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Abstract In this paper, we introduce and study a pair of multidimensional fractional calculus
operators whose kernel involves the product of general class of polynomials S‘% (x;), general

sequence of functions Roj\z_’ﬁj [z;](j = 1,...,s) and the multivariable H -function.Further we
obtain the images of certain useful functions in our operators of study. The fractional calculus
operators studied by us are quite general in nature and thus the results obtained here provide use-
ful extensions and unification of some (known or new) results for simpler families of fractional
calculus operators.

1 Introduction

The following definitions of general sequence of functions and multivariable integral transforms
will be used in the subsequent section.

1.1 GENERAL SEQUENCE OF FUNCTIONS

Agarwal and Chaubey [1] see also [15] have introduced and studied a general sequence of func-
tions which is defined by the following Rodrigue’s type formula

Rﬁ?’m[x;A, B,c, d;p,q;7, 6 w(x)]

(Axp +B~ (cxxd4d) ™7

Gw(x)

™, (422 + B)* N (ext + )" Nwx)]
where the differential operator Tli ¢ 1s defined by

T =[x’ (A+xDy)] ", D=2 (1.2)
{E;};O . is a sequence of constants, and w(x) is independent of N and differentiable an

arbitrary number of times.
If we set w(z) = exp (—sz"), in 1.1, the generalized sequence of function thus obtained can be
written in the series form given as follows [12].

R( [xA B cdp.a, e ™ = 3 o (movu't ) X (14 San)V
m,v/,u/,t,,e,

(1.3)
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where ) ,
C N BNEDt (=) () (@)
qb(m,v,u,t,e): m!g’!t’!);!zg’l >C t (1.4
Q =/N+ qVV/ —i—ptt/ +rm (1.5)
Z stands for Z Z Z Z Z
m’ u' e m=0 /=0 =0 t'=0 e'=

provided that the infinite series on the right-hand side of 1.3 is absolutely convergent. It may be
pointed out here that the general sequence of functions defined by 1.1 is very general in nature
and it unifies and extends a number of classical polynomials introduced and studied by various
research workers such as Chatterjea [2, 3], Gould and Hopper [6], Krall and Frink [10], Singh
and Srivastava [14], Srivastava and Singhal [17, 18], Thakare and Medhakar [19], Raizada [11],
Fujiwara [5]etc.

2 MULTIDIMENSIONAL FRACTIONAL INTEGRAL OPERATORS

The multidimensional fractional integral operators of our study will be defined and represented
in the following manner

L [f (tr, . ts)| SIDTSTSY [ (b, ) s, ] (2.1
s T T s
— (:L,j)_p]_ﬂj / H {tf](m]—tj)m_l
e Jo o 5
e, A 7
SUi g, AN I_Q ! R |y, AN I_Q .
o\ ; R AN ;

t uy ¢ o ts Ug ts Vg
xH[zl(l) (1_1) z() (1_) ]f(tl,...,ts)dtl...dts
x| T Ts Ts

o [f (t1, .. t)| =JLo el (£ Yy, ) (2.2)
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o0 1

{tfpj—aj(tj—i?j)”-77
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|
—
—
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N~—
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>
—

j=1 z1 Ts  j=1
e;j j Aj Hj
Ui . (% % By |y (T _ T
Sy} |4 Ry 1b
t tj 2 tj

z\" z\" s\ zs\"”
Hlz(Z) (1=20) (%) (1= the .t diy. . dts
ala() (03) wen() (05) oo

where the general class of polynomials Sg; [z;] (j=1,...,s), a general sequence of functions

Rf‘\é’ﬁ 7 [z;] (j=1,...,s) and the multivariable H-function occurring in 2.1 and 2.2.
We shall assume throughout this paper that

0 (ITj— It;1"") - max]t;| =0

s A : , (2.3)
0 (1L It A e‘wﬂ"tﬂ"> ,min|tj| - oo(j=1,...,5)

ft,. . ts) =

This class of functions will be symbolically represented as f (¢1,...,ts) € A.

