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Abstract In this paper, we have given the SIHR (Susceptible, Infected, Hospitalized and Recovered)
model for infectious disease by using the Caputo fractional operator. Fractional order modeling’s main advan-
tage is that it examines the model’s memory and non-local impacts. In this, we discuss the model’s positivity
and boundedness in terms of Caputo-fractional order derivatives. The disease-free and endemic equilibria are
described in order to make the proposed model more efficient. To examine the sensitivity, global stability and
local stability parameters, the fundamental reproduction number (R0) is also computed. The main advantage
of this study is that we describe the fundamental aspects of the new fractional order model in order to evaluate
its sensitivity and stability.

1 Introduction

In the past and even in the present, infectious illness outbreaks have consistently been among the major causes
of death. The economic and social well-being of many countries, particularly those with lower incomes, is
significantly impacted by infectious diseases. Rural residents are subject to an increased chance of death as
a result of inadequate medical facilities. Many newly developing and reemerging infectious diseases in the
population spread through direct contact between susceptible and infected individuals. Alternative models of
epidemics have been proposed all around the world by the authors. Several mathematical models that have
been proposed for healthcare facilities do not adequately handle the impact of hospital bed scarcity during an
expanding epidemic. Njankou et al. [1] investigated the dynamics of Ebola virus transmission when hospital
beds are limited. Therefore, understanding the importance of easily accessible permanent hospital beds with
limited medical intervention facilities is the aim of our research. We examine the effects of treatment plans and
hospital bed availability within the constraints of restricted resources during the outbreak using a segmented
model of a susceptible, infected, hospitalized and recovered population. Mathematical modeling is a useful
field that enables us to use mathematical equations to express a variety of natural and scientific processes.
Fractional calculus modeling in mathematics has been widely employed in recent years to investigate the
dynamic properties of various biological and physical systems. More precise model explanations are often
found in fractional calculus.
Fractional modeling is one of the many mathematical models frequently employed in the study of infectious
illnesses. Because fractional models can capture more complex dynamics than typical integer-order models,
they are becoming increasingly significant in the study of communicable diseases. The following are the
primary justifications for why fractional models are necessary in infectious disease modeling: Heterogeneous
Population Dynamics, Memory and Hereditary Effects, Non-Local Behavior, Parameter Optimization and the
Complexity of Modeling. Therefore, fractional contagious disease models are essential for comprehending
and treating illnesses with intricate, memory-dependent and non-linear dynamics. They offer a more precise
and adaptable framework for examining how infectious illnesses are managed and affect society across time.
Brauer et al. [2] A group of derivative equations of non-integer order makes up the fractional derivatives
system. Gottfried Wilhelm Leibniz originally presented these in a letter to Guillaume de L’Hôpital. Leibniz
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asked whether the first half-derivative ( where κ = 1
2 ) appears in the letter. Among the different types of

fractional derivatives that we can recognize by Ross [3] are the Caputo derivative, the Caputo-Fabrizio (CF)
derivative and the Atangana-Baleanu (AB) derivative. The dynamic properties of numerous biological and
physical models have been thoroughly studied in recent years using fractional calculus mathematical modeling.
Numerous disciplines exhibit it, including the fractional-order Newell-Whitehead-Segel equation Iqbal et al.
[4], the brain tumor problem, vector-borne illness model Abboubakar et al. [5] and Hussain et al. [6], oxygen
diffusion problem Gour et al. [7], HIV infection of CD4+ cells Aavani et al. [8], and Alshammari et al. [9].
There are various kinds of models in mathematics. employed to investigate infectious illnesses, including
fractional modeling, is frequently utilized by Brauer et al. [2]. The mathematical modeling of infectious
diseases is crucial in epidemiology for examining disease dynamics and proposing disease control strategies.
The concept of fractional calculus has been widely applied in recent decades to investigate the dynamics of
real-world situations across various scientific fields, as noted by Beard et al. [10]. The kernels of fractional
calculus are non-local and non-singular.In order to determine whether employing control techniques was both
highly feasible and economically feasible, they looked into how the basic reproduction number (R0) affected
the control strategy. Therefore, in order to reduce disease at the lowest possible cost, we increase hospital
beds, treatment alternatives and knowledge as a dynamic control.
The present article consists of ten sections. The paper’s introduction and background are presented in Section
1, while Section 2 provides fundamental definitions, significant lemmas and theorems related to fractional
calculus. In Section 3, we defined the infectious disease SIHR model using the Caputo fractional operator.
The positivity and boundedness of the solution to the mathematical model are covered in Section 4. The
DFE and EE points are two important equilibrium points that are presented in Section 5. Section 6 discusses
persistence. In which all populations will persist and none will finally go extinct. Section 7 discusses stability
analysis, which covers both local and global stability. In Section 8, we discuss sensitivity analysis. The
solution’s discussion and numerical simulation are included in Section 9. In this, we numerically solve the
infectious fractional disease model. Our theoretical findings are validated through numerical simulations using
MATLAB software. The solution’s conclusion is included in Section 10.

2 Preliminaries

In this section, we provide an overview of the definitions of the Riemann-Liouville, Caputo and Caputo-
Fabrizio (CF) fractional operators, as well as important lemmas and theorems on fractional calculus that are
necessary for this study.
Caputo et al. [11] give the Caputo and Fabrizio fractional order derivative, which has an exponential function
in the kernel and has no singularity.
This derivative defined on the following set H1(e, f) = [g|g ∈ L2(e, f) and g′ ∈ L2(e, f), where L2(e, f) is the
space of square-integrable functions on the interval (e, f).
Definition 1: Kilbas et al. [12] Let g ∈ H1(e, f) and κ ∈ (0, 1). Then the fractional derivative of Caputo-
Fabrizio is defined as follows

CFDκ
t (g(t)) =

N (κ)

1 − κ

∫ t

e

g′(x)exp

[
−κ

t− x

1 − κ

]
dx, (2.1)

where N (κ) is a function for normalization that ensures N (0) = N (1) = 1. However, if g /∈ H1(e, f),

Consequently, the derivative is described as follows

CFDκ
t (g(t)) = κ

N (κ)

1 − κ

∫ z

e

(g(t)− g(x))exp

[
−κ

t− x

1 − κ

]
dx. (2.2)

