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Abstract In this paper, we explore the Leibniz rule for derivatives of the Riemann-Liouville
type to derive various expansion formulas for the incomplete Yang Y -functions. These functions
are instrumental in diverse fields of applied mathematics, including mathematical physics and en-
gineering. We extend and generalize existing expansion formulas by utilizing the Leibniz rule,
providing a comprehensive framework that encapsulates several well-known special functions
as particular cases. Our significant results encompass the incomplete H-function, Meijer’s G-
function, the incomplete Fox-Wright function, and the incomplete generalized hypergeometric
function. Each function is elaborated through specific expansion formulas, offering new insights
and potential applications in analyzing complex systems. Additionally, this study outlines the
development of new expansion formulas for these incomplete special functions, thereby con-
tributing to the broader understanding of fractional calculus and its applications in mathematical
modeling. The results presented herein not only generalize but also unify many known results,
demonstrating the utility of the Riemann-Liouville derivative in expanding the scope of incom-
plete special functions.

1 Introduction and Preliminaries

The emergence of new issues in engineering and applied sciences has led to a steady evolution
in the large field of special functions. In response to the demands and interests of the public
research is still being conducted to examine different facets of these functions and their possible
uses. X. J. Yang investigated and defined a new function, known as Yang Y -function. Inspired by
the work referenced in [8] certain expansion formulae and of incomplete H-functions and other
paper [5] class extension through its incomplete functions, both papers are helpful for solving
this research paper.

The Yang Y -function [16] is called a generalized hypergeometric function defined by means
of the contour integral:

Yp’f;’" v u;t

1
—_ m,n —Nenu t 1.1
2m/gl9p,q (n)v~"en"dn, (1.1)

where

97 (1) = [HT:] C(f; — Fﬂ/)]H?:l [T(1 — e + Ein)]

- 15— DL = f5 + E)IITi- 41 T(es — Ein)’
here ¢, u, v are complex number and a contour € in the complex plane the orders m, n, p, q are
nonnegative integers so that 0 < m < ¢, 0 < n < p, the parameters F,, > 0, F, > 0 are
positive and e;, f;,i=1,--- ,p;j=1,---,q are arbitrary complex which satisfies the following
conditions:

(1.2)

Ei(f; +0) # Fi(e; — 0 — 1), (1.3)

(0,0 €No(0,1,2---);i=1,2,3---p;5 =1,2,3---q).
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Our new step here will be to remember that familiar incomplete function (4, p) and I'(4, p) are
defined as see ([1, 2])

~(6,p) = /0 "ok dk, (R(8) > 0,p > 0), (1.4)

and

(3, p) :/ KO le ™ dk, (R(8) > 0,p>0), (1.5)
P
respectively.

Definitions of incomplete gamma function (1.4) and (1.5) easily yield to following decom-
position formula:

v(p,6) +T(p,6) =T(p), (R(p) > 0). (1.6)

Throughout this article, N, C, Z~, and R* denote the sets of positive integers, complex numbers,
negative integers, and positive real numbers, respectively.

1.1 The Incomplete Y -Functions

Here, in this paper, using the incomplete gamma functions in (1.4) and (1.5), we present the Yang
Y -function corresponding to incomplete Y -functions. The incomplete Y -functions are defined
as follows [14]:

. \P
Y (v ust) = VYR vsust (el’El’p)’(e;’ E.);
’ ’ (f5, F5)i
1
— [ rgmn —n nut 1
27”./9 O (n, p)o e " dn, (1.7)
where
1 —e; + En, L D(f - F; PL0(l—e + E;
ﬁg}qn(n7p) _ 7( 1 - 1 p)[H]_l (f] p)n_[ [ ( i 177)]’ (18)
[ Jj=m+1 F(l - f] + F]T])] i=n+1 F( - Eﬂ?)
and
E L E)P
pr'r?}],n(,v;u;t) — prw;,n U;U;t (ela lap)a(eza 1)2
’ ' (.fjaFn)(lz
_ 1 I' qm,n n nu,t
271 ), Ve (, p)v~ e " dn, (1.9)
where
Fl—e + En, ™ I(f; — F; "1 —e; + E;

