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The extended Voigt function with generalized hypergeometric
function and their associated properties
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Abstract In this study, our aim is to study the generalized extended Voigt function, which
involves the Bessel Maitland function and the generalized hypergeometric function. Further, its
useful property as series expression and partly bilateral and partly Unilateral of given AZ(;[)\ 0B Bg
function. We establish a number of intriguing recurrence relations between the given Voigt func-
tion and the Kampé de Fériet function, Srivastava function, and Daoust function, as well as
various generating functions that are partially bilateral and partially unilateral.

1 Introduction and definitions

The sets of positive integers, negative integers, and complex numbers, respectively, are denoted
by the symbols N, Z~ and C throughout the work.

Ny :=NuU{0} and Ly =17~ U{0}.

The literature on Special Functions contains several generalizations of the Gamma function

I'(z), the Beta function B(a, ) , the hypergeometric functions F; and ,Fj, and the gener-
alized hypergeometric functions ,.Fs; with » numerator and s denominator parameters [13, 14]
and the references cited in each of these papers).
In 1899, Voigt developed and studied the well-known Voigt functions K (z,y) and L(z,y). pri-
marily because they are used in a variety of scientific fields, including plasma physics, statistical
communication theory, neutron physics, and astrophysical spectroscopy. However, in neutron
reactions, the Doppler broadened Breit-Wigner resonances are nearly identical to the Voigt func-
tions. Furthermore, the functions

K(z,y) + iL(x,y)

is, except for a numerical factor, identical to the so-called plasma dispersion function which is
tabulated by [16] and [17].

A numerical or analytical development of the Voigt functions is necessary for many specified
physical situations. For a thorough examination of many mathematical aspects and computa-
tional approaches related to the Voigt functions, see, [18, 19, 8, 7, 1, 2, 4, 3]. For the purposes of
our present study, we begin by recalling here the following representations due to [20]:

1 o 1,2
K(z,y) = —= e Vit cos(xt) dt (1.1)
\/77/0
and
Lay) = —= [ 4 sin(at) dt (1.2)
z,y) = — e sin(z )
\/77/0
(x €R; yeRY),
so that

1 e i
K(z,y) +iL(z,y) = ﬁ/o e~ = @=3 cog(at) dt (1.3)
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and

K(z,y) —iL(z,y) \f/ ~—a)t=3t Gin (o) dt (1.4)

[8] introduced and studied rather systematically a unification(generalization) of the Voigt func-
tions K (z,y) and L(x,y) in the form:

Voo(z,y) = \/f /0 the =it I, (zt) dt (1.5)

(z,y e RT; R(p+v) > 1),

where it is well known that

2 . 2
J%(z):\/gsmz, .L%(z):\/gcosz (1.6)

K(z,y) =V (z,y), L(z,y) =V, _i(z,y) (L.7)

Subsequently, following the work of [8] closely, [21] proposed a unification of the Voigt func-
tions K (z,y) and L(z,y) in the form:

Quulz,y, 2 \/7/ theyt—=t" Jy (xt)dt (1.8)

(z.y e Ry R(u+v)>-1),
In fact, it is easily verified by comparing (1.5) and (1.8) that

Vau(z,y) = (2V2)F 102,22z, 2yv/7, 2) (1.9)

then

or, equivalently, that

‘th’/[aj,yv ] (Z\f) (110)

Vo (37 777)
Further [ [5] p. 53, Eq. (1.27)] defined the generalized Voigt function in the following form:

QnuA T, 2 \/7/ {ne—vt==t’ J“ \(xt)dt (1.11)

(z,y, 2,0 ERYR(n+ v +2X) > —1),
where J}/, (z) is well-know Bessel- Maitland function defined as follow [6].
) ( )u+2)\+2m
2

S (
m
Tialz E:()F/\+m+ DI'(v+ A+ pm+1)

(1.12)

Setting z = % in equation (1.11) retrieves the generalized Voigt function described by Srivastava
and Chen [7]. When we put A = 0 and i = 1 in equation (1.11), it reduces to the generalized
Voigt function presented by Klusch [6, 26, 25], which further reduces to the Voigt function
established by Srivastava and Miller [7]. Recently an extension of Voigt function in the modified
form involving the confluent hypergeometric function defined as [24]

2.y, 2 \f/ e Py (i B; —yt) T (at)dt (1.13)