We shall also assume that
/ / tl, - ‘ dtl Jdtg<oco
Q

for every bounded s-dimensional region Q;(j = 1,...,s) excluding the origin.
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The operators defined by 2.1 and 2.2 exist if
(i) min (ej, f;, Aj, pj, uj,v;) >0(j=1,...,s) not all zero simultaneously

(ii) minRe (pj+>\j (6 Nj+q;V; ) +M; ) +uming <x<m, [Re( )] +1>0

(7)

d

Re| 75
5kj

’ . ()
(111) minRe |:0']+/J/] (EJN]+qj’UJ> +vjm1n1§k§mj |:RC (ij))] >0

minRe |04 (E Nj+qjv j) —H)j min >0

<k<m;

Re (W) >0
or Re (W)= 0and

d9)
Re |:pj+>‘j (ijj—l-quj) +AJ> —HJj min]gkgmj [Re ( - ):| >0

(vjf:(),...,Nj;sz...,s)

If we take Vi=0(j = 1,...,s),pj=dj= l,ﬁ;j: 1, sj= 0 and replace by 3; by 3, /7; and ¢; by —;

in 2.1 and 2.2, the general class of polynomials S% [xj] reduces to unity and general sequence of

functions Ra“ﬂ 7 [z;] to S“J’B 77 [z;] and we obtain the fractional integral operators defined by

Garg and Purohlt [7].

3 SOME USEFUL IMAGES

. i —h; s 2y (wj+w;) "
W) I {H7 1t (tFw;) }:Hj=1 {W

—V;) A

[v;/U;] (=V; U;R; Hvj R a T b, Q75777]

/ m;,vj,uj, tj, €;

SR Syt i B (v, ¢5)
0,n+2s ;K qi Cs hq —I —x A C

YTl (212 bl oo SbTe, TR mEe |4 C

where r .4 o stands for r
an mJ Wi uJ e ZT] OZva ute;

Q =/l;N; —b—q]v —|—th —+rymi+rin;(j=1,...,s)and ¢,;(j=1,...,s) is defined
as in equation 1 4 Wlth appropriate changes in the various symbols.
K =mq,n;;...;mg,ng; 1, 1;.. 51,1
—_———

2s

L:p17q1;---;p87qs;1a 15’171
————
2s

A:(aj,a(-l), . 7oz§s>,0, . 70)1,71’ (—pl—gl—elRl—)\lQl1 ur,0,...,0, Mg,

J ———
2s s—1
0,...,0),...,(—ps—gs—esRs—AsQ4;0,...,0,us,0,...,0,A:¢5,0,...,0),
—— N—— N—— ——
2s—1 s—1 s—1 s
(I—Ul—flRl—ulQl;Ul,O, . ..O,Mlql,o, ce 70,0, ce 70),...7
—— ——— ——
s—1 s—1 s—1

(1—=04— fRs—115Q.,0,...,0,v5,0,...,0, 11sqs,0,...,0,1)
~—— N—— ———

s—1 s—1 s—1
M (s)
(aj,a;7,..,0;7,0,...,0),

(3.1)

(3.2)

(3.3)

(3.4)
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B= (b j('S)’L"',—/"O)l"I' <_p‘_9‘_‘7‘_(€1+f1)Rl—(>\1+u1)Ql;
2s

(UI+U1)07~"707 (A]—‘r,ll])Q],O,...,O, laOa"'a0)7"'7(_ps_gs_0-s_ (es+fs)Rs

s—1 s—1 s—1
- ()\SJ’_MS) Q/sa07 .. 107 (US+US> 703 L] 707 ()\8+,U/S) QS707 LY 707 1)
—— N—— —

s—1 s—1 s—1

(D () @)
C’—(cj e )1,p,’”"(cj Y )1,ps’(17v%+61N1’1)’“"#
(10 0, No, 1) 5 (1=hy, 1),y (1=hy, 1)
(D sMY ol 5OY o1
D=(d, 5] )l’q],...,(dj o )>1q;<0’1>"”’(o’1) a7

Qs N — e
2s

(3.6)

The result holds true provided that
min (ej, fj, Aj, 15, uj,v5,q;) >0(Vj=1,...,s) not all zero simultaneously.