Definition 2: Daftardar [13] Let κ ∈ (0, 1] and consider a function Y : [e, f] → R. The left- and right-sided
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Riemann–Liouville fractional integrals of order κ > 0 are defined as follows.

eI
κ
t (Y(t)) =

1
Γκ

∫ t

e

(t− s)κ−1Y(s)ds (2.3)

and

tI
κ
f (Y(t)) =

1
Γκ

∫ f

t

(s− t)κ−1Y(s)ds, (2.4)

where e < t ≤ f < ∞ and Γ(.) is the gamma function of Euler.
Definition 3: Teodoro et al. [14] Let κ ∈ (0, 1] and suppose Y : [e, f] → R is a given function. Then, for
κ > 0, the corresponding left- and right-sided Riemann–Liouville Fractional derivatives are defined as follows

RL
e Dκ

tY(t) =
dn

dtn
(eI

n−κ
t Y(t)) =

1
Γ(n− κ)

(
d

dt
)n
∫
et
(t− s)n−κ−1Y(s)ds (2.5)

and
RL
t Dκ

f Y(t) =
dn

dtn
(tI

κ
f Y(t)) =

(−1)n

Γ(n− κ)
(
d

dt
)n
∫ f

t

(s− t)n−κ−1Y(s)ds. (2.6)

Definition 4: Teodoro et al. [14] Consider a function Y: Cn[e, f] → R where n − 1 < κ ≤ n, n ∈ Y.
Consequently, the following definitions apply to the left and right Caputo fractional derivatives of order κ > 0,
respectively

C
eD

κ
tY(t) =

1
Γ(n− κ)

∫ t

e

(t− s)n−κ−1Y(n)(s)ds, (2.7)

C
t D

κ
f Y(t) =

1
Γ(n− κ)

∫ f

t

(s− t)n−κ−1Y(n)(s)ds. (2.8)

Theorem 1: For κ ∈ (0, 1] and Y : R+ × Rn → Rn. consider the form of a fractional order system
cDκ

tY(t) = f(t,Y(t)),

Y(0) = Y0. (2.9)

The equilibrium points of the fractional order system are locally asymptotically stable if all eigenvalues
λi(i = 1, ..., n) of the Jacobian matrix ∂f

∂Y computed at the equilibrium points of the fractional order sys-
tem satisfy | arg(λi)| > κπ

2 .

Theorem 2: Assume that ∀ t > 0,Y : [0, f] → R is a function such that n − 1 < κ ≤ n. The relation-
ship between Caputo fractional derivatives and Riemann-Liouville fractional derivatives is always as follows

RL
0 Dκ

tY(t) =C
e Dκ

tY(t)) +
n−1∑
κ=0

Y(κ)(0)
Γ(α− κ+ 1)

t(α−κ) (2.10)

and
RL
t Dκ

f Y(t) =C
t Dκ

f (Y(t)) +
n−1∑
κ=0

Y(α)(f)

Γ(α− κ+ 1
(f− t)(α−κ). (2.11)

Thus, if Y(0) = Y
′
(0) = ... = Y(n−1)(0) = 0, then RL

0 Dκ
tY(t) =C

e Dκ
t (Y(t))

and if Y(f) = Y
′
((f)) = ... = Y(n−1)((f)) = 0, then RL

t Dκ
f Y(t) =C

t Dκ
f (Y(t)).

Lemma 1 : Ameen et al. [15] Suppose that Y : [0,T] → R and 0 < κ ≤ 1, thus
C
t D

κ
T(Y(t)) =C

0 Dκ
T(Y(T− t)). (2.12)

Lemma 2: Li et al. [16] If V(t) ∈ R+ is a differentiable function then for any t < 0

CDκ
t [V(t)−V∗ −V∗ln

V(t)

V∗ ] ≤ (1 − V∗

V(t)
)CDκ

tV(t),V∗ ∈ R+,∀κ ∈ (0, 1). (2.13)

In the next section, we present the fractional infectious disease compartment model SIHR along with its flow
chart. Also, we discuss the parameters, biological description and values of the parameters and sources in
Table 1.
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3 Mathematical Model

This section utilizes the Caputo fractional order derivative to develop a non-linear, four-dimensional infectious
disease model. The symbol for the overall population, represented as N(t), is separated into four compart-
ments s.t. the susceptible class S(t), the infected class I(t), the hospitalized class, H(t) and the recovered
class R(t). Susceptible people S(t), who are at risk of contracting the virus but have not yet contracted it.
I(t) stands for infected individuals, who are presently infected and able to spread the illness. People in hospi-
tals H(t) stands for the number of hospitalized and self-isolated infected patients receiving treatment. Those
receiving treatment, living alone and ceasing to socialize are included in this group. People in the recovery
class R(t) are not susceptible or contagious. Consequently, N(t) = S(t)+I(t)+H(t)+R(t) gives the total
population of the compartment model.
We proposed the fractional order SIHR model of the infectious disease. The main advantage of the proposed
fractional order model is that we get the knowledge of the disease dynamic memory effect and the local effect
of the proposed model.

C
eD

κ
tS = ℵκ − ϑκSI− (ςκ + γκ)S+ ϱκI,

C
eD

κ
t I = ϑκSI− (ςκ + τκ + ζκ + ϱκ)I− K1

κ(Ha −H)I,

C
eD

κ
tH = K1

κ(Ha −H)I− (ςκ + τκξκ)H− aκH

1 + bκH
, (3.1)

C
eD

κ
tR = ζκI+

aκH

1 + bκH
+ γκS− ςκR.

along with initial conditions

S(0) = S0 ≥ 0,I(0) = I0 ≥ 0,H(0) = H0 ≥ 0,R(0) = R0 ≥ 0. (3.2)

ℌ

𝔖 ℑ ℜ
ℵ 𝜗

𝜚

𝜁

𝜍 + 𝜏

𝜍

𝜍

𝜏𝜉

𝛾

𝜍
𝕒ℌ

1 + 𝕓ℌ

𝔎1(ℌ𝕒 − ℌ)

Figure 1: SIHR-Model

In the next section, we will discuss the positivity and boundedness of the fractional order model (FOM)
(3.1). Boundness indicates the restriction of natural growth because of scarce resources, while positivity
indicates the population’s survival.
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Table 1. The list of parameters, biological description, values and sources.

