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Abstract The current paper introduces a new class of multivariate Humbert-Hermite poly-
nomials g Qy(z1, 22, ...,x,) . The defined class of polynomials is a generalization of Humbert-
Hermite polynomials (Pathan, 2021) and generalized Humbert-Hermite polynomials of two vari-
ables (N. Khan et. al, 2023). It also includes many known and unknown polynomials like Gegen-
bauer, Legendre, Chebycheff, Gould, Sinha, Milovanovi¢-Djordjevi¢, Horadam, Horadam-Pethe,
Pathan, and Khan, etc. In this paper, we will establish many properties of the considering polyno-
mials like power series representations, generating functions, integral representation, and several
expansions.

1 Introduction

Generating function of the Humbert polynomial is introduced in [1] in the following manner:
(1—azt+1) 7 =3y L ()7, (1.1)
n=0

where the power series representation of h;\m(z) is given by Humbert [2] as follows:

[

Q3

(D Wt 1—agi(@2)"*

h\ = 1.2
n,a(z) k:'(n—ak)' ) ( )
k=0
where (\),, represents the Pochhammer symbol defined in [3] as-
I'(A+n) 1, ifn=0
Mp = ——2 = . 1.3
(%) I'(\) { AA+ 1. A+n-1), ifn=1,2,3... (1.3)
In 1965, Gould [4] gave the generalization of generating function (1.1) as follows:
(c—azt+yt*)? = Pula,z,y,p, 01", (1.4)

n=0

where o € N,

(%]
- —k —n+(a— n—a«
Pn(au Z,Y,D, C) - < Z ) < np, ok ) P +( Ukyk(—az) k, (15)

k=0

and other parameters are unrestricted in general.
Many more generalizations of the Humbert polynomial of one variable are available in the lit-
erature (see [5], [6], [7]). In 1997, Pathan and Khan [8] introduced generalization of the above
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polynomials in one variable, shown below:

[a — bzt 4 dt*(2z — 1)7] P—Z@ (1.6)
where 2
0.(2) = % a—p—"—’”“k(p)m(;!ak Ebz)kr;—!“’“{—d(zz -yt 0
Djordjevié¢ [9] introduced a polynomial of two variables in the following manner:
[1-2(z4+y)t+t*2zy+ 1)V = i GI*(y, 2)t", (1.8)
n=0
where
G () = 3 Whnea-me(@+ 27Ky + 4 09

— kl(n — ak)!

Recently, Pathan and Khan [10] gave a unified presentation of above mentioned various polyno-
mials as follows:

oo

[a — (bz + ey)t + dt™(ezy — 1)9] 7P = Qb (z,y)t", (1.10)
n=0

where o € N, p > 0,

o3

a” PR () 1k (b2 + ey)" T —d(ezy — 1)93"

k!(n — ak)! ’

QN (z,y) = (1.11)

k=0

and other parameters are unrestricted in general.
Recently, Jaimini et. al defined and studied multivariate Humbert polynomials [11] in the fol-
lowing manner:

[a— (O biwi)t + dt™(cIl_yz; — 1)9]77 = > Qb (wy, 22, .o 2 )", (1.12)
i=1 n=0

where o, € N, p > 0, and other parameters are unrestricted in general.
The Gould-Hopper polynomial HZ(y, z) was introduced by Dattoli et al. [12] as follows-

zt% = o "
eVt =N " Hp (v.2) . (1.13)
Further, a new generalization of Hermite polynomial [8] was defined as follows-
t
enly+2)t=(yz+1)t ZHn oy, 2)—. (1.14)

In 1996, Dattoli et. al gave generating function of N-variable generalized Hermite polynomials
H,{(z)N}[13] as-

N oS
: t"
eacpz 2pt" = ZH"({Z}{V)E7 (1.15)
r=1 n=0 ’
where ({z}) = 21, 22, ..., 2N

In 2021, Khan and Pathan [14] introduced a new concept of Humbert-Hermite polynomials
aGEH(y, z) in two variables as follows-

