get,

∫ ∞

0
e

−ϕt
2 tτ−1Wλ,µ(ϕt)2F1(ωt

σ)dt = ϕ−τ Γ(c)

Γ(a)Γ(b)
4Ψ2

(a, 1), (b, 1), (
1
2 ± µ+ τ, σ)

; ω
ϕσ

(c, 1), (1 − λ+ τ, σ)


(2.8)

where Re(a), Re(b), Re(c), Re(τ), Re(σ) > 0, Re(τ+σn±µ) > −1
2 , Re(τ+σn−λ) > −1.

which represents Whittaker transform of Gauss hypergeometric function [1].

Corollary 2.9. Consider, α = 1 and β = 1 in (2.1) we get,

∫ ∞

0
e

−ϕt
2 tτ−1Wλ,µ(ϕt)pFq(ωt

σ)dt = Kϕ−τ
p+2Ψq+1

(γi, 1), (
1
2 ± µ+ τ, σ)

; ω
ϕσ

(δj , 1), (1 − λ+ τ, σ)

 (2.9)

where Re(γi), Re(δj), Re(τ), Re(σ) > 0, ∀i = 1, ..., p and ∀j = 1, ..., q, K =
∏q

j=1 Γ(δj)∏p
i=1 Γ(γi)

, Re(τ+

σn± µ) > −1
2 , Re(τ + σn− λ) > −1.

which represents Whittaker transform of generalized hypergeometric function [1].

3 Conclusion remarks

We have derived the Whittaker transform of generalized M-Series with Whittaker function as
a kernel. Although classical transforms such as Fourier, Laplace, and Mellin are powerful and
widely used, the Whittaker transform offers unique advantages when dealing with special func-
tions, particularly those arising in quantum mechanics, fractional calculus, and generalized heat
equations. The Whittaker transform of the generalized M-series defined here can be instrumen-
tal in solving initial and boundary value problems for linear differential equations, mainly aris-
ing in fractional calculus and mathematical physics. The results derived here provide a unified
framework. With these results, the authors open up the possibilities to connect various classical
transforms and special functions. This transform can also aid in modeling complex systems with
memory effects and non-local behavior. The Whittaker transform of Mittag-Leffler functions can
play a crucial role in fractional-order systems, viscoelastic modeling, and anomalous diffusion.
The Whittaker transform of a family of hypergeometric functions can be widely used in quantum
mechanics, wave propagation, and heat conduction models. Additionally it may find relevance
in statistical distributions, approximation theory, and modeling of random processes. The results
obtained from this research can be further extended to find Whittaker transformations of several
well-known special functions and polynomials like Bessel, Laguerre, Lagrange’s polynomials
etc. Therefore, the results of this work are variant, significant and so it is interesting and capable
to develop its study in the future.
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