Parameter Description Value per day source

ℵ Constant birth rate 15 people Kumar et al. [17]

ϑ Infection rate 0.000455 per person Kumar et al. [17]

ς Individuals die 0.01 Kumar et al. [17]

τ Infected individuals die 0.25 Kumar et al. [17]

ϱ Treatment cure rate 0.3 per person Assumed

γ Individuals are vaccinated 0.02 Assumed

Ha hospital bed capacity 100 Kumar et al. [17]

K1 Occupancy of hospital beds 0.1 per person Kumar et al. [17]

ζ Infected individuals recover 0.021 Kumar et al. [17]

ξ disease-induced death 0.0001 Kumar et al. [17]

a Care intensity 0.02 Kumar et al. [17]

b Resource insufficiency 0.02 per person Kumar et al. [17]

4 Positivity and boundedness of solutions of the model

In this section, we prove FOM (3.1), for which we show that all variables are positive and bounded for all
t > 0. However, this compartmental model indicates that R does not affect variables S,I or H. For a more
thorough investigation, consider the following fractional order model:

C
eD

κ
tS = ℵκ − ϑκSI− (ςκ + γκ)S+ ϱκI,

C
eD

κ
t I = ϑκSI− (ςκ + τκ + ζκ + ϱκ)I− K1

κ(Ha −H)I, (4.1)

C
eD

κ
tH = K1

κ(Ha −H)I− (ςκ + τκξκ)H− aκH

1 + bκH
.

Theorem 3: The closed region Γ = {(S(t),I(t),H(t),R(t)) : S(t) ≥ 0,I(t) ≥ 0,H(t) ≥ 0,R(t) ≥
0,N(t) ≤ (ℵς )

κ} is a set of positive invariants in the FOM (4.1) for κ ∈ (0, 1].
Proof: To demonstrate the positivity and boundness of the system FOM (4.1) solution. We possess

C
eD

κ
tS(t)|S=0 = ℵκ + ϱκI > 0,

C
eD

κ
t I(t)|I=0 = 0 ≥ 0,

C
eD

κ
tH(t)|H=0 = K1

κHaI > 0.

Since N = S+ I+H, is the total population, we obtain

C
eD

κ
tN(t) = ℵκ − ςκ(S+ I+H)− γκS− (τκ + ζκ)I− τκξκH− aκH

1 + bκH
,

C
eD

κ
tN(t) ≤ ℵκ − ςκ(S+ I+H),

C
eD

κ
tN(t) ≤ ℵκ − ςκ(N),

N(t) ≤ (
ℵ
ς
)κ.

Here, we clearly obtain N(t) is bounded as 0 < N(t) ≤ (ℵς )
κ. Therefore, this region is positively invariant.

This demonstrates that the model’s solution is bound. As a result, FOM (4.1) is both epidemiologically signif-
icant and mathematically sound.
The positivity of equilibrium points and the fundamental reproduction number are determined in the next
section.



Analysis of Infectious Fractional Disease Model 269

5 Equillibria analysis

Equilibrium Points: The equilibrium points show the dynamics of infection in the given system of disease
model. Equilibrium points are of two types: disease-free equilibrium and endemic equilibrium.

• Disease-free equilibrium (DFE) points, which means there is no disease in the population and it typically
occurs when the number of infected and hospitalized individuals is zero. In this article, we denote the
DFE by E0 = (S0, 0, 0), where S0 = ℵκ

ςκ+γκ .

Now we calculate the reproduction number at DFE point E0 = (S0, 0, 0).
Reproduction Number: It is the average number of secondary infections produced by a single infected
individual in a completely susceptible population and denoted by R0. It provides a measure of how
contagious or transmissible a disease is. Here, to calculate the reproduction number R0, we consider the
following disease class equations:

C
eD

κ
t I = ϑκSI− (ςκ + τκ + ζκ + ϱκ)I− K1

κ(Ha −H)I,

C
eD

κ
tH = K1

κ(Ha −H)I− (ςκ + τκξκ)H− aκH

1 + bκH
. (5.1)

To calculate R0 first, we compute the disease-associated term matrix F(x) and non-disease associated
term matrix V(x) as follows:

F(x) =

ϑκS 0

0 0

 ,

V(x) =

−(ςκ + τκ + ζκ + ϱκ)− K1
κ(Ha −H) K1

κI

K1
κ(Ha −H) −K1

κI− (ςκ + τκξκ)− aκ

(1+bκH)2

 .

Also, the Jacobian matrices F(x) and V(x) at the DFE point E0 = (S0, 0, 0) are:

F =

 ϑκℵκ

ςκ+γκ 0

0 0

 ,V =

−(ςκ + τκ + ζκ + ϱκ)I− K1
κHa 0

K1
κHa −(ςκ + τκξκ + aκ)


and

FV−1 =

 ϑκℵκ

(ςκ+γκ)((ςκ+τκ+ζκ+ϱκ)I+K1
κHa)

0

0 0

 .

Now, the reproduction number is the spectral radius of the next-generation matrix gives by Driessche et
al. [18] and Chowell et al. [19], i.e.

R0 =
ϑκℵκ

(ςκ + γκ)(ςκ + τκ + ζκ + ϱκ + K1
κHa)

. (5.2)

The reproduction number indicates that the disease does not spread throughout the population if R0 ≤ 1.
On the other hand, the disease continues to exist in the population if R0 ≥ 1.

• Endemic equilibrium (EE) is the state where the disease persists in the population at a constant level.
Here we represent the EE as E1 = (S∗,I∗,H∗).

By equating the right side of system (4.1) to zero, we get the endemic equilibrium (EE) points E1 = (S∗,I∗,H∗)

as follows:
S∗ =

ℵκ + ϱκI

ϑκI+ (ςκ + γκ)
(5.3)

I∗ =
(ςκ + τκξκ)H+ aκH

1+bκH

K1
κ(Ha −H)

, (5.4)
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and

H∗ = [(ςκ + τκ + ζκ + ϱκ + K1
κHa −

ϑκ(ℵκ + ϱκI)

ϑκI+ ςκ + γκ
]

1
K1

κ . (5.5)

Now we obtain a cubic equation in H∗ by substituting the I∗ value from Eq. (5.4) into Eq. (5.5).