[Hg:erl ( f] + an)] i=n-+1 F(el - Eﬂ])

The incomplete Y -functions VY;]T;’"(U;u;t) and FY;}i”(v;u; t) in (1.7) and (1.9) exist for all
p > 0 under the same contour and the same sets of conditions as stated above.
The decomposition formula that follows is easily obtained from these definitions:

Y (vsust) 41 Y (v ut) = YR (v ust). (1.11)

The result from Equation (1.11) is equal to Equation (1.1); hence, Yang Y -function follows an
incomplete function.

Next, we review some basic characteristics of the incomplete Yang Y -functions. The incom-

plete Yang Y -functions defined in (1.9) and (1.7) exist for all p > 0, under the set of conditions
given by Yang [16], with

A>0,|arg(vsu; t)| < AE,

:zp:l zs:F—i-ZE—ZE

j=p+1 j=q+1
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1.2 Riemann-Liouville Fractional Operators

The following is a definition of the Riemann-Liouville fractional operators of order v for the
function f(z) (see [4]):

I"f(2) = r(lv) /Oz(z —5)"7 f(s)ds, (1.12)

hence, given that f is a locally integrable function and v is a complex integer in the half plane
the integral is well-defined R(v) > 0,

DYf(z) = F(i) / (2 -5 fls)ds, (R(v) <0), (1.13)

if R(v) > 0 and m € N is the smallest integer with m — 1 < R(v) < m, then,

dm dm 1 :
DL) = e DY) = e | | o9 0] s

dzm
1.3 Leibniz Formula for Fractional Derivative

The following is the definition of the classical Leibniz rule for two differentiable functions f and
g:
n _
D(f(s)g()] = Y (k) (DRI (115)
k=0

It is possible to extend this Leibniz rule to the derivatives of the Riemann-Liouville type. The
fractional generalization of the Leibniz rule is stated as follows if f and ¢ are two functions of
class C (see [11]).

DA[f(s)g(s)] = (’;) D gD F(s)], 11> 0. ke N, (1.16)
k=0
specifically, if f is a class C' function, then
D[P f(s)] = (‘:) [D7sP|[D*" f(s)], 1> 0. (1.17)
r=0

A mechanism that determines the composition representation of the differential operators can
be extracted using the Leibniz rule, which generalizes the differentiation law of the product.
Generally speaking, it would be beneficial to deduce some intriguing expansions, summations,
generating functions, and transformations pertaining to the various special functions (including
g-functions) of one or more variables; refer to works [6, 9, 10, 12, 13] and citations inside. This
paper’s main goal is to apply the Leibniz rule for fractional derivatives of the Riemann-Liouville
type in order to extract multiple expansion formulae from incomplete Yang Y -functions. Along
with the main result, there are a number of intriguing special instances and implementations.

2 Main Findings

Using the Leibniz rule, we have determined a few expansion equations for the incomplete Yang
Y -functions.

Theorem 2.1. Let A > 1,0 > 0, k € N, m € N, and m — 1 < R(u) < m, then the following
results holds:

(elaElvp)a (1 - A,O’), (el?El)g
(fijj)(llv (1 - A +N’a U)

H I ()‘) 'y m,n+l1 [
= E Y av’iu;t
— +1,q+1 > Us
P (k) '(A—p+k) “Prha

0

Ty m,n+1 ., ..
YpH,qJrl [av cust

(61, El»P), (07 U>’ (eiv EZ)§

2.1
(f;. )1 (ko) @
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Proof. To prove the result (2.1), let us consider f(s) = v*~! and