(z,y,2, 1,0, B ERT;R(n+ v +2)) > —1),
where 1 F(«; 8; —yt) is the confluent hypergeometric function defined as follows [9] where
1F1(a; B; —yt) represents the confluent hypergeometric function defined as follows [9]

oo

1 Fy(a;b; 2) Z )um (1.14)

m' b)m

m=0
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If we set = 8 in (1.13) we get the result defined in (1.11). The Srivastava and Daoust hyper-
geometric function [23, 22] which is defined by

i D) (21 ey 2]

_ pAB'B™ [(a):6,...,00], [(b)): ¢']s...; [(B)™) 2 p(™)]
C:D"s D () s ™ [(d) 2 6 [(d) ) 2 6]

A B’
> Hj:l(aj)k]9;.+...+k"9<n)j HJ l(b )k1¢

I1
! e on =0 H;J:l(Cj)’“‘¢}+~'+’“"¢§n) HJ:l(dj)kl5§“'H?:(1)(d§'n>)k"6§") Kl "kl
the coefficients
M o0r(i=1,..,A4),¢7(=1,..,Bm),
(i) (= 1,...,0),
(iii) 07(j = 1,..., D),

VvV m € {1,...,n} are real and positive numbers, and (a) represents the array of A param-
eters ai, ..., a4, (b(™) abbreviates the array of B("™ parameters bgm) (j=1,.,B™) VY me
{1, ...,n}, with corresponding implications similar interpretations for (¢) and (d"™)(m = 1,...,n).
(y)q is the Pochhammer symbol:

I'0+a)
0)g = ———— . 1.1
(0)a () 0,a € C (1.16)
The multip]e series (1.15) converges (absolutely) either A; >0 (i =1,...,n), V z1,....,2, € C
or A; = 0 |z| < 0; (i = 1,...,n), and divergent when A; < 0 except for the trival case
z1 = = 0, where
c D A B®
Ar=1+Y 0l 43760 570 N6l (i=1,...,m), (1.17)
j=1 j=1 j=1 j=1
oi= min (E;) (i=1,..,n), (1.18)
[l sens b >0
with

(@)

{H& (i) } (2 o))

{“?1 =k Wﬁ“}%@} (26}

The special instances of (I. 15) reduces to the hypergeometric function of one variable and

Kampé de Fériet function F fn ., through the generalized hypergeometric series of two vari-

ables are provided as [23, 22]

- (ap) : (bq): (ck); > (@) rgs TIZ (05)r TT5-1(ch)s Xy
FP ; p q %, — .
:(Bq)s ()3 @] ;o () s T (Bi)e T () T 8!

(1.20)

i (@
By = (u)" "S5 52 4 (1.19)

Ifp+q<l'4+m'+1landp+k’ <l'+n’+1, this double hypergeometric series is convergent
(absolutely) for all values of X and ). Furthermore, ifif p+q = I’4+m/+1 and p+k = I'+n’'+1,
coupled with any one of the following sets of conditions:

(1) p <1, max{|X],[Y[} < I;

(id) p> 1, |X|"D +|Y|F0 < 1
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2 Generalized Extended Voigt function

Here we derive the new generalization of extended Voigt function by involving the generaliged
extended hypergeometric function defined as

AZ 2")\ a”’ﬁl""’ﬁ“ [x,y, 2 \/7/ the _Zt wlar, . ap B, By yt)Jﬁ)\(xt)dt 2.1)

(xayaz7/j/aaia6i S R+3§R(n+y+2)‘) > _1)7(’L = 17"',p7j = laaq)

where J!' | (2) is well-know Bessel- Maitland function and , F;, are generalized extended hyper-
geometr1c functlon ([10], chapter 5, eq.2) defined as

a1k, - (ap)
pFylan,  ap By By 2) Zk, 151kk,...7(g§kzk 2.2)

where (a), = a(a+1)---(a 4+ n — 1) signifies the Pochhammer symbol and o; € C, 3; €
C\Zy,i= 1,p,j = 1,q. The fundamental ratio test, when applied to the power series on the
right side of the preceding equation, reveals that

 If p < g; for all finite z, the series converges,
e If p=¢q+ 1, then for |z] = 1 and |z| > 1, the series converges and diverges, respectively.
 Additionally, for p = g + 1, the series (2.2) is

— If Re(k) > 0, then all points are absolutely convergent to the circle |z| = 1,

p
R = Z bk — Z Q.
k=1 k=1
— conditionally convergent when —1 < R(x) # 0 for |2| = 1,2 # 1 and
- If R(k) < —1 then divergent for |z| = 1

« If p > g+ 1, Only the defined function is used when the series finishes, and the series does
not converge until z = 0.