[1—2(z 4 y)t + t*(2zy + 1)] Perlvr2)t=lyz+)t ZHGT”“Q Y, 2) (1.16)
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where o € N, p > 0, u > 0, and other parameters are unrestricted in general.
Recently, Khan et. al defined a new class of generalized Humbert-Hermite polynomials in two
variables [15] such as-

o0

[a — (bz + ey)t + dt*(ezy — 1)9] Perly+a)t=lyz41t" Z QDT (y, 2)t", (1.17)
n=0

where, r € N, g, u,p > 0, and the other parameters are unrestricted in general. Here, in this
paper, we consider a generalized form of Hermite polynomial in r variables such as-

tS

) t—v(IT_ x;+1)t
(ST @) l § HY (@1, @2, s ),

(1.18)

where p,v > 0, and » € N, > 0. The considering Hermite polynomial converts into ordinary
Hermite polynomial H,,(z )atr =2, x,=0,p=2,v=1,n=2.

2 On a class of multivariate Humbert-Hermite polynomials

In an attempt to extend the definition of Humbert-Hermite polynomials, we consider the follow-
ing form of Humbert-Hermite polynomials for several variables.

Definition 2.1. As a generalization of the class of generalized Humbert-Hermite polynomials in
two variables, we define multivariate Humbert-Hermite polynomials for n € N, y,v,p > 0, as
follows:

la— (3 buara)t + di (T g — 1)9]Per(Eia =t -v(T e

i=1

_ZHQgiZ I1,$2,...,$r)tn, (21)

n=0

and other parameters are unrestricted in general.

Special Cases:
(i) If, we consider » = 2, v = 1 in (2.1), then we get generalized Humbert-Hermite polynomials
(1.17).
()Letr=2n=a,v=a=g=1,bp =by =2,d =—1,c = —2in definition 2.1, then the
definition convert into relation (1.16).
(iii) If in relation (2.1), we substitute r = ¢ = 2,0, = 0,v = p = n = z, = 1, then we get a
generating function (1.6) studied by Pathan and Khan.
Similarly, by substitution of appropriate values of parameters and variables, we obtain many
known and unknown polynomials.

Theorem 2.2. Let n € N;v, u, p > 0, and other parameters are unrestricted in general, then the

polynomials HQ%%:Z,(JH,Q:Q, .., @) can be expressed in product of multivariate Humbert and

Hermite polynomial such as-

xT)H;’,p,n(zlaxZa"'axr) (2 2)

n %fs(xlaxZM'ﬂ
HQnun(xl7I27"'7x'f‘) :Z 5!
s=0

Proof. In view of (1.12), and (1.18), L. H. S. of equ. (2.1) can be written as-

i
la— (3 bzt + dt® (T — 1)9]Per( iy a0ty e
i=1

[eS) [eS) 15
= Q@ g, )t Y HY (21,10, x,.);. (2.3)
= s=0
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Replacing n — n — s, and by series manipulation [16], we get

[a — Z biw)t + dt(cIT}_ z; — 1)9] Per(im 2t =v Il it DIT
i=1

v tn
—ZZQ (z1,%2, .0, T )H&M’n(xl,xz,...,mr)g. 2.4)

n=0 s=0

Now comparing the coefficient of ¢ with R. H. S. of (2.1), we get the desired relation (2.2). O

Remark 2.3. For »r = 2,v = 1 Theorem 2.1 reduces to the similar results of Khan et. al [15,
pg.4, equ.(2.2)].

Remark 24.If, weputr =2 n=a,v=a=g9g =1, = by =2,d = —1,c= —21in (2.2),
then we get the corrected form of Humbert-Hermite polynomials in two variables, such as-

(2.5)

HGZ’#(I],SCZ) _ i Hs,/L,a(Ily-rZ)Gﬁfs(mlyIZ) '

s!
s=0
Remark 2.5. Substitute r = g = 2,v =a =d = 1,bp = c=0,by = a = 2in (2.2), we
have Hermite-Gegenbaurer polynomials of two variables[15, pg.4, equ.2.5] which turned into
Hermite-Chebychev, and Hermite-Legendre polynomials of two variables at p = 1, and p = %,
respectively.