Re (pj+)\j£ij+gj) +u; minlgkgm_j |:RC < >:| +1>0
k
3.8)
(4)
Re (O’j"F,lengj) +’Uj minlgkgm] |:Re (d>):| >0

(
O

G=1,...,s)
.. s —h; s If (zjtw;)” J[UJ/U
(i) J. {Hj:l t39;(tj+w;) }:Hj:l { TTh 2 R0

(=V3) Ajuj.R a 7b;Q; s
Z ror UJRJ' A 5935503 ¢ (m 7’U ,U ,t ,6
n5,M;,05,u; Gt R;! thF(U —5; NJ) J VAR R R |

(3.9)

0,n+2s; K .
g% ;n+2s; [Zh chilb(h’_“ %bQ>_ |4 W, J D

p+2s,q+s;L XiAWr 7 T Xt W,

I C}

where

I= (a/j7a§'1)7 s 7a§'s>707 s 70)17n7 (l_hl_pl+gl_€1Rl_)\1Q;§
2s

u1,0,...,0,A1q1,0,...,0),..., (l—hs—ps—l—gs—esRs—)\sQ;;
——— ——
s—1 2s—1
07 oo 707u5707~ .. 70,)‘sqsaoa oo 30)7 (lfa_lfflRl*,Ulell;
—— ~—— ——
s—1 s—1 s
1,0,...,0,1141,0,...,0,1,0,...,0),..., (l—as—sts—,usQ;;
—— —— ——
s—1 s—1 s—1

0,...,0,0,,0,...,0,155,0,...,0,1),(a5,0%", ...l 0,..0),
—— N—— ~—— ~—— ’

s—1 s—1 s 2s

(3.10)

J= (bj;ﬁ§1), e ](-S),O, ,0)) s (I=o1=p1—hi+g1— (e1+ f1) Ry

2s

_()\1+M1)Ql];(ul+vl>aOu"'707()\1+/J'1)q1707"'70”0""70)7"‘7
v T 3.11)

s—1 s—1 s—1

(l_as_Ps_hs“‘gs_ (es+fs) s ()‘ +/~LS)Q5’
0,...,0(us +5),0,...,0(\s + )5, 0, ...,0,1)
N—— —— N——

s—1 s—1 s—1
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K,L,C,D,¢; and QJ(J =1,...,s) are as given with result 3.1 and the following conditions are
satisfied.

min (ej, fj, Aj, 15, uj,v;q5) >0(j=1,...,s) not all zero simultaneously.

d
Re (pj=g5+Aili Nj+h;) +ujpe,, |Re( S5 )| >0
k
" (3.12)
Re (O'j—‘—,U/jngj) +’Uj] minlgkgmj Re ﬁ >0
K

(j=12,..9)
Proof To prove 3.1, we first express the operator I, with the help of 2.1 and get

I, {szl t?j(tj—kwj)—hj}:l—l;:l (l,j_pj_o'j) OI] fowb szl {t§j+gj
it )% () (=) i ()" (-2)"]}
() (5) () (2 s,

(3.13)

Next, expressing the general class of polynomials SSJJ [xj] j =1,...,s) and the general sequence

of functions R%’;B 7 [z;] (5= 1,...,s) in their respective series forms, interchanging the order of

series and t;-integrals (j = 1,...,s), the right hand side of 3.13 assumes the following form

R
(=Vi)u,r,;Aiv; Rj a,;7b;Q;s; ;

s —pj—0j [v; /U] ] J
H]‘:l {LL’ 7 ZRj:O Zr[j,mj#v/.,u/. ‘el R;! 75!

., €
AR AN R ]

bj (mj T e’.) x_(eﬁf”')Rj_(A”“j)Q;}
LR R

T T s ! oj+fiR;+ jQT’_l
[ /SRR sl | {tjpj+gj+ejRj+Aij(xj—tj)' r (3.14)

J

/

. g 1\ N \wya;] 0N
vy [y (3)" (14"

U V] Ug Vs
H |z (& 1= A 1-%)  dt...dts
x| x| Xs Xs

’

Ni—v.

vy (£ \ NG £\ Haa ] T
Now, we express the terms |14+-2b.7 ( - 1—-2
d; "J T T

(j=1,...,s) and the multivariable H function in terms of Mellin-Barnes-type contour integrals
and interchange the order of {; and ¢;-integral (which is permissible under the conditions stated
with 3.1, so that equation 3.14 assumes the following form after a little simplification.