It is absolutly convergent series for all z € C when p < ¢q. when p = ¢ = 1 equation (2.1) equal
to known result.

3 Representation in Series form

We use the series representation of the confluent hypergeometric function and the Bessel-Maitland
function defined by (1.12) and equation (2.2), respectively, to derive the explicit representation
of our extended Voigt function in terms of the familiar special functions of mathematical physics.
We obtain by reversing the sequence of summation and integration,

AZ SK".7QP7BI """" P [J;,y,z] (3])

_ [\ & (=D™(@1)n--- (ap)n (=9)"(5)>"
*(E) 2 (Bi)n ..(Bq)nr()\+m+I)F(V+)\—21-/Lm+1)n!

m,n=0

% /00 tn+V+2/\+2m+ﬂe*Zt2 dit (32)
0

Using the following integral, which can be easily deduced from the well-known Euler gamma

function,
> 1 1 +
/ Pe= Pt = ~T (”) (%), (3.3)
0

2 2
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(R(z) > 0,R(AN) > —1),

adding the integral in equation (3.2), we get

Ly ey Qp Bl ey By _z_(%w)qurZ)Hr%
TI’V’)\ [J;,y,z} o 2V+2>\+%
—2\ 2™ (= \" V420414 2m4n
) Z - (ep)n <?) (73 r(w)
m.n—=0 (B TA+m+1) T+ X+ pum+1)n
(3.4)

On splitting the n-series into even and odd terms, we obtain

,( n+u+zzx+| )J;V+2)‘+%

W+20+3

o (@) () (32)7(£) T (B2 4 tn)
X { z;o (B1)an - (Bg)an (%)nl"()\—i—m+l)1“(u+)\+/¢m+l)n'

2\ M 2\ T v
) 5 oo () () (R ) )
Zm’n 0(51)2n+1 (Bq)ZnJrl (%)nr()‘+m+1) F(V+>‘+.u“m+1) n! ‘
By using the Kampe de Feriet function (1.20) in equation (3.5) is
" 8 VTS
A ,al,‘..,ap, 13+ T ,
n,vA [ Y2 = AP T(A+ DI(A +v + 1)
P:Lina (25a1)- 0 (250p); 2 P
X \T(P) Fy g U dopi 4
|: pt152g+ _. )\_’_1’ (/L,l/+>\+ ) ( 51) (2;5(1)’5; 4Z/ﬂ¢ 4z
Q- apy 1)
I (pys
B Byv/z ( 2
1
P+ =:1;A (2 -2 (2 1);
w Flt2p 3 e +1) @op+1); o v
0:pu+1;2g+1 3 dzur’ 4
— A LA (A 158 (2B + 1) 8 (28 +1), 53
(3.6)
where P = T2 and A(m; a) abbreviates the array of m parameters 2, 1 ... afmtl iy >

l.LForp=qa=a=am=-=a, =01 =5 = = (4, equation (3.5) reduces to the
explicit representation of Voigt function defined by Srivastava et al. [5, p. 55, Eq. (2.4)]. For
the same conditions, (3.6) reduces to a slightly modified version of the representation defined by
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[5] (i.e., in terms of the parameters i and A).

PrQly o ooy QU Oy ey QU
—_——————
AnJ/’)\ 2p=p+qtimes [CE, y7 Z]
U2+
:‘Q:Ly)\[xvywz]: 3 & g
e T PTA+ D)I(A + v+ 1)
P:1;—; s
1 r oy
x |D(P)FEL0 1
{ P N LA (A + 1): 53 o 4z
P+ 1 . 1. .
L o 277 =ty
Jrp r z 3.7
\[ ( + ) 0:p+151 3 42/.14“742 ( )
— A+ LA (mr+A+1); 5
(r,y, 2,40 € R, RN > =1, R(v + \) > —1,R(P) > 0).
Wheny =0andp=¢qa=a;=a, = - =a, = ] = f» = --- = 4 in equation (3.6), we
get the result:
PoQly v ooy QL QL sy QU
[ ——
Ayhul’)\ 2p=p-+qtimes [1.7 07 Z]
V23 ( P
ank[mvovz]: 3 - I )
A2 P TN+ DI(A+ v+ 1)
P:l; _2
X 2 F 11 — (3.8)

A 1,8 (psv+ A+ 1); 4zpt

(z,2,p € RTR(A) > =1L R(v+A) > —1,R(P) > 0).

where ,, Fy, is the generalized hypergeometric function [10]