(e1, Ev, p), (ei, Ey)y

g(s) = Y (aw;ust) = YY" v ust ,
" i (f5, F5)f
now, substituting the values of f(s) and g(s) in (1.16), we obtain
- m,n o., .. - 2 m,n o., .. - —
D [Ty (0 us )] = <k> [DF Ty (av”;ust)] [DF R0, 2.2)
k=0

on taking L.H.S. of Equation (2.2), we obtain

1
DH [U)\fl ryp%,n(ava;u; t):l — DM |:’U/\127m- /Ql"ﬂm n(,,7 p>( )*Uenuntdn

1 r
= — 197" T npDH —onl ,nu td
i /s (n, p)a™" D¥ [*w™ ] Myt dn
= o [T p)a ey [ ey
27 Jo ’ dv
1 r —y T\ —0om) A—p—on—1 t
= Prn n__\A T T A-p—on—lgnuytg
27m»/ v (1, p)a EE—_ ' dn,
using the Definition (1.9), we obtain
E — A, i )P
DM [v)\—] prnlll,n(av S t)] >\ n—1 prnlln(;}l av”;ut (617 15 p) ( 0') (6 )2
' (f]7 ) ( /\ =+ u, o )

(2.3)

Similarly, the R.H.S. of Equation (2.3) is the immediate consequences of the Definitions (1.9)
and (1.16), we obtain

oo

Z (/”') [Dk FYZ’;’”(G’UU;U;t)] [Du—k:vk—l]
k k]
k=0
() (e1, E1,p),(0,0), (ei, Ey)5
/\ n—1 l"Ym,n+l av’;u;t ’ 2
Z( > L\ —p+k) “prbatt [ (f5, i), (k,0)

)

2.4)

substituting the Equation (2.3) and (2.4) into (2.2), we get the required result (2.1). The following
theorem is provided without proof because it is the direct result of Definitions (1.7), (1.9), and
(1.16). O

Theorem 2.2. Let A > 1,0 >0, k € N, m € N, and m — 1 < R(u) < m, then the following
results holds:

Ty m+1l,n —0.,,.
Yqu+1 [av sust

<e1,El,p>,<ei,Ei>§,<Aw)]
()‘70)’ (fj’ FJ)(IZ

()\) m+1,n
-5 (1) e

av” % ut

wmg

(e1, E1,p), (e, E5)5, (1 — kﬁ)} .
(130)7 (fjaFj)(f
2.5

Proof. To prove the result (2.5), let us consider f(s) = v*~! and

(e1, E1, p), (es, E3)y
(f5, F5)f

g(s) = FY;Z’"(av_";u;t) = Tymn lagv=% ust

p.q ’
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now, substituting the values of f(s) and g(s) in (1.16), we obtain

k

o0
DH [Ty (av™ 75 ust)| = Z (#) [DF Ty (av™ s t)] [DFFor 1T (2.6)
k=0

on taking L.H.S. of Equation (2.6), we obtain

1
DH [v”\_l Tymn(qu=7;u; t)] = DV {v)‘_l / Lgman iy, p)(av=7) ey dn
Q

P.a i P.q
= ﬁ Qrﬁ;'f(}”(n,p)a_"D“ [v’\_lv‘m] eTntdn
1
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using the Definition (1.9), we obtain

(617 Ela p)v (eia Ez)zz)v (>‘ - M U)
(/\’ U)) (fj’Fj)(l]
Q2.7)

w [, A—1Tymmn —0.,,. _ o A—p—1 Ty m,n+l —0.,,.
D [v Y, (av ,u,t)]— v Yo [av Tt

Similarly, the R.H.S. of Equation (2.7) is the immediate consequences of the Definitions (1.9)
and (1.16), we obtain

Z (M) [Dk pr%,n(av—a;u;t)] [Dp—kv)\—l]
k=0 k
1N (M) - (e1, B, p), (5, Ei)5, (1 — k,0)
:v)\ pn—1 M l"Ym,nJrl av U;u;t ) sF)s ) 2 ) 7
kg() k F()‘_M+k) prbatt (lva)v(fijj)(lJ
2.8)

substituting the Equation (2.7) and (2.8) into (2.6), we get the required result (2.5). The following
theorem is provided without proof because it is the direct result of Definitions (1.7), (1.9), and
(1.16). O

Theorem 2.3. Let A > 1,0 > 0, k € N, m € N, andm — 1 < R(u) < m, then the following
results holds:

(elaEhp)? (1 - A70-)7 (ezaEz)g
(fijjy{? (1 - A +[L,O')

— i H r()‘> 7Ym,n+l
k) TON—p+k) —pthat!