Theorem 2.6. Let j € N, u, v, p > 0, and other parameters are unrestricted in general, then the
multivariate Humbert-Hermite polynomials hold the following result:

ZigHg(/v‘j(Z::1xi)a_jy(Hz ;3'7 +1)) (‘rl L2y ..y T 7‘)

- Z HQ%’l?ﬁljn(ml7x2?"'?‘/L.”‘)...HQZ’]‘(T;ZT]<Z‘17$27'“7$T)' (26)

nit+nz+...+n;=n

Proof. According to definition 2.1, we can obtain

J
OCIJ n
[E H ﬁ#nxl,xz,...,mr)t}

= [la— (3 biaa)t + e (T, — 1)9] Pt i =T
i=1

J

= la— O biwi)t + dt* (cIj_ya; — 1)9] 7P et im )izt DI (27)
i=1
In view of (1.13), we have

eu](z p @) t—jr(IT_ x+1)t Z H : 1 Ii)a 7']'1/(1_1::11:1' + 1)>t5 ) (2.8)
S

S=

Now, using (1.12), and (2.8) in R. H. S. of (2.7)

J
[§ QA 21,03, )

o0

o ) (1 r N g r . s
:ZQZJ’“(m,xz,...,x,.)t"ZHs(“J(lelxl)’ Iz D o )

s!
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So,

[oe]
Z Z HQ'ypy,l']c:t;’tl’/n(xla'rZ)"'?x’r‘)"'HQZ’J?;LD,U("I"I’x27'-~7x7')tn

n=0n;+ny+...4+n;=n

i o HI (i (00 @), —jv (T + 1)t
=3 QU (w1, w0,y )Y g iy )~z + D)E 5 )
n=0

s!
s=0

Replacing n — n — s and by series manipulation, the equation becomes

o0
Yoo > @@ QR (@, s )

n=0nj+ny+...4+n;=n

_ o HQ(:“](Z::I $i)7 _jV(H;'A:lxi + 1)) 17?—7?(:51 y L2y eeey x,.)t"
= Z - . (211
=0 s=0 ’
Now comparison of coefficients of ¢", provides the desired result (2.6). O

Corollary 2.7. Consider r = 2,v = 1 in theorem 2.2, the resulting theorem will give the correct
result of the theorem studied by Khan et. al [15, Theorem 2.1, pg.4] as follows:

n

3 HI (i (1 + 22), —j(z122 + 1) Q% (21, 22)
sl

s=0

= Z HQ%SMW(Z'I, $2) e HQ’ZF)LTSILL,Y](Z17$2)' (212)

nit+na+...+n;=n

Corollary 2.8. Forr =2 n=a,v=a=9g = 1,by = b, =2,d = —1,¢c = =2, theorem 2.2
converts into the corrected form of the theorem proved by Pathan and Khan [14], such as-

n

3 H (uj(x1 + 22), —j(z122 + 1)) G2 (21, 12)
s!

s=0

= Z HG%I(L((El,{EQ) s HG%g#(xla 1’2). (2.13)

nit+ny+...+n;=n

Remark 2.9.Forr = y=n = 2,p = 2 = 0,v = 1 Theorem 2.2 reduces to a former result
studied by Batahan and Shehata[17, pg. 50, equ. (2.1)].

3 Power Series Representations

Theorem 3.1. Let o« > 2,7,n € N, and v, i, p > 0, then

H glﬁ:%(xIMxZa'“?xT)