M1H
3 + M2H

2 + M3H+ M4 = 0, (5.6)

where
M1 = bκϑκM− bκK1

κQ,

M2 =
bκϑκM

K1
κ (E− ϱκK1

κ)− bκϑκ(aκHa + ℵκK1
κ) + ϑκaκ + K1

κQ(2bκHa − 1) + bκQE,

M3 = (E+ K1
κHa)(

ϑκ

K1
κ (M+ aκ)− (bκHa − 1)Q) + K1

κQHa + 2ϑκϱκM+ ϑκℵκK1
κ(bκHa − 1)− aκ,

M4 = Q(E+ K1
κHa)(R0 − 1)

and
Q = ςκ + γκ,

E = ςκ + τκ + ζκ + ϱκ,

M = ςκ + τκξκ.

M,Q and E are always positive for the parameter value that is provided in Table 1. Notably, M1 is always
positive if, bκϑκM > bκK1

κQ,M4 > 0 if R0 > 1 and M4 < 0 if R0 < 1. Every possible outcome of the
cubic equation having a specific number of positive roots in accordance with Descartes’ sign rule is covered
in Table 2.
We talk about persistence in the next section. In mathematical modeling, persistence often refers to a system’s

Table 2. Different scenarios illustrating the number of positive solutions of Eq. (5.6).

Cases M1 M2 M3 M4 Number of feasible positive roots

+ + + - 1

+ + - - 1

+ - - - 1

R0 < 1 - + + - 2,0

- + - - 2,0

+ - + - 3,1

- - - - 0

- - + - 2,0

+ + + + 0

+ + - + 2,0

+ - - + 2,0

R0 > 1 - + + + 1

- - + + 1

- + - + 3,1

+ - + + 2,0

- - - + 1

or process’s capacity to hold onto particular attributes, like population sizes, throughout time or under various
circumstances.
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6 Persistence

In this part, we now demonstrate the system’s persistence using the average Lyapunov function approach [20].
Simply said, persistence means that no population will eventually become extinct and that all populations will
endure.The concept of persistence describes how the consequences of previous states or events continue to
affect a system’s current state even after those states or events have ended.
Theorem 4. The uniform persistence of system (3.1) is guaranteed if R0 > 1.
Proof: The average Lyapunov function for system (3.1) can be viewed as ℶ(S,I,H) = Sq1Iq2Hq3 , where
the constants qi, i = 1, 2, 3 are positive.
We now have

ρ(S,I,H) =
C
eD

κ
t (ℶ(S,I,H))

ℶ(S,I,H)
,

= q1
C
eD

κ
tS

S
+ q2

C
eD

κ
t I

I
+ q3

C
eD

κ
tH

H
,

=
q1
S

(ℵκ − ϑκSI− (ςκ + γκ)S+ ϱκI) +
q2
I
(ϑκSI− (ςκ + τκ + ζκ + ϱκ)I− K1

κ(Ha −H)I)

+
q3
H
(K1

κ(Ha −H)I− (ςκ + τκξκ)H− aκH

1 + bκH
).

For any choice of qi > 0, i = 1, 2, 3, it is necessary to verify that ρ(S,I,H) is positive at each boundary
equilibrium. This condition guarantees the uniform persistence of the system.

ρ(E0 = (
ℵκ

ςκ + γκ
, 0, 0)) = q1

ςκ + γκ

ℵ
[ℵκ − ℵκ] + q2

ϑκℵκ

ςκ + γκ
(ςκ + τκ + ζκ + ϱκ + K1

κHa) + q3.0,

ρ(E0) = q2(ς
κ + τκ + ζκ + ϱκ + K1

κHa)[R0 − 1].

Thus ρ(E0) > 0 if R0 > 1.
As a result, system (3.1) is consistently persistent.
In the next section, we analyze stability, including both local and global stability. Stability is essential for
dynamic systems to be understood and their behavior predicted. Local stability is crucial for understand-
ing system behavior under minor perturbations, whereas global stability is required to ensure robustness and
reliability over the full range of potential scenarios.

7 Stability analysis

This section discusses the analytical criteria for measuring the DFE and EE’s stability both locally and globally.
Local stability in fractional calculus looks at how the system responds close to an equilibrium point, whereas
global stability takes into account how the system behaves across the whole state space and for every initial
condition. First, we locate the necessary Jacobian matrix and after that, we ascertain the eigenvalues sign.

J =


−ϑκI− (ςκ + γκ) −ϑκS+ ϱκ 0

ϑκI −(ςκ + τκ + ζκ + ϱκ + K1
κ(Ha −H)) K1

κI

0 K1
κ(Ha −H) −K1

κI− (ςκ + τκξκ)− aκ

(1+bκH)2

 .

(7.1)
Local Stability
Theorem 5. For κ ∈ (0, 1], E0 = ( ℵκ

ςκ+γκ , 0, 0) is stable under small perturbations in Γ if R0 ≤ 1, and
otherwise equilibrium losses stability.
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Proof: We calculate the matrix J at the DFE point E0 = ( ℵκ

ςκ+γκ , 0, 0) .

JE0 =


−(ςκ + γκ) −ϑκS+ ϱκ 0

0 −(ςκ + τκ + ζκ + ϱκ + K1
κHa) 0

0 K1
κHa −(ςκ + τκξκ + aκ)

 . (7.2)

The eigenvalues of Eq. (7.2) are

λ1 = −(ςκ + γκ), λ2 = −(ςκ + τκ + ζκ + ϱκ + K1
κHa), λ3 = −(ςκ + τκξκ + aκ).

The above equation contains three eigenvalues with negative real components such that the condition | arg(λi)| =
π > κπ

2 is satisfied for i = 1, 2, 3. Therefore according to Theorem (2) we can say, if R0 ≤ 1, then E0 is stable
under small perturbations.
Theorem 6. For κ ∈ (0, 1], E1 = (S∗,I∗,H∗) is locally asymptotically stable in Γ if R0 ≥ 1, and otherwise
unstable.
Proof: The Jacobian matrix FOM (3.1) at the endemic equilibrium point E1 = (S∗,I∗,H∗) is

J(E1) =

(
−ϑκI∗−(ςκ+γκ) −ϑκS∗+ϱκ 0

ϑκI∗ −(ςκ+τκ+ζκ+ϱκ+K1
κ(Ha−H∗)) K1

κI∗

0 K1
κ(Ha−H∗) −K1

κI∗−(ςκ+τκξκ)− a
κ

(1+bκH∗)2

)
. (7.3)

The characteristic polynomial of J(E1) can be written as follows:

P (λ) = λ3 +D1λ
2 +D2λ+D3, (7.4)

where
D1 = (ϑκ + K1

κ)I∗ +Q+ E+ F+M+G,

D2 = E(K1
κI∗ +Q+G)+F(M+G+(ϑκI∗ +Q))+ (ϑκI∗ +Q)(K1

κI∗ +M+G)−ϑκI∗(ϱκ −ϑκS∗),

D3 = (ϑκI∗ +Q)((E+ F)(K1
κI∗ +M+G)− K1

κI∗Q) + ϑκI∗((ϱκ − ϑκS∗)K1
κI∗ +M+G)

and
Q = ςκ + γκ,

E = ςκ + τκ + ζκ + ϱκ,

F = K1
κ(Ha −H∗),

M = ςκ + τκξκ,

G =
aκ

(1 + bκH∗)2 .