4 Partly bilateral and partly unilateral of A;"> Lreoep BB pepresentation

We proceed by stating the following well-known finding [11]:
ex s+t+£t = Z ZﬁﬁF[ m+ 1;z], 4.1)
P s] £ miptt! P '

If s,¢, and = are replaced by s&2,t€2, and z£2, respectively, and both sides of the resul-

tant identity are multiplied by §"e‘z52qu(a1, co 0y By, By —wﬁ)ij’;/\ (g€) and integrating
both sides of the final derived identity with regard to £ ranging from 0 to co and exchanging the
summations and integration yields

/0 &Mexp |:_ (Z— s—1+ aj) 52] (0417"' L Qs By ’ﬁq;_wg)Jll:/\(qg)df
Z Zm’p'/ i —z? pE (i Bry ) By —wE)

m=—o00 p=0

x JU 5 (g€) 1Fi[—psm + 1527 dE. 4.2)
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On comparing equation (4.2) and equation (2.1), we get
AZV‘)\ s, ’Bq[q,w,z —s—t+ 2}
\/7 Z Zm'p‘ / n+2m+2pe—z2§ ok (041, : ap’ﬁlf' ’ﬂq’ wf)
m=—o00 p=0
I (@ Fi[—psm + 15287 d€ (4.3)
Expanding the generalized hypergeometric function ,Fy(ay, -+, ap: b1, -+, Bg; —w€) and

the Bessel-Maitland function, switching the integration and summations, and then integrating
the involved integral with the aid of the known integral formula below.

o0 > 1 ) )
/0 20 e ¢ 1 Fy (a; b; wxz)daj = E(%r <2) 2 F (a; E;b; cg) (4.4)

using the above result, we obtain

xt
Amal,--wawﬁl,mﬁq [q’ w,z—s—t+ :|
S

7,V
u+2)\+2 ) T(P+m A
Z Z - pz (ap)i +tm+p+j+3
2u+2A+2ZPm7_oop0mvp! hy = ( ﬁ)-F(A—}—j—i—l)F(u—i—)\—i—,uj—i—l)i!
x (= (=Y Fi[-p,P+m+ Fi+ L + 17 4.5)
\/2 4z 241D, m-pT) 27m s .
whereP:%z’\H,Fora:al:a2:~~:o¢p:61:52:-~~:5qequation(4.5)

reduces to the known result of Srivastava et al. [5, p. 59, Eq. (3.5)]. Now

§
z

= : P+m+
2P (A4 DI+ A+ 1) > Z {( P)

m=—00 p=0

(P+m+p:1,1,1): (a1,2), -, (0p,2);(1,1); (—p, 1); 5

o« plpill | w™ ;qz z
G2 3 2) (B, 2), <2,1>;(A+1,1),(V+A+1,u);(m+1,1); 427 4z 72
w - ap 1
FP—l— +m +
“VEBig, TP 2
1
P+m+ +7:1,1,1>: +1,2),- -, +1,2); (1,1); (—p, 1);
- (Pemens o1+ L2 LR 2 2
0:q+1;2;1 ) )
*:(,81+1,2),-~-7(ﬁq+1,2),(%,1):(/\+1,1)7(V+>\+l,u):(m+1,1); 424z e
(4.6)
where F'¢ Jf ;;f is the well-known Srivastava and Daoust function [9].

5 Generating Relations

We provide a collection of (presumably) novel generating functions in this section that are partly
bilateral and partly unilateral. By extending the L.H.S. of equation (4.6) with its assistance of
equation (3.6), it is possible to derive a generating relation between the Srivastava and Daoust
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function and the Kampé de Fériet function. We have, in fact.

P:1;A (2 s A (25 ;

(2) rer . ( %1) e
Z GRHRE N A (4 A+ 1A (238),. (225q)>§? 4Zpk 42

ooy W 1
X —I(P+ =

BBy VZ ( 2)

1
P+ —-:1;A (2 1)--- A (2; 1);

><F1:l;2p +2 ( a ) ( % ) 7q2 wa

0:1;2¢g+1 3 4Z/1,“’4Z

_:)\+17 (N’V+)‘+ ) (zﬁl_‘_l) (2;6(1_‘_1)75’

SO e,
(P+m+p:1,1,1): (a1,2), -, (0p,2); (1, 1); (—p, 1);

