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Abstract In this paper, we have developed a comprehensive set of generating functions for
the incomplete Yang Y -functions. These generating functions are derived through various tech-
niques and provide insight into the functional relationships and properties of the incomplete Yang
Y -functions. Bilateral and linear generating relations have been established, enabling a deeper
understanding of these functions and their applications. The results obtained in this study are
generalized, offering a broad spectrum of potential utility in mathematical and applied contexts.

1 Introduction and definitions

Special functions are particular mathematical functions, and the field of special functions is
vast. Special functions are widely used in engineering and other fields. The emergence of new
challenges in engineering and applied sciences has driven the steady evolution of this extensive
area of study. In line with the needs and interests of the academic and scientific communities,
the present study explores various aspects of these functions and their potential applications.

In certain situations, working with a continuous function can be significantly simpler than
dealing with a series. Therefore, generating functions that are linear, bilinear, and bilateral play
a crucial role in analyzing the beneficial properties of the sequences they produce. Generating
functions have numerous applications, including their use in recurrence equations, combinatorial
problems, and physics. Examples include equations such as Hermite, Legendre, Laguerre, and
other types of equations, which are applied in various fields.

Researchers from diverse disciplines have shown considerable interest in the extensive appli-
cations of generating functions, particularly in connection with special functions. The literature
provides several techniques for generating functions involving special functions (see [1, 2, 3, 4]).
Inspired by the work referenced in [5], this article introduces specific generating functions in the
form of linear and bilateral functions involving incomplete Yang Y-functions. To establish the
main results, we first review some of the fundamental concepts available in the literature.

One of the most studied functions is the Yang Y-function. The H-function was initially
developed by Fox, and the Yang Y-function serves as an extension of the H-function. In this
study, we derive certain generating functions involving the incomplete Yang Y-function of the
Mellin-Barnes type contour [6].

The Yang Y-function [6], recognized as a generalized hypergeometric function, is defined
using a contour integral.
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here u, v, w are complex number and a contour L in the complex plane the orders p, q,r, s are
nonnegative integers so that 0 < p < s, 0 < ¢ < r the parameters F,, > 0, F,, > 0 are positive
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and e;, fj,i = 1,---,r;j = 1,---, s are arbitrary complex which are satisfying the following
conditions:
Ei(fj+o)# Filei—o — 1), (1.3)

(0,0 €Ng(0,1,2---);i=1,2,3---7;5=1,2,3---5).

Our new step here will be to remember about the that familiar incomplete function ~v(p, §) and
I'(p,§) are defined as ( see [7, 8])

5
v(p,d) :/ kP~le kdk, (R(p) > 0,6 > 0), (1.4)
0
and
[C(p,d) = /Oo kP~ te kdk, (R(p) > 0,6 > 0), (1.5)
é

respectively.
Definitions of incomplete gamma function (1.4) and (1.5) easily yield to following decomposi-
tion formula:

v(p,8) +T'(p,0) =T(p), (R(p) >0). (1.6)

2 The incomplete Y-functions

Here, In this paper, we present the Yang Y-function corresponding incomplete Y-functions using
the incomplete gamma functions in Egs. (1.4) and (1.5). The incomplete Y-functions are defined
as follows:
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where
P (s, 5) - T(1 = e+ Ew,0) I, T(f; = Fv)|[[1LC(1 - ¢; + Ejv)] o

[H;‘=p+1 Ll —f;+ ij)]H§=q+1 [(e; — Ejv)

The incomplete Y-functions 7Y (w;v;u) and "Y,?,7(w;viw) in (2.1) and (2.3) exist for all
6 > 0 under the same contour and the same sets of conditions as stated above.
The decomposition formula that follows is easily obtained from these definitions:

YR (w;iviu) + YV (wi v u) = VP (w; vy u). (2.5)
The result from Equation (2.5) is equal to the Equation (1.1), hence Yang Y-function follows
incomplete function.
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We now go over some fundamental properties of the incomplete Yang Y-functions. The
incomplete Yang Y-functions defined in (2.1) and (2.3) exist for all 4 > 0, under the set of
conditions given by Yang [6] with

A >0, |arg(w;v;u)| < Ag,

P s
A=>"F; - ZF+ZE—ZE
Jj=1 Jj=p+1 Jj=q+1

3 Main results

We developed several new generating functions for the incomplete Yang Y-functions in this
section.