Here, we can see that D1 > 0,D2 > 0 if E(K1
κI∗+Q+G)+F(M+G+(ϑκI∗+Q))+(ϑκI∗+Q)(K1

κI∗+

M + G) > ϑκI∗(ϱκ − ϑκS∗) and D3 > 0 if (E + F)(K1
κI∗ +M + G) > K1

κI∗Q when R0 ≥ 1. Thus,
the eigenvalues of a matrix J(E1) have negative real portions in accordance with the Routh-Hurwitz criterion
[21]. Therefore κ ∈ (0, 1), the endemic equilibrium point of FOM (3.1) is locally asymptotically stable in Γ.

Global Stability
Now, we examine the global stability at disease-free equilibrium (DFE) and endemic equilibrium (EE) points
by using the Lasalle invariance theorem as given by Zhang et al. [22].
Theorem 7. The disease-free equilibrium E0 is globally asymptotically stable, if R0 ≤ 1,K1 = 0 and ϱ = 0
hold.
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Proof: Here, we used the method outlined by Akuka et al. [23]. Consider a Lyapunov function B(t) as
follows:

B(t) = (S−S0 −S0ln
S

S0
) + I+H),S0 =

ℵκ

ςκ + γκ
. (7.5)

Applying Lemma (2) and the Caputo fractional derivative in the above Eq. (7.5) gives

C
eD

κ
tB(t) ≤ (1 − S0

S
)CeD

κ
tS(t) +C

e Dκ
t I(t) +

C
e Dκ

tH(t). (7.6)

When we enter the value from the model (4.1) into the equation above, we obtain

C
eD

κ
tB(t) ≤ −(ςκ + γκ)

(S−S0)2

S
+ ϑκS0I− ϱκI

S0

S
+ ϱκI+ K1

κHaI

−(ςκ + τκ + ζκ + ϱκ + K1
κHa)I− (ςκ + τκξκ)H− aκH

(1 + bκH)
,

= −(ςκ + γκ)
(S−S0)2

S
− ϱκI

S0

S
+ ϱκI+ K1

κHaI+ (R0 − 1)(ςκ + τκ + ζκ + ϱκ + K1
κHa)I

−(ςκ + τκξκ)H− aκH

(1 + bκH)
. (7.7)

Every solution finally tends to the biggest positive invariant subset of the collection E = ((S,I,H)|CeDκ
tB(t) =

0), by the Lasalle invariance principle. It follows that

C
eD

κ
tB(t) < 0 if R0 ≤ 1, K1 = 0, ϱ = 0 and S,I,H > 0,

while
C
eD

κ
tB(t) = 0 when S = S0,I = I0 = 0,H = H0 = 0.

On this set, the states are given by

S0 =
ℵκ

ςκ + γκ
, I = 0, H = 0.

Therefore, all trajectories asymptotically approach the disease-free equilibrium (DFE).
The rate of hospital bed occupancy and treatment cure rate are zero when the disease does not continue to

exist in the system (4.1). As a result, the DFE has global asymptotic stability.

Theorem 8. If the following inequality is true, then the unique endemic equilibrium E1 = (S∗,I∗,H∗),
if it exists, is globally asymptotically stable:

(−(ϑκS∗ + ϱκ)

S
)2 < X1X2,

K1
κ(Ha −H)

H
< X2X3,

where

X1 =
2(ϑκI+ ςκ + γκ)

S
,

X2 = 2R0((S−S∗) +
Kκ
1

ϑκ
(H−H∗))

and

K =
ℵκ(I− I∗)

(ςκ + γκ)(ςκ + τκ + ζκ + ϱκ + K1
κHa)

.

Proof: Here, we used the method outlined by Kumar et al. [24]. The Goh–Volterra form Vargas-De-Leon
[25] of the Lyapunov function is described as follows:

L = (S−S∗ −S∗ln
S

S∗ ) + K(I− I∗ − I∗ln
I

I∗ ) + (H−H∗ −H∗ln
H

H∗ ), (7.8)
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where K is an appropriately chosen positive constant.
Applying Lemma (2) and the Caputo fractional derivative in the above Eq. (7.8) gives

C
eD

κ
t L(t) ≤ (1 − S∗

S
)CeD

κ
tS(t) + K(1 − I∗

I
)CeD

κ
t I(t) + (1 − H∗

H
)CeD

κ
tH(t). (7.9)

Applying system (4.1) in the above equation, we get

C
eD

κ
t L(t) ≤ (1 − S∗

S
)(ℵκ − ϑκSI− (ςκ + γκ)S+ ϱκI) + K(1 − I∗

I
)

(ϑκSI− (ςκ + τκ + ζκ + ϱκ)I−K1
κ(Ha −H)I) + (1 − H∗

H
)(K1

κ(Ha −H)I− (ςκ + τκξκ)H− aκH

1 + bκH
).

C
eD

κ
t L(t) ≤ B1 +B2 +B3.

The following are the values of B′
is by basic algebraic calculations:

B1 = −(ϑκI+ ςκ + γκ)

S
(S−S∗)2 − (ϑκS∗ + ϱκ)

S
(S−S∗)(I− I∗),

B2 = K(ϑκ(S−S∗)(I− I∗) + Kκ
1(H−H∗)(I− I∗)),

B3 =
K1

κ

H
(Ha −H)(H−H∗)(I− I∗)− (K1

κI+ ςκ + τκξκ)

H
(H−H∗)2 − aκ(H−H∗)2

H(1 + bκH)(1 + bκH∗)
.