><P—,]p]l 1 I ;
0:q+1:2;1 :<B172)7...,(ﬁq,z),<271>;(/\—|—1,1),(V—0—/\+1,u);(m—0—1,1)§ 4z 4z 2

w? —¢* x

w g - ap 1
ET(P+p+m+
X B (P+p 5)
1
Pim+p+-:1L1L1):(ag+1,2), -, (ap+1,2);(1,1); (=p, 1);
« Flpll (P+mtp+s )i (e ) (op (L Di(=p, s 2 _g x
0:g+1;2:1 3 4z’ 4z 2
—:(,81+1,2),~~-,(,Bq+1,2),(571);(A+171)7(1/+)\+1,u);(m+1,1);
5.1

(q,w, 2,2, 1,0, B; € RT;R(a) > —1,R(v) > 0,R(P) > 0)

where Z = z — s — t + & and P = L2+ On setting ¢ = 0 in equation (5.1), we obtain
a (presumably) new relation between the generalized hypergeometric function and Kampé de
Fériet function given by

PA(25a1),...,0 (250p); W2

(3>C L(P)apy1Fagi1 1
8 (281,50 (264), 5 42

Z

1
P+§’A (2501),...,0 (250); W2

aq - ap w

1
- 6 Bq \/—F (P+ 2> 2p+lF2q+1

1 4z
L)P
Z Z v < { (P +m +p)
m! !
m=—00 p=0
P+m+pA2,01), -, A(Zap);—p; )
« plpl we T
0:2¢+1;1 1.
- A(2,51)," (2 ﬁq) sm+ 1,
w o - ap 1 ( 1)
FP+ +m+)I'(P+p+m+ =
\/*51 ( p 2) p 2
1
P+m+p+ 0 2,a0+1),-- 0 2,a,+1);-p; 5
><Flpll 2 w” T (5.2)
0:q+1:2;1 3 42 2 .

(waxwzaaivﬁj 6R+7(Z: 17 ap7.]: 17 7Q)7§R(p) >0)
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Now setting w = 0 in equation (5.2) and replacing P into C, for p = ¢,a = a; = ap =
~-:ap:ﬁl:ﬂgz---zﬁq,)\:Oanduzl
(£) p C+m+p,—p z
(2)" = > Z DGV )00 = (5.3)
m=—o0 p=0 m+ 1’ z
Now, by using the definition of Jacobi polynomials Jn [10 see p.254]
1 n —n,a+pB+n+1;1—
JP) (z) = ﬂzﬂ l x] (5.4)
n! a+1; =z

equation (5) reduces to the following known result of Pathan and Yasmeen [12, p. 242, Eq.
(2.2)]
o0 o0 g) P

( ) > > - (Omsp TV (1 = ) (5.5)

m=—o00 p=0

(v,2,Z e RT;R(C) > 0.

The generalized hypergeometric function and Kampé de Fériet function now have the new gen-
erating relation shown below if we put w = 0 in equation (5.1)

z\P Pl ¢ — (2) (i)p
— F z z m
(2) 2 A+ 1,8 (v + A+ 1); 4Zpe m,z_:oo§ T
" P+m-+p:1;—p; ,q
x F()1;1+11 1 (5.6)

— A+ LA (v+A+1);m+1; 42#" z
(¢,2,2,Z e R R(N) > —1,R(v) > 0,R(P) >0

Initializing « = 0 in equation (5.6), For the generalized hypergeometrlc functlon, we obtain the
following generating function:

. P
(Zl) 2Et+l

VS
A+ 1,4 (pv+ A+ 1); 42

-y SO

m=—00 p=0

P+m+p:l; —g2
A LA (pv+ A+ 1); 4zp#

(5.7)

X 2F, 11

(q,2, 21 e R R(A) > —1,R(v) > 0,R(P) > 0).

where Z7; = z —s—tand P = %”“ We arrive at the new generating function for the

confluent hypergeometric function ; F] by substituting A = 0 and ¢ = 1 into equation (5.7) as
follows:

Py 0 s
z S
<Z> 1F1 (Pl,l/+1 > Z Z Z' )m+p
1 m=—00 p=0
2
><1F1<P1+m+p,v+l 4Z> (5.8)

(0.2 %1 € R R@) > 0,R(R) > 0).

6 Conclusion

In present paper, we introduce the new generalization of extended Voigt-type function which
involving the generaliged extended hypergeometric function and Bessel-Maitland function. Fur-
ther we defined series representation, Partly bilateral and unilateral of AZ a'k’ mepBifa o the
given function Finally, we studied generating relations between the Kampe de Fériet function
and Srivastava and Daoust function.
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