s —PiTI;
[T {mj ZR[%/UJ‘] an,mjyv}u;,t;»eg

J

/

Q;
(=Vi)u, m; Asvj Ry Ry b7 ST ¢ (my ) uf ) eh)  —(ej+fi)Ri—(N\+1;)Q)

Jt R

x
B! n;! [(v}—0d; N;) J

aror oy o Jo o S, B G) H;:l{qu(Cj)ch‘jx;u]j_NCj}
(3.15)

s 5 345 .~ (Ajt+ps)a; :
[T {0 = 85N, + G )T (—Car ) (0% S0 ¢, )

z Ts T8 tﬂj+gj+€jRj+/\jQ§+>\jqst+j+ujCj
Jo ' Jo T Tt
(zj — tj)Uj+ijj+HijJ+#jqst+j+ijj*1

(tj +wj)~hj}dty..dtdg ... d&dE ... A& s
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Next, evaluating the inner tj-integrals (say A ) with the help of a known result [9], we get

A :H;:l {(wj)hjm§j+0j+9j+(€j+fj)Rj+(€j+fj)3j+<>\j+#j)Q_/j+(>\j+ﬂj)Qj£s+j+(uj+vj)§j

xB (Uj+ijj+/~LjQ;'+:uj(Ij§s+j+vj£j7pj+gj+ejRj+)‘jQ;‘
+Xjq5€s+itus€it+1)
(3.16)
2 F1 |:hj7pj+gj+€jRj+)\jQ;'+)\jqj‘fs+j+Uj€j+]
pitoj+gi+ (ej+£;) R+ (Njtuy) Qi+ (Nj+iy) ai€sss + (uj +v;)&+1; —‘)/(7;]
where B(x, y) denotes the well known beta function.

On using the well-known transformation formula for Gauss hypergeometric function , F; [4],
we get

s —h; ‘
A=TT;-, {(wj) Tzipitojtgit (ej+f;) Rit (Nituy) Q; (Njt+iy) a5€s+i+ (uj+v5) &
XB (054 F3 Ry 15Q 15505 15+ 0i65, P+ 95+¢ R+,
+/\jqj58+jh+uj§j+1)
z. \ W ’
(1+wf’j> 211 [hjaJj+ijj+Mij+qujfs+j+V}'fj
pitojtgit (et f) Rt (\jay) Qi (\jHig) a6y + (wj + ))&+ — 5757
(3.17)
Now we substitute the value of A from 3.16 in the right-hand side of 3.15 and interpreted the
Mellin-Barnes contour integrals thus obtained in terms of the multivariable H -function, we
easily arrive at the desired result 3.1 after a little simplification.
The proof of result 3.9 can be developed on similar lines.

In the results 3.1 and 3.9 if we take w;= 0(j=1,...,s) and replace (g;—h;) by g;, we get the
following two results after a little simplification

(*Vj)UjRjAjvj,Rj

NS v, /U;]
(i) I, {szl (t?)} =1 {x?ZR;OI Zm,mjvvjv“;vtwe; Rt

J

7’
afjb?js:j (b ( ’ ’ t/ /)
———ee . m,. V..U N
i IT(v;—8;N;) 77 R L R R

0,n+28K* cy Cs g, A*.C*
XHp+25,q+s;L* [Zla < yRsy ab?l P 7d76bg B*D* (318)
where
K*=my,ny;...;mg,ng;1,15.. 51,1 (3.19)
S
——

S

A= (a0, .. 0l?,0,...,0), . (—p1—g1—er Ri—=M\Qizun, 0, ..., 0, Mgy, (3.21)
—— N——

s s—1

07 L) 70)7 ceey (_ps_gs_esRs_)\sQ;;Ov .. 707U’8707 .. aOa )\qu)v
—— ——
s—1 s—1 s—1
(1—o1— fiR1— 1 Qy:01,0, ..., 0, 1q1,0,...,0),...,
N—— N——

s—1 s—1

(I_Us_sts_,usQ;va s 7071)8’0’ s 707 MSQS)
S—— ——

s—1 s—1



160 V. Agarwal and M.K. Gupta

Jj o J n+1,p

(aj,a(.l) ...,oz(fg),(), ...,0)
——

S

B*— (bj,5§1)7 ceey ;S),O, .. 70)1,q7 (—pl—gl—01(61 + fl)Rl_()\l —‘r/Ll)Q/l;