Theorem 24. Let A > 1,0 >0, k€ N, m € N, andm — 1 < R(u) < m, then the following
results holds:

(el,El,P)a (07 U)a (eiaEi)g
(f5, F5)1: (K, o)

aviu;t

2.9)
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(,\’0)7 (fijj)(ll

H F(/\) nym+l,n
k) T\ —p+k) —prhat!

av 7 ut

-5

0o
k=0

(e1, Br,p), (s, Bi)5. (1 k,cf)] |
(170)7 (fJ'?Fj)l]]
(2.10)
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3 Special Cases

The following results are obtained in this section as particular instances of the theorems pertain-
ing to the incomplete Y-function, the Y -function, the incomplete H-function, the H-function
the incomplete Meijer’s G-function. We can acquire special situations that demonstrate the ap-
plication of the fundamental results by adjusting specific factors.

(i) Yang Y -Function
If we replace p = 0 in the (1.7) and (1.9) then it change into Yang Y -function (1.1),as follow:
(elvElaO)ﬂ(eiaEi)g (elaEz)ﬁ)

(fi, Fy)i (f5 )1

Applying the relationships above in Theorem (2.1) to Theorem (2.2), we get the following corol-
laries:

Tymmn |t =y (3.1)

v;u;t‘

Corollary 3.1. Let A > 1,0 > 0, k € N, m € Nand m — 1 < R(u) < m, then the following
results holds:

(1 - )‘70)7 (emEz)If
f]aF])(]I7(1 - )‘+N/?U)

= ()‘) m,n+1 o, (070)’(6i7Ei)Il)
;( > my”“"”‘ [m} el ‘ (fi, )1, (k, o)

1°

m,n+1 oL,
Yp+17q+1 [av sust ’(

(3.2)

Corollary 3.2. Let A > 1,0 >0, k e Ny m € N, and m — 1 < R(u) < m, then the following
results holds:

(ei7 Ei)zl)v ()‘ - U)
(/\7 0)7 (fj’Fj)(ll

— ()‘) m+1,n —0.,,.
Z() T —pr By it |0

k=0

m+1,n —o. .
Yp+l.,q+l [av sust

(eiaEi)Il)’ (1_k> U)
(170)’ (fj’Fj)llz

Similarly we will obtain results for all the theorem given above.

(3.3)

(ii) Incomplete H-Function

If we replace ¢ = v = 0 and % in place of v in (1.7) and (1.9), it reduces to the incomplete
(617Elap)7(eiaEi)g (617E17p)7(ei7Ei)12)

H-function [8], as follows:
=I7"" v
(f5: Fy)Y e [ (f5: Fy){

We get the following corollaries by applying the relationships above in Theorem (2.1) and The-
orem (2.2).

Similarly, for the upper Yang Y -function, applying the relationships outlined in Theorem
(2.3) and Theorem (2.4), we obtain the following corollaries.

Fym,n

L 0:0 (3.4)
v

Corollary 3.3.Let A > 1,0 >0, k e Ny m € N, and m — 1 < R(u) < m, then the following
results holds:

(e1, B1,p), (1 =X, 0), (e, Ei)y
(fi Fi)f, (1 =X+ p, 0)

= )‘) m,n+1 o
Z( > )\ M_l_k,)rp+1,q+l |fw

k=0

m,n+1 o
I_‘p+1,q-&-1 [a’v

(e1, Er,p), (0,0), (e, Ei)y

(f3, F3)! (ko) G-
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Corollary 34.Let A > 1,0 >0, k e Ny m € N, and m — 1 < R(u) < m, then the following
results holds:
(6] 5 El 5 p)? (€i7 El)g7 ()‘ — M, U)‘|

Fm+1,n av™°
prhatl [ (A o), (f5. F5)i
- )‘) m+1,n — (617E17p)7(ei7Ei)1277(1 _k’U)

71—‘ ? o . 36
Z( ) T\ —p+ k) prhat! lav (1,0), (f;, Fy){ GO

Similarly we will obtain results for all the Theorem given above.