ThenCeDκ
t L(t) can be written as

C
eD

κ
t L(t) = −1

2
b11(S−S∗)2 + b12(S−S∗)(I− I∗)− 1

2
b22(I− I∗)2

−1
2
b11(S−S∗)2 + b13(S−S∗)(H−H∗)− 1

2
b33(H−H∗)2

−1
2
b22(I− I∗)2 + b23(I− I∗)(H−H∗)− 1

2
b33(H−H∗)2,

where

b11 =
2(ϑκI+ ςκ + γκ)

S
, b12 = −(ϑκS∗ + ϱκ)

S

b22 = 2R0((S−S∗) +
Kκ
1

ϑκ
(H−H∗)), b13 = 0,

b23 =
K1

κ(Ha −H)

H
, b33 =

2
H
((K1

κI+ ςκ + τκξκ) +
aκ

(1 + bκH)(1 + bκH∗)
).

Sufficient requirements for CeDκ
t L(t) being negative definite according to the Sylvester criterion are as follows:

b12
2 < b11b22, (7.10)

b13
2 < b11b33, (7.11)

b23
2 < b22b33. (7.12)

It follows that bii > 0, ∀ i = 1, 2, 3, 4, 5 since Xi > 0, ∀ i = 1, 2, 3, 4, 5. Here, b13 = 0 suggests that Eq. (7.11)
is true. We can satisfy Eq. (7.10) and (7.12) if we choose K = ℵκ(I−I∗)

(ςκ+γκ)(ςκ+τκ+ζκ+ϱκ+K1
κHa)

. This implies that
the global asymptotic stability of the endemic equilibrium E1 = (S∗,I∗,H∗) is present.
The analysis of sensitive parameters, which determines which input parameter is most impacted by the model’s
output, is covered in the next section. Sensitivity analysis can be used to optimize, quantify uncertainty, and
enhance model robustness by determining which factors have the most significant effects on the model’s
predictions or behavior.
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8 Sensitivity analysis

This section examines the sensitivity of the parameters influencing the basic reproduction number R0, demon-
strating that changing one parameter also changes the R0. In mathematical modeling, sensitivity analysis is
a crucial tool. It indicates which input parameters are most affected by the model’s output. It allows the
researchers to see which parameters in the numerical simulation need more attention. To determine the sen-
sitivity index, we apply the differentiation of the reproduction number approach. Therefore, we can say that
when the parameter changes, the sensitivity analysis is utilized to quantify how much the variable changes. To
assess each FOM (3.1) we use the normalized forward sensitivity index approach to the parameter’s signifi-
cance about the disease incidence as specified in Rosa et al. [26].
Defination. The parameters for our model (3.1) are determined by the normalized forward sensitivity index
of R0, Chitnis et al. [27].

χR0
υ =

υ

R0

∂R0

∂υ
, (8.1)

where χR0
υ represents the sensitivity index of reproduction number (R0) concerning any parameter υ.

Thus, the important parameters for altering the fundamental reproduction numbers are indices ℵ, ϑ, ς, τ, ϱ, γ,Ha,K1, ζ, ξ, a

and b.
By Eq. (5.2) the reproduction number R0 for order (κ = 1) is

R0 =
ϑℵ

(ς + γ)(ς + τ + ζ + ϱ+ K1Ha)
,

In the classical case (κ = 1), the sensitivity index of R0 concerning the parameter, ℵ, χR0
ℵ ,is calculated as

follows:

χR0
ℵ =

[
∂

∂ℵ

(
ϑℵ

(ς+γ)(ς+τ+ζ+ϱ+K1Ha)

)](
ς(ς+γ)(ς+τ+ζ+ϱ+K1Ha)

ϑℵ

)
= 1.

χR0
ς = − ς(2ς + γ + τ + ζ + ϱ+ K1Ha)

(ς + γ)(ς + τ + ζ + ϱ+ K1Ha)
= −0.33427,

χR0
τ = − τ

ς + τ + ζ + ϱ+ K1Ha

= −0.023629,

χR0
Ha

= − K1Ha

ς + τ + ζ + ϱ+ K1Ha

= −0.94517.

Similarly, other sensitive parameters ϑ, ϱ, γ,K1, ξ, a and b can be calculated. Using the parameter values from
Table 1, the sensitivity index values of R0 for compartmental model parameters assessed at DFE for FOM
(3.1) are presented in Table 3.

Table 3. Model parameter sensitivity indices for κ = 1.
Parameter Value χR0

υ

ℵ 15 1
ϑ 0.000455 1
ζ 0.021 -0.00019848
Ha 100 -0.94517
ς 0.01 -0.33427
τ 0.25 -0.023629
K1 0.001 -0.94517
γ 0.02 -0.666667
ϱ 0.3 -0.02835

By Table 3, we get χR0
ℵ = 1 and χR0

ϑ = 1; this shows that the value of R0 is directly correlated with the
parameters ℵ and ϑ. For example, a 5 % increase or decrease in the value of ℵ, ϑ, will result in a 5 % increase or
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decrease in the value of R0. Conversely, χR0
γ = -0.666667, which indicates an inverse relationship between R0

and the parameter γ. This indicates that for the fractional order κ = 1, a slight percentage increase (decrease)
in the value of γ will result in the decrement (increment) in R0. Similarly, we can see another parameter
ζ,Ha, ς, τ,K1, ϱ.
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Figure 2: Sensitivity indices of the R0.

However, the derivative order κ ∈ (0, 1) determines the sensitivity index of FOM (3.1) parameters. The
sensitivity index of the model parameters is significantly impacted by the influence of the fractional derivative
order κ ∈ (0, 1) on model parameters γ and ϱ. The sensitivity indexes of γ and ϱ show their impact on
R0 concerning κ, being highly sensitive to the fluctuation of κ. Conversely, the other sensitivity indices
ℵ, ϑ, τ,Ha,K1 and ζ are significantly less susceptible to changes in the fractional-order κ. As the fractional
derivative order κ declines, the sensitivity of the fractional order model decreases in absolute value, making it
less sensitive than the integer order model.

