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Abstract Resolution of fractional differential equations is a burgeoning discipline for today’s
research as these kind of equations appears in various kind of applied fields. In this study, we
will use a recognized transformation technique, NE integral Transform Method to the field of
fractional differential equations. Some new results are introduced here with their proofs. Also
some examples are accomplished for various kinds of problems having Bagley—Torvik equation.
The outcomes derived are in good concurrence with the presented in literature already.

1 Introduction

The most captivating field of fractional calculus has tremendous growth in the various areas of
research Recently, various events have awaked in fluid mechanics, control theory, psychology,
biology, chemistry [1] and many fields of science modeled by the use of derivatives of fractional
order. The field of Fractional calculus is significantly about finding the derivatives and integrals
of arbitrary order in any mathematical processes whereas the traditional calculus does not capture
extensive freedom of action.

There are various approaches of differentiation of fractional orders e.g. Riemann—Liouville,
Caputo and Griinwald—Letnikow Approach .Riemann-Liouville fractional derivative is com-
monly used in fractional order problems, still this method is not appropriate for real world
problems since it requires the definition of fractional order initial conditions, which have no
physically meaningful explanation yet. Caputo introduced an alternative definition, which has
the advantage of defining integer order initial conditions for fractional order differential equa-
tions [1]. Unlike the Riemann-Liouville approach, which derives its definition from repeated
integration, the Griinwald-Letnikow formulation approaches the problem from the derivative
side. This approach is mostly used in numerical algorithms.

Fractional differential equations made an impression in various fields as engineering, sig-
nal processing, physics, biology, control theory and finance. There is different type of tech-
niques to find the solution of fractional differential equations. The most modestly used methods
are; Power Series Method [2], Adomian decomposition method (ADM) [4, 5], Variational Itera-
tion Method (VIM) [4, 7] and Integral Transform Techniques Among Integral Transform solu-
tion techniques, The most frequently used technique is Laplace transform technique succeeding
by other techniques as Fourier transform, Mellin transform, Sumudu transform, Shehu trans-
form [14], Hankel transform, Natural transform, Elzaki transform, Mohand transform, Laplace-
Carson transform[11], Aboodh transform, Raj transform[6].There is one more NE integral Trans-
form technique [8] also developed to find solutions of differential equations. This method pro-
vides solution in exact form. The Bagley-Torvik equation (BTE) [9] was formulated in 1983 to
fulfill the aim of viscoelastically damped structures. After some period the equation is used by
applying fractional calculus to study the behavior of real materials [9].This equations is widely
used in various problems in applied sciences. To get solutions of fractional order differential
equation, the technique of integral transform plays noteworthy role.

Thus, the present study is dedicated towards this goal. The theory of Integral transform is
referred to as operational calculus and now it becomes an essential part of the mathematical
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background which plays an important role for engineers, scientists’ mathematicians, physicists
and other streams. These methods take measures an effective ways for the solution of many
challenges which are occurring in the various fields of science and engineering. It is great tool
for solving ordinary differential equations and fractional order differential equations also and has
become popular within the scope.

2 Mathematical prefatory

In order to conclude the main scope of this research article, it is worthy of attention to know
some basic information about non-integer order calculus and also some knowledge about the NE
transform.

2.1 The NE Integral transform [8]

The NE Integral transform is a generalization as in stereotype to Laplace and other operational
transforms for functions of exponential order. This integral transform is the intermingling of
Natural integral transform and Aboodh integral transform. The real function g(t)> 0 and g(t)=0
for t< 0 is section wise continuous, exponential order and defined in the set B.

For all t> D, positive constants g(t)] < Le(*/) and function g (t) is of
exponential order 1/n.

Let B be the set of single transformable functions that is-

B ={g(t) | 3L,n1,ny >0, |g(t)| < Lexp (ntl) if t € (—1)* x [0, 00[} (2.1)

The NE integral transform denoted by the operator E (.) is defined by the integral equation:
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2.2 The NE transform of (n + 1)*" derivatives of g(t) [8].
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2.3 Caputo fractional derivative [1]

The non-integer order derivative known as the Caputo derivative in regards to function h(t) with
order A > 0 is justified and determined through the integral as given below

t (r)
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2.4 Generalized Mittag-Leffler function
A new generalization of Mittag-Leffler function[12] defined by

n_ "
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Where a, 3,7, 6, € C,min {Re(a),Re(3),Re(v),Re(d)} >0, p,g>0, g<Re(a)+p
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3 Research methodology

This study mainly aims to solve non-integer order Caputo type initial value problems that have
fractional-order 6 > 0. Considering the perspective, we have derived the NE transorm of gen-
eralized Mittaf-Leffler function. We obtained Inverse NE transform formula .