(iii) H-Function

If we replace t = u = p = 0 and %} in place of v in (1.7) and (1.9), it reduces to the H-function
[8], as follows:
Fym.n

1;0;0 3.7
v

(e1, E1,0), (e, E;)S _ pgman ‘ (ei, E3)Y

(f5, F5)f i (f5, F5)f
Applying the relationships outlined in Theorem (2.3) to Theorem (2.4), we obtain the following
corollaries.

Corollary 3.5.Let A > 1,0 >0, k e Ny m € N, and m — 1 < R(u) < m, then the following
results holds:

(1=X0), (e, Eo)Y
(f5, FT, (1= A+ p,0)

= (>‘) m,n+1 o
Z() (A — p+k)HP+1’q+1 av

k=0

m,n+1 o
Hp+1,q+1 [av

(0,0), (ei, E3)Y
(fj. F )17(k o)

Corollary 3.6. Let A > 1,0 >0, k e Ny m € N, and m — 1 < R(u) < m, then the following
results holds:

(3.8)

(eiin)]lgv (/\ - /1'70)
()‘70)7 (fj7 F])(lz
(ei, E))7, (1 —k,0)

%) )\) m+1,n I
Z( ) 0=+ ) st [ (1), (Fi. )

Similarly we will obtain results for all the Theorem given above.

m+1,n —o
Hy g [av

3.9

(iv) Incomplete Meijar’s G-Function
Ifwereplacet =u=0,E;=1(i=1,---,p),F; =1(j = 1,--- ,q),0 = 1 and ! in place of v
in (1.7) and (1.9), it reduces to the incomplete Meijar’s G-function [7], as follows:

)P P

(el7l7p)7(eq'b7l)2 — (F)GZZ,(,ITL v (617p)7gel)2 . (3.10)
(f5, D (f3)f

Applying the relationships above in Theorem (2.1) to Theorem (2.2), we get the following corol-

laries:

Corollary 3.7.Let A > 1,0 >0, k e Ny m € N, and m — 1 < R(u) < m, then the following
results holds:

1

Oy mn | -:0;0
’ v

(el’p)7 (1 - )‘)7 (el)g
(fj)(ll’ (1 - /\+/~L)

— (1 (M) (T') ym,n+1
= Goltgr |V
O<k> T(A—p+k) —ptha

p+1,q+1

() Gm7n+1 [GU

(617p>a0’ (el)g 311
(f)ik ] GD
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Corollary 3.8. Let A > 1,0 >0, k e Ny m € N, and m — 1 < R(u) < m, then the following
results holds:

A= p)
(F)Gm-‘rl,n av—l (61’ )7 (61) ’ ( 2
prlatl [ A ()Y
)‘) () ~ymA+1,n —1 (el?p)’(ei)g’(l _k)
= - bgmnth . 3.12
Z( ) T —pt k) wbast |9 L) o
Additionally, using the following functional connection [15], if we substitute a = —a, m =1,

n=p,q=q+l,e; > (1 —¢) (i=1,---,p)and f; = (1= f;)(j =1,---,¢q)in(2.1) and (2.5),

(r )YLP 1;O;O ‘ (1 - el?Elvp)a(l - ei7qu)12)
v (031)7(17fj;Fj)1

p,q+l1 ’

(fjaFj>(1]

_ ¢(F) |"U ‘ (1 _615E17p)7 (ei7Ei)127
- p

(3.13)
we obtain the following corollaries:

Corollary 3.9. Let A > 1,0 >0, k e Ny m € N, and m — 1 < R(u) < m, then the following
results holds:

(1) (elvElvp)a(l_Avg)v(eiyEi)g
P+“/’q+1 v

(fi, F)f, (1 =X+ p,0)
(N (r) (e1, E1,p),(0,0), (ei, Ei)§
_Z< > LA —p+k) PV (f5, By, (k, o)

Corollary 3.10. Let A > 1,0 >0, ke N, m € N, and m — 1 < R(p) < m, then the following
results holds:

p+1 1/’51131 [U

(3.14)

(elvElv ) ()‘ H, o ) (ei’Ei)g

(fi, F5)1, (A o)
_ ) () v (el’Elap)’(l _k7‘7)(ei7Ei)g
Z ( ) + k) P+l’(/}q+] [ (fjaFj)(lla (170_)

Once more, using the relation [15], if we substitute ¢ = 1 in (3.14) and (3.15) with F; = 1,
(t=1,---,pand F; =1,(1=2,--- ,q),

] . (3.15)

1 l—ep,l 1 —e;1)8 )Y
Oy e =100 ‘ t=enlo)h(=eul)y| _p p (lene)leds (3.16)
' v (071)’(1711]'71)1 (fj)l;
where, C? g: L FE )) consequently, the following corollaries are obtained:

Corollary 3.11. Let A > 1,0 > 0, k e N, m € N, and m — 1 < R(u) < m, then the following
results holds:

F(l _)‘) r (el’p)v(l _/\)’(ei)g; av
(1= A+ ) PP ()9 (1= A+ p):

Gy (e1,0),0, (€:)5;
_Z< ) I'(A—p+k)(k) p+1Fq+1l (ks 2 av]. (3.17)

Corollary 3.12. Let A > 1,0 > 0, k e N, m € N, and m — 1 < R(u) < m, then the following
results holds:

TA—pw) &
T)\)P+l q+1

(F)T A
= <u> AEYACEION

_ \P.
(elap)v)‘ /’L7. (ez)z» av]

—\k A —p+k)

(1 1

(e1,p), 1 =k, (e:)3: av] _ (3.18)
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For example, by substituting p = 2,q = 1, and p = ¢ = 1 into (3.17) and (3.18), we obtain
the following results involving incomplete Gauss’s and Kummer’s hypergeometric functions:

Example 3.13. Let A > 1,0 > 0,k € N,ym € N,and m — 1 < R(u) < m, then the following
results holds:

USRI [(el,m,(l—n,ez;w]

T=2+0) 7| A=A+
5[ Y (e1,0),0,e2;
— 2 (k;) T\ —p+ k)C(k) 3 l ook av] . (3.19)

Example 3.14. Let A > 1,0 > 0,k € N,m € N, and m — 1 < R(u) < m, then the following
results holds:

(A —p) T l(eup)a A — e (w]

I'()) Ji A
_ S H r()\)r(l _k) (6170)71 7ka62;
o Ao Rl At A

Example 3.15. Let A > 1,0 > 0,k € N,m € Nand m — 1 < R(u) < m, then the following
results holds:

NUEPVIS [(el,m,u»;w]

T(1 =X+ u) fi, 1 =X+ u;
3 ([ ') (e1,p),0;
— 2 (k) T\ — o+ k)(k) P ook av} ) (3.21)

Example 3.16. Let A > 1,0 > 0,k € N,m € N, and m — 1 < R(u) < m, then the following
results holds:

F(/\—H) (61,0)7)\—/11;
ROV Bt ]
_N (B EEA k) L (erp) T ks
= ;) (k) TO— k) 2 [ ol av] . (3.22)

Theorems (2.3) and Theorem (2.4) may also have special instances that can be deduced.

4 Conclusions

In this research paper, we have applied the Leibniz rule for the Riemann-Liouville type fractional
derivatives to develop certain expansion equations for incomplete Yang Y -functions. Special
cases of our main results, presented in Section 3, demonstrate their broader applicability to var-
ious special functions such as the H-function, incomplete Meijer’s G-function hypergeometric
functions and the Fox-Wright function under appropriate parameter conditions. This demon-
strates how the findings are flexible and widely applicable in the field of special functions and
their extensions.
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