9 Numerical Simulation and Discussion

In recent years, numerous novel analytical techniques have been developed to resolve the nonlinear fractional
derivative models that have been applied as real-world issue models. This section will outline the Euler
technique constructed in [28] and then use it to derive numerical solutions for the fractional disease model
(3.1) for a range of realistic parameter values and fractional orders.
consider the nonlinear FDE problem

C
t0
Dκ
tY(t) = f(t,Y(t)), 0 ≤ t < T,

Y(n)(0) = Yn
0 , n = 0, 1, 2, 3, ..., [κ]− 1. (9.1)

The numerical scheme for the equation above is constructed as

Yn = Y0 +
h

Γ(κ+ 1)

n−1∑
j=0

(bj,n)f(tj,Y(tj)), (9.2)
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where bj,n = (n− j)κ − (n− j− 1)κ.
The Caputo fractional derivative of FOM (3.1) can be numerically solved as follows:

S(tn) = S0 +
hκ

Γ(κ+ 1)

n−1∑
j=0

bj,n(ℵκ − ϑκSI− (ςκ + γκ)S+ ϱκI),

I(tn) = I0 +
hκ

Γ(κ+ 1)

n−1∑
j=0

bj,n(ϑ
κSI− (ςκ + τκ + ζκ + ϱκ)I− K1

κ(Ha −H)I),

H(tn) = H0 +
hκ

Γ(κ+ 1)

n−1∑
j=0

bj,n(K1
κ(Ha −H)I− (ςκ + τκξκ)H− aκH

1 + bκH
), (9.3)

R(tn) = R0 +
hκ

Γ(κ+ 1)

n−1∑
j=0

bj,n(δ
κI+

aκH

1 + bκH
+ γκS− ςκR).

The defined model (3.1) was numerically simulated using MATLAB programming. Eq.(9.3), which constructs
the numerical simulations, is intended to demonstrate the behaviors for κ = 0.80, 0.90 and 1.00. For simula-
tion purposes, we take the time range to be [0, 30] and we show the solution graph of FOM (3.1) for step size
h = 0.02 with starting population S(0) = 300,I(0) = 100 and H(0) = 70. These graphs show the stability of
the model for the DFE point.
Using the parameters ℵ = 5, ϱ = 0.2 and other parameters same as Table 1, we get the disease-free equilibrium
point E0 = (S0,I0,H0) = (166.66, 0, 0) and the fundamental reproduction number R0 = 0.77775 < 1. By
applying the parameter values from Table 1 and considering different fractional orders, the eigenvalues of Eq.
(7.2) were computed numerically. When κ = 0.80, the eigenvalues are λ1 = −0.068853, λ2 = −1.180257 and
λ3 = −0.0690615. For κ = 0.90, the results are λ1 = −0.045424, λ2 = −0.886408 and λ3 = −0.0454967. At
κ = 1.00, the eigenvalues of the Jacobian matrix J(E0) are λ1 = −0.03, λ2 = −0.681 and λ3 = −0.030025.
Since all eigenvalues are negative in each case, the equilibrium point E0 is locally asymptotically stable for
κ = 0.80, κ = 0.90, and κ = 1.00. Consequently, the system tends toward the disease-free equilibrium, which
is illustrated in Figure 3.
Figure 3(a) shows that the susceptible population will be disease free over the time, while figures 3(b) and
figure 3(c) show that the infected and hospitalized individuals are becoming extinct with time and 3(d) shows
a recovery rate increase with time. In figure 3 the red, blue and green lines are for κ = 0.8, 0.9 and 1.0,
respectively. Also from figure 3, we can observe that the solution graph of the proposed SIHR model gives
more accurate graph for fractional order and as κ approaches to one, the graph also approaches to the classical
order κ = 1.

In figure 4 we are using the parameters value ℵ = 10 and other parameters are used from Table 1. After
computation, we get R0 = 1.5695 > 1, which demonstrates that the illness is widespread throughout the
population. In figure 4 (a), the susceptible population doesn’t go extinct with time and can be reduced when
κ is of fraction order κ = 0.8, 0.9 (red and green lines in graph), although the susceptible population can not
vanish for R0 > 1. Similarly, Figure 4(b) shows that when the order of differentiation lowers, the number of
infectious individuals reduces as well. As red line shows the minimum infected population for fractional order
(κ = 0.8) and the blue line shows maximum infected population for classical order (κ = 1.0). The similar
observation can be done for 4 (c) and (d).

10 Conclusion

In the current study, we have examined and researched mathematical models and techniques for infectious
illness estimates with nonlinear incidence and saturation treatment cure rates. Fractional models have the
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Figure 3: Using parameter values from the evolution of (a) susceptible(S), (b) infected(I), (c) hospitalized(H)
and (d) recovered(R) trajectories for FOM (3.1) with varying fractional derivative order κ for R0 = 0.77775 <

1.
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Figure 4: Using parameter values, the dynamic behavior of (a) susceptible(S), (b) infected(I), (c)
hospitalized(H) and (d) recovered(R) trajectories for FOM (3.1) with varying fractional derivative order
κ = 0.80, 0.90 and 1 for R0 = 1.5547 > 1.

potential to capture more intricate dynamics in the study of infectious diseases than standard integer-order
models. Fractional infectious disease models are therefore crucial for understanding and managing diseases
with complex, memory-dependent and nonlinear dynamics. We used a fractional infectious model because
it offers a more precise and adaptable framework for researching the spread and management of infectious
illnesses. The nonlinear mathematical model of susceptible, infected, hospitalized and recovered classes is
examined in this work. The primary benefit of fractional order modeling is that it explores the model’s memory
and non-local effect. We examined the limited number of hospital beds in the affected area. Knowing whether a
solution exists is crucial in all biological models since it establishes the requirements for a non-linear problem’s
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positivity and ensures the solution is unique. Two non-negative equilibrium points are found in the defined
model: a DFE point (E0) and an EE point (E1). We calculate R0 to find how contagious a disease spreads in
the population and also use it to estimate the spread of infection. In infectious disease models, the EE R0 > 1
and the DFE R0 < 1 have been examined for local stability because they clarify how solutions respond under
various initial conditions. The endemic and disease-free equilibria also contribute to global stability. An
infectious disease model’s global stability is crucial because it can provide insight into the dynamics of the
illness and the circumstances in which it might persist. We calculate sensitive parameters because we can find
which input parameter is most affected by the model’s output. The behavior of the model is readily visible in
the numerical simulation.

References

[1] S. D. Djiomba Njankou, F. Nyabadza, Modelling the potential impact of limited hospital beds on ebola virus disease
dynamics, Mathematical methods in the applied sciences 41 (18) (2018) 8528– 8544.