S (Phn—sta ik —pontstlamtb (T 2y — 1)9}*

r n—s—ak
x <Z bw) HY, (21,22, .2,), (3.1)
i=1
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H ﬁ’,ﬁf;(‘rl y L2y eeey xr)
n—g—(a=2sy
- i[ 2 ]Xk: a—P=rHaH =) (p), (— k) (2p + 2k) 11— g (a—2)s—2k
N a=0 k=0 =0 (n—q— (a—2)s —2k)!k!slq!
r n—q+(2—a)s s
(Z'—] bm:z) T+ 4ad(cn7f_]xi — 1)
=1 7 = HY ). 32
8 ( 2a (22:1 bixi)z q,y,n(‘rly T2y ey & ) ( )
Proof. Let
D =[a— (O bimi)t +dt*(cIlj_yz; — 1)9] Per iz vtz DI
i=1
r n—k k
- (Dicy bimy)t —dt*(cIll_ z; — 1)9
p = i=
'r;) n! Z k' ( a a
o0 tS
XY HY, o (z1,22, ) e (33)
s=0
Replacing n — n + k; n — n — ak, and series manipualtion, we have
ZZ [%] (ae l)ka (nf(afl)k)( ( o
P=a"’ —d(cIli_ xz; — 1)9
— | i=1"1
n=0 s=0 k=0 (n —ak)!
T ts
X (Z biz,)" "R HY (21,20, ...,xr)g. (3.4)

Now, replacing n — n — s, and comparing the coefficient of ¢ with R. H. S. of (2.1), we at once

arrive at our required result (3.1).
Again, L. H. S. of (2.1) can be written as

P =a-— (Z b )t + dt*(cIl_ z; — 1)9] Py wi )tz +1)t"
i=1

i Kl B W)z B ((Zf_l bixi)t>2 (e — 1) P

2a 2a a

o0 , tq
X ZHWW(:E],:EQ, ...,xr)q!
q=0
Let us consider (Z;z‘ab’wi) = A, d(cm:fﬁl)g = B.
So, the above equation reduces as
SIS 2,2 a\ k q
e (D) (A BN v
D =a"P(1- At) ZZ ol ( (1= A2 Hq%n(xl,xz,...,x,«)q!

k

—a 33y PR Y e By
q=0 k=0 n=0 5=0
4

v
X Hq,lt,'n(x] , T2, 73';7)a

(3.5)

(3.6)

Replacing n — n—(a—2)s—2k; using the identity [18, pg. 36, equ. (4.4)]; replacing n — n—gq,
and then equating coefficient of t™ with R. H. S. of (2.1), we at once arrive at our required result

(3.2).

O
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4 Generating Functions

Theorem 4.1. For an arbitrary number w,v,u,p > 0, and n € N there exist some generating
functions:

Qb n(xl ey T a P (30, bixi)t}”tsH;”um(xl, ey Tyr)
§ non ) G5 55

(p+mn)sn!s!

n=0 P)n n=0 s=0

n:
pem; (T — 1)
X lFa s o ) (41)
ptn+s pitnts+l ptn+s+a—1, ac
a Y IR} Y >
st 7a1y
Z QLYY (w1, s Ty ZZ iy b )t} HY (21, ) (W) s
apbtn n).s'n!
s (P)n v (p+n)s
wtn+s wtn+s+l1 wtntsta—1
pt+n
. a0 a0 At (T — 1)
Xt a+1Fa s ) (42)
p+n+s ptn+s+l p+nt+s+a—1, a
a Y IR Y >

i HQ?L:?L’,Z;](II y L2y ey xr)tn _ i i i i 272]6@71)7“72’6(7]{)3
] (2p)n (p + ) (2]7 + 2k + n)q+(a,2)s

(1 biza)t\ " [ dadt @2 (Il 2y — 1)9 )" Hy (21,22, 2, )10 4.3)
(> biw;)? nlqlk!s! > A

QR (21,22, e ) (W)l N A o e 272K P2k ()
> Hmn DO DN I

n=0 n=0 g=0 k=0 s=0
o ( )n+2k(w—|—n—|—2k)q+a 2)s qun($1,$27..., )tq ((Z:lbixi)t>n+2k
(p+ i)k(zp + 2k + 1) g4 (a—2)s 2a

@2 (I 2 — 1)\
" 4adt T(cnlzlm; 1) @)
(Ei:l biw;)

Proof. With the help of relation (3.1), we can write

2 bii o kg n
x | == {—d(cIT;_yz; — )9} HY |, (21,22, 0y 20 ). (4.5)

Replacing n — n + s; n — n + ak; by use of the identity [19, pg. 95, equ. 2.3]; applying
Gauss’s multiplication theorem, and by summation of kth series, we obtain our desired result
(4.1). Using the same proof pattern of relation (4.1), we can get the relation (4.2). In a similar
manner, relations (4.3), and (4.4) can be achieved using equ. (3.2). O