S

(ll] +U1)707--~707 (/\1 +H’1)q]707"'70)7'"’(_ps_gs_o's_(es +f!>)R -
—— S——

s—1 s—1
Ns + 118)Q530, ..., 0,1 4 05,0, ..., 0, (As + 125)q)(3.22)
S—— S——
s—1 s—1

(gD s(1) N F 1O . .
D* = (dj 6 )qu (dj 6 )17%,(0,1),...,(0,1) (3.24)
Q) = iN;j + qv; + pit +rym; +rmi(j =1,...,5) (3.25)
Z stands for Z Z
nJ,m],vJ uJ t; 3 nj Om],UJ uJ t; 3

¢; is defined by equation 1.4 with appropriate changes in the various symbols. The above result
3.18 holds good under the conditions easily derivable from those mentioned with 3.1.
(Vi r. A

J 7718 V/U] jilu.r,dviR;
(IV) J [HJ 1 (t? )j| _Hj:l {.’L'] Z Zn]m]v/] y]]jf]ej #ﬂ

’

a JbQJ ;]] ¢ ( t )
,— m; ,U ,’LL ,U:,€5
T g, o
A.C*
0,n+2s; K * s s
HOP2E [zl,...,zs,glb?l,_.., L (3.26)
where | /
AFF— (aj,ag.)7,..’04;5)70,...,O)l’n,(1—p1—|—gl—€1R1—)\1Ql;ul,0,...,O,Alql,
N—— ~——
s s—1
0,...,0),...,(I—pstgs—esRs—AsQs;0,...,0,u5,0,...,0,A\qs),
! , s =1 (3.27)
(I—U]—f]R1—u]Ql;Ul,0,...,0,[1](]170,...,0),...,
S—— ——
s—1 s—1
’ 1 s
(l_a-s_sts_,U/SQsaOa"'707U8707' O ,U/qu)(ajv 5)7"'aa§')70,"'50)n+17p
s—1 s—1 s
= (bj’ﬁj('l)’ ey ;_S)’O,. . ’0)17(]' (1—p1+g1—0’1— (61+f1)R1— ()\1—|—M1)Q/l,
s
(ur4v1),0,...,0,(A\i+u1) ¢1,0,...,0),...,(1—ps+gs—os— (es+fs) R (3.28)
s—1
(As + 15)Q%:0, ..., 0,us +vs,0,...,0, (A + 1s)gs)
N—— ——
s s

and the other symbols have the same meaning as given in result 3.18. The result hold goods
under the conditions easily obtainable from those mentioned with result 3.9.
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4 Special Cases

By appropriately choosing the parameters, we recover several well-known fractional operators
and their results. For example, setting v; = 0 and ng [z;] = 1 reduces our operators to those
studied by Garg and Purohit [7].In the result 3.26 if we replace g; by — (g;+1) (j=1,...,s) and
compare it with the result given by 3.18, after a little simplification,we get interesting relation-

ship.

5 Applications

The generalized operators presented in this paper can be applied to solve problems in:
- Signal and image processing, where fractional derivatives model non-local interactions.
» Mathematical physics, particularly in the study of anomalous diffusion and elasticity.

+ Control theory for fractional-order systems.

6 Conclusion

This paper presents and analyzes a pair of multidimensional fractional calculus operators with
kernels involving general polynomials, sequences of functions, and the multi-variable H-function.
The results obtained are broad and versatile, offering a framework that encompasses and extends
several known fractional operators. By appropriate parameter choices, the findings can generate
new fractional integrals involving functions beyond traditional ones, such as the some useful
images of multidimensional fractional operators,the multi-variable H- function and polynomi-
als. These results pave the way for further exploration in the theory of special functions. Future
research may delve into numerical evaluation methods and investigate real-world applications
of these operators. The results unify and extend various known fractional operators, providing
a comprehensive framework for further research and applications. Future work may explore
numerical methods for evaluating these operators and their applications in solving real-world
problems.
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