[2] F. Brauer, C. Castillo-Chavez, C. Castillo-Chavez, Mathematical models in population biology and epidemiology, Vol. 2,
Springer, 2012.

[3] B. Ross, The development of fractional calculus 1695–1900, Historia Mathematica 4 (1) (1977) 75–89.

[4] N. Iqbal, A. M. Albalahi, M. S. Abdo, W. W. Mohammed, Analytical analysis of fractional-order Newell-Whitehead-Segel
equation: A modified homotopy perturbation transform method, Journal of Function Spaces 2022 (1) (2022) 3298472.

[5] H. Abboubakar, A. K. Guidzava¨ı, J. Yangla, I. Damakoa, R. Mouangue, Mathematical modeling and projections of a
vector-borne disease with optimal control strategies: A case study of the chikungunya in Chad, Chaos, Solitons Fractals
150 (2021) 111197.

[6] S. Hussain, E. N. Madi, N. Iqbal, T. Botmart, Y. Karaca, W. W. Mohammed, Fractional dynamics of vector-borne infection
with sexual transmission rate and vaccination, Mathematics 9 (23) (2021) 3118.

[7] M. Gour, L. Yadav, S. Purohit, D. Suthar, Homotopy decomposition method to analyze fractional hepatitis B virus infec-
tion model, Applied Mathematics in Science and Engineering 31 (1) (2023) 2260075.

[8] P. Aavani, L. J. Allen, The role of CD4 T cells in immune system activation and viral reproduction in a simple model for
HIV infection, Applied Mathematical Modelling 75 (2019) 210–222.

[9] S. Alshammari, N. Iqbal, M. Yar, Fractional-view analysis of space-time fractional fokker-planck equations within caputo
operator, Journal of Function Spaces 2022 (1) (2022) 4471757.

[10] N. Beard, A. Hill, Combined “test and treat” campaigns for human immunodeficiency virus, hepatitis b, and hepatitis
c: a systematic review to provide evidence to support World Health Organization treatment guidelines, in: Open Forum
Infectious Diseases, Vol. 11, Oxford University Press US, 2024, p. ofad666.

[11] M. Caputo, M. Fabrizio, A new definition of fractional derivative without singular kernel, Progress in Fractional Differ-
entiation and Applications 1 (2) (2015) 73–85.

[12] A. Kilbas, Theory and applications of fractional differential equations, North-Holland Mathematics Studies 204 (2006).

[13] V. Daftardar-Gejji, Fractional calculus and fractional differential equations, Springer, 2019.

[14] G. S. Teodoro, J. T. Machado, E. C. De Oliveira, A review of definitions of fractional derivatives and other operators,
Journal of Computational Physics 388 (2019) 195–208.

[15] I. Ameen, D. Baleanu, H. M. Ali, An efficient algorithm for solving the fractional optimal control of sirv epidemic model
with a combination of vaccination and treatment, Chaos, Solitons and Fractals 137 (2020) 109892.

[16] Y. Li, Y. Chen, I. Podlubny, Stability of fractional-order nonlinear dynamic systems: Lyapunov direct method and gener-
alized mittag–leffler stability, Computers and Mathematics with Applications 59 (5) (2010) 1810–1821.

[17] A. Kumar, A. Gupta, U. S. Dubey, B. Dubey, Stability and bifurcation analysis of an infectious disease model with
different optimal control strategies, Mathematics and Computers in Simulation 213 (2023) 78–114.

[18] P. Van den Driessche, J. Watmough, Further notes on the basic reproduction number, Mathematical epidemiology (2008)
159–178.

[19] G. Chowell, F. Brauer, The basic reproduction number of infectious diseases: computation and estimation using compart-
mental epidemic models, Mathematical and statistical estimation approaches in epidemiology (2009) 1–30.



280 A. Kumawat and G. Agarwal

[20] T. Gard, Persistence in food webs, in: Mathematical Ecology: Proceedings of the Autumn Course (Research Semi-
nars), held at the International Centre for Theoretical Physics, Miramare-Trieste, Italy, 29 November–10 December 1982,
Springer, 1984, pp. 208–219.

[21] E. X. DeJesus, C. Kaufman, Routh-Hurwitz criterion in the examination of eigenvalues of a system of nonlinear ordinary
differential equations, Physical Review A 35 (12) (1987) 5288.

[22] X. Zhang, X. Liu, Backward bifurcation of an epidemic model with saturated treatment function, Journal of mathematical
analysis and applications 348 (1) (2008) 433–443.

[23] P. N. Akuka, B. Seidu, E. Okyere, S. Abagna, Fractional-order epidemic model for measles infection, Scientifica 2024 (1)
(2024) 8997302.

[24] A. Kumar, U. S. Dubey, B. Dubey, Modeling the effect of vaccinations, hospital beds, and treatments on the dynamics
of infectious disease with delayed optimal control and sensitivity analysis, The European Physical Journal Plus 139 (8)
(2024) 1–41.

[25] C. Vargas-De-Le´on, Volterra-type Lyapunov functions for fractional-order epidemic systems, Communications in Non-
linear Science and Numerical Simulation 24 (1-3) (2015) 75–85.

[26] S. Rosa, D. F. Torres, Fractional-order modeling and optimal control of cholera transmission, Fractal and Fractional 5 (4)
(2021) 261.

[27] N. Chitnis, J. M. Hyman, J. M. Cushing, Determining important parameters in the spread of malaria through the sensitivity
analysis of a mathematical model, Bulletin of Mathematical Biology 70 (2008) 1272–1296.

[28] L. B. Dano, P. R. Koya, T. D. Keno, Fractional optimal control strategies for hepatitis b virus infection with cost-
effectiveness analysis, Scientific Reports 13 (1) (2023) 19514.

Author information

A. Kumawat, Department of Mathematics and Statistics, School of Physical and Biological Sciences, Manipal University Jaipur,
India.
E-mail: asha.2410180008@muj.manipal.edu

G. Agarwal, Department of Mathematics and Statistics, School of Physical and Biological Sciences, Manipal University Jaipur,
India.
E-mail: garima.agarwal@jaipur.manipal.edu


	1 Introduction
	2 Preliminaries
	3 Mathematical Model
	4 Positivity and boundedness of solutions of the model
	5 Equillibria analysis
	6 Persistence
	7 Stability analysis
	8 Sensitivity analysis
	9  Numerical Simulation and Discussion
	10 Conclusion