5 Expression of HQf’;’z”‘;(ml, &2, ..., T, ) in series of various polynomials

Theorem 5.1. The following theorem gives expression of pQh S, ’;,(asl , T2y ..o, Ty ) I series of Leg-

endre, and Gegenbauer polynomials:
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n—s+(a— Zj]

k

i) (—K);

QYT (T, 22,y 1) = Z — —s—(a—1)(k—j) J
s=0 k=0  j=0 kﬂs )n—s—ak+(a_1)j

x a PO DI (eI — 1)9YF 9 (1 4+ 2n — 25 + 25 — 4§ — 2ak)

7»; bzfﬂl
x Hs TS n(xla T2, ~-~7337‘)Pn75704k+(a72)j <(ZZ;’)) ) (51)

where P, (x) represents Legendre polynomial.

n—st(a=2j k
B —s—(a=1)(k=4)(=k);
RETICTRNES S Sl Dl gl L

s—0 0 =0 n s+(a—1)j—ak+1

k
x g Prrstas (k= ){d(ch:l:cif1)g}k7j(p+nfsfak+(oz72)j)

7»"_ biZEi
XH;Haﬁ(xl’xz"”’ )C;I; s—ak+(a—2)j <(z:l_é))a (52)

where C¥(x) is Gegenbauer polynomial.

Proof. By use of (3.1), we can write

ZHsz’n ZZ Z RN

r n—s—ak
X <be> {—d(cIT_yz; — )Y HY , (z1, 22, ..oz )" (5.3)
i=1

. 0o 0 0 (p>n+k {—d(CH;‘:FTi _ 1>g}ktn+s+ak¢
ZHQTL;LH'I“J’?’"":CT)t :ZZZ k!ls! ap+n+k

n=0 n=0 k=0 s=0
3] (2n — 45 + 1)Py_; (M)
X (3 . H;/;L n(xlal'an,xr). (54)
§=0 313 )n—j

Now replacing n — n +2j; k — k — j; n — n+ (o — 2)j — ak; by use of the relation [18, pg.
36, equ. (4.4)]; n — n — s and equating the coefficient of ", we at once arrive at our required
result (5.1).

In a similar manner, using the identity [16, pg. 283, equ. (36)], we can prove the relations
(5.2). |

6 Integral Representation

Theorem 6.1. The integral representation of multivariable Humbert-Hermite polynomials can
be expressed as:

| — 1
H %ﬁ%(xlyxb ...,.Tr) = F(p) ZO s'(n — 8)!H;M7n($1,$2, ey x,)

> B
x / O LA - S (A,—tal> dt, (6.1)
0

where A =3""_, bjz;, B = {d(Il}_jz; — 1)9}.
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Proof. The Kampé de Fériet Hermite Polynomial of order m is represented by Dattoli et al. [12]
as
n—mk Zk:

(7]
k=0

1 <& 1
Y= HY, T
r‘(p) Z S'(TL _ 8)' sw,m(xhx% y L )

o B
% / e—attprn—s—lHT(i:S (A’ _tozl> dt. (63)
0

Using equ. (6.2) in (6.3); equ. (1.3), and then in view of equ. (3.1), we can obtain the R. H. S.
of (6.1). O

7 Conclusion

In this article, a new class of multivariate Humbert-Hermite polynomials is defined. We have
proved various properties of the considering polynomials. By our theorem 2.1, and theorem 2.2
correct form of earlier studied results can be obtained that we have given as remark 2, corollary
1, and corollary 2. By choosing appropriate values of parameters we can obtain results of Pathan
and Khan [8], and Jaimini et. al [11]. Forr = ¢ =2,b, =0,v = 4 = n = x, = 1 theorem 6.1,
gives the result of Jaimini and Saxena [20, pg. 330, equ.(13)]. We also get the result of Batahan
and Shehata that is given in remark 4. Similarly, numerous known and unknown results can be
obtained which may be useful in various research fields.
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