Theorem 3.1. If p,q,r,s € Nowith0 < g < 7,0 < p <5, E; (j=2,---, r-1), Fj (j=2,---, 5)
€ R and e;, fj, k € C then the following linear generating relation holds:
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Proof. To prove the result, let us take the left-hand side of (3.1)
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write incomplete Yang Y-function in terms of Mellin-Barnes type contour integral, we obtain
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p=0 H

now, change the order of the summation and integration, then after some calculation, we have

LHS — L/ [r(1 —els—l— Ev, 8)[IT%_, T(f; _Fj:i]l 4LI0(1 — ¢ + Ejv)]
L Gy a0 = fi + Bl T2y [D(e; — Ejv)]

27
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n=0 H

using the following generalized binomial expansion formula;

> (“f‘ 1) M= (10

we have

LHS = a

— )" / [C(1—e1+ B, O[T, T(f; — F] T [0(1 — ej + Ejv)]
L [Tyt DO = f5 + E) T2 [D(es — Ejv))
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Tk —
X W(wl (1 =1)" e’ v dy,
lastly, we derive the right-hand side of Theorem 3.1 ’s claim (3.1) using (2.3) continuing to follow
the related Theorem 3.1 process and then using the definition (2.1). The following Theorem 3.2
about the lower incomplete Yang Y-functions is obtained. O

Theorem 3.2. If p,q,7,s € Nowith 0 < g <r,0<p<s E;(j=2,---, r-1), Fj (j=2,---, 5)
€ R* and e;, f;, Kk € C then the following linear generating relation holds:

(e1, En39), (€5, Ej)ar—1, (K + 11,0)

Z K+ B = 1 'YYf’;q wiviu t,u
n=0 H 7 (H+M71)7(fj’Fj)2,s
— (1 _ t)—K, 'YY;P:;I ’LU(l _ t),’U,U; (el’El;(S)’ (Gj, Ej)Z,r—]’ (K” 0) . (32)
’ (ﬁ71)7(fj7Fj)2,s

Theorem 3.3. If p,q.r,s e Nowith0 < ¢ <r,0<p<s E;(j=2,---, 1), Fj (j=1,---, s) ¢ R"
and o, B, e;, f; € C then the following linear generating relation holds:

[67 1+ a+] m
ZP (ks kz (1772377¢[k1(—n) ]
2 k(U)o | (0 FEO (0 Bilar | 63
(fijj)],s

where,
n=t(1+n)" gls] =307, Qus™, ()., is an arbitrary complex sequence and

[n/m]
n 7n(k1 ) k"z) Z (_n)mkS)'kk{C

k=0
(61,E2;5) (704 - (B + l)n,f), (ej’ Ej)zﬂ“
(fJ7 )157( a—b’n—mk,{)

Proof. To prove the result, we initially use the Mellin-Barnes type contour integral form of the
incomplete Yang Y-function defined in (2.3), we have

w Ty patl -
Yr+1 s+1 [k27v’u

[n/m

l+a+(B+1)n+¢&v)
Py (K, ka) O(v,0)k; e’ V"
m(k1k2) 2772/ . {ZF (14+a+ Bn+mk+&v)

X (=1) e Qi kf Y, (3.4)

where, ©(v, 0) is given in (2.4), substituting (3.4) into the LHS of the bilateral generating relation
(3.3) and after changing the order of the summation and integration, we get

tm
I—ZPO“B ki, ko) i 2m/®1/5 ky Ve vt

n=0
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at+tiv+(B+Dn) (=) e ekt }
X{r;)( n )t ;) (U tatévt By )™ 3.5)

on using Srivastava’s result [9];
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with @« = a+ v and D, — T'(k 4 1).Qy, k > 0 using (3.5) we obtain;
a+l >
ZQ R (—n)m* / O(v,0)k; " (1 4+ 1) e v dy, (3.6)
27rz

where n = t(1 +n) L
Finally, using the definition of (2.3) and ¢[s] we get the desired result (3.3) following Theo-
rem 3.4 about the lower incomplete Yang Y-functions is obtained. O

Theorem 3.4. If p,q,7,s € Nowith0 < ¢ <r,0<p<s E;(j=2,---,r), F; (j=1,---, s)
€ R" and o, 8, e, f; € C then the following linear generating relation holds:

ipa B (ky, kz)t—, = mw[lﬁ(—n)m]

ot 1—pn
1 aE;(Sa ‘,E‘ r
Y2 k(1 m)svsa | 0 FEO) (0 B (3.7)
(fijj)l,s

where,
n=t(1+n) gls] =307 Qus", (), is an arbitrary complex sequence and

3

v/m]
n7n(k17k2) (7n)mk,gkk{€

?
(==}

(e1, E2;0), (—a — (B4 1)n,§), (ej, Ej)a.r
(f]a )1 ‘U( O‘*Bn*mkvg)

Theorem 3.5. If p,q,7,s € Nowith0 < ¢ <, 0<p <5, E; (j=2,---, 1), F(j=1,---, 5)
e R" and o, B, ¢j, f;, w € C then the following linear generating relation holds:

Yy p.q+l oy
X Yr+1 s+1 [kz’v’u

oo o (L)

n=0

o[k (=n)™ (1 +n)"]

T2 [ka(1 4 ) vr | (0 E1 0 (€0 i (3.8)
" (fis Fis

where,
n=t(1+n)"" gls] =307 Qus™, (Qn),—, isan arbitrary complex sequence and

[n/m)]
Qb (ws ki, ky) = Z (1) mr Qi kT

k=0

(e1, E130), (—a — (B + 1)n — wk, &), (ej, Ej)ar
(f5: Fjis, (—a = Bn — (w+m)k,§)

Ty Pt -
erﬁ s+1 [kQ, v, u
Proof. To prove the result, we initially use the Mellin-Barnes type contour integral form of the
incomplete Yang Y-function defined in (2.3) we obtain

[n/m

. 1+a+ (B+1)n+ v+ wk)
Qnm(w kl’kz /®V6 {Z F —|—a—|—ﬁn+(w—|—m)k+£l/)

X (=) i Qi kT Ty (3.9)
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where, ©(v, ) is given in (2.4), substituting (3.9) into the LHS of the bilateral generating relation
(3.8) and after changing the order of the summation and integration, we get

I= ZQ%&U) ki, k2 ] 2m/®u5 ky Ve’ vt x

{i <a+£u+(ﬁ+1)”> tn.%ﬂ (=n)mr(1+ @+ vE+ (8 “)”)“”“Qkk{c}du, (3.10)

n=0 n k=0 (1+a+fu+[3n)(w+m)k

using Srivastava and Bushman’s result [10];

> (a +(8+ 1)n> . [’g ()i + @+ (84 )

n (1 +a+ﬁn)(m+w)k

n=0 k=0

1 + a+l1
= LD b (™)1 + )
with a — «a + v and we have from (3.10)
1 a+1
1= gy 1+ )] ¢ g [ Ok et () G

where n = t(1 4 7)°+L.
Finally, using the definition of (2.3) and ¢[s] we get the desired bilateral generating relation
(3.8). |

Theorem 3.6. If p,q,7,s € Nowith0 < ¢ <r, 0<p <s E; (j=2,---,71), F; (j=1,---, 5)
€ R" and o, B, ¢j, fj,w € C then the following linear generating relation holds:

ik (1+n)a+1
045 P S A _aa\m w
nz%Q (w; kl»kZ)n! = A el (=n)™ (1 +n)*]
Y2 ka1 4 p)svra | (0 FE0) (o B (3.12)
(fijj)l,s

where,
n=t(14+n)" " gls] =30 Qns", (Qn),—, isan arbitrary complex sequence and

[n/m)]
0B (wiky, ko) = Z (—=1) mr Qi kY

k=0

(e1, E1;0), (—a = (B4 1)n, €), (¢, Ej)a,r
(fis Eirss (—a = fn = (w+ m)k, &)

Remark 3.7. If we set w = 0 then we get Theorem 3.3 and Theorem 3.4.

<Yy Patl -
XY e lkﬁv,u

Remark 3.8. If weseta« = A — 1,3 =0and n = ¢t/(1 — ¢) in the Theorem 3.3 and Theorem 3.4
we get the below Theorem 3.9 and 3.10.

Theorem 3.9. If p,q,r,s € Nowith0 < ¢ <r,0<p <s E; (j=2,---,71), F; (j=1,--- , s)
€ R™ and A, ej, f; € C then the following linear generating relation holds:

. E;6),(1—A— "
S om (Y (ko | (0 FEOM A = m ) (6 B 12
n=0 (fj7 j)l,s n!
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-0 2 [ ()

k:O
ryT+l,ls kz Sviu (617E1;5)7 (1 - - n 5) (ej’ )2,7" ’ (313)
poat (1 _t)f (fj) ]) 1,s
where, o™ (1) = ZZ(;n] ( > Q.7 and (Qk> . is an arbitrary complex sequence.
mk n=
Theorem 3.10. If p,q,r,s c Nowith0 < ¢ <r,0<p <s E; (=2, ---,7r), Fj(j=1, --- , s)
€ R™ and A, ¢j, f; € C then the following linear generating relation holds:
Zo_m ’YY',PJﬁtl kz;v;u (617E1;6) (1 -A-n 5) (6]7 )Z,T Ln'
(f5: Fi)is n:
s Q mak
[ ()]
k:O
k E 56 9 1_ - ) r
7YT+ilS 2 SvLu (617 1 ) ( n 5) (eJ )2, , (314)
P (1 =) (f3s s

n <. .
where, o) 0 (mk) Q7" and (Qk)n70 is an arbitrary complex sequence.

4 Special cases

In this section, as specific cases of the theorems involving the incomplete Y -function, the Y-
function, the incomplete H-function, and the H-function, we derive the following results. By
specifying certain parameters, we obtain special cases that illustrate the application of the fun-
damental results.

(i) Yang Y-function:- If we replace 6 = 0 in the (2.1) and (2.3) then it reduces Yang Y-
function(1.1),as follow:

(61,E],0),(€j,Ej)5 (6j7Ej>T
(f5 F5)i (i, F5)i

Applying the relationships outlined in Theorem (3.1) to Theorem (3.10), we obtain the following
corollaries.

Y wivsu 7,8 @.1)

=YPa [w;v;u

Corollary 4.1. If p.q,r,s e Nowith0 < ¢ < r,0<p < s, E; (j=1,---, r-1), Fj (j=2,---, 5)
€ R" and e;, f;, k € C then the following linear generating relation holds:

(e

pn=0 H

(ejan)l,r—la (/Q + 122 O)

tH
(’i+/v’/7 1)7(fj7Fj)2,s

w; v U

= (1-0 vz

w(l —t);v;u (4.2)

‘ (ej, Ej)r—1, (k,0)
("@ 1)’ (fj’Fj)Z,s

Similarly we will get results for all the Theorem given above.

(ii) Incomplete H-Function:- If we replace v = v = 0 and % in place of w in (2.1) and
(2.3), it reduces to the incomplete H-function [11], as follows:

Ty 1;0;0 (617E125)7(6];Ej)5 — ypa w‘(BI;EH(S)»(ej;Ej); 43)
w (f5: Fy)3 (f5, Fy)3

)
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Applying the relationships outlined in Theorem (3.2), Theorem (3.4), Theorem (3.6) and
Theorem (3.10), we obtain the following corollaries.

Similarly for upper Yang Y-function, applying the relationships outlined in Theorem (3.1),
Theorem (3.3), Theorem (3.5) and Theorem (3.9), we obtain the following corollaries.

Corollary 4.2. If p,q,r,s € Nowith0 < ¢ < r,0<p<s, E; (j=2,---, r-1), Fj (j=2,---, 5)
€ R* and e;, f;, k € C then the following linear generating relation holds:

- -1
Z (K) + 1% > "Yf;‘g |:LU
1%

n=0

(617E1;5)7 (ejij)Z,r—la (/9 + ,U,,O)

tH*
(K‘ + u, 1)7 (fj7Fj)2,8

(4.4)

_ )R AP (] — (el’El;(S)’(ej’Ej)Qﬂ“*lv(’iao)
—(1-1) 7[ (1) | (0B B ]

Similarly we will get results for all the Theorem given above.

(iii) H-Function:- If we replace u = v = 6 = 0 and i in place of w in (2.1) and (2.3), it
reduces to the H-function [12], as follows:

Typa 1;0;0 (ehEl;O)a(ejaEi)g (4.5)
*lw (fj, F5)}

:H’p,g w ‘ (ej’Ej)T

Applying the relationships outlined in Theorem (3.1) to Theorem (3.10), we obtain the following
corollaries.

Corollary 4.3. If p,q,r,s € Nowith0 < g <r,0<p<s E;(j=1,---, r-1), Fj (j=2,---, s)
€ R and e;, f;, k € C then the following linear generating relation holds:

i(/@—i—u—l) Hfsq [w

n=0 H
— (1—t)~" HP? [w(l — 1)

(ejan>l,'r—17 (K + ‘U,O)

t#
("€ + s 1), (fj’ Fj)2,s

(ejij)l,r—la (’%50)

4.6
(5 1), (5, Fy)a 0

Similarly we will get results for all the Theorem given above.

5 Conclusion

In this work, we derived bilateral and linear generating functions involving incomplete Yang Y -
functions. The results obtained are consistent with expectations and demonstrate the robustness
of the approach. These outcomes are general in nature, offering the flexibility to produce specific
cases that involve various well-known special functions, such as the H-function, G-function,
Fox-Wright function, and hypergeometric functions, under appropriate parameter conditions.
This highlights the versatility and broad applicability of the results within the realm of special
functions and their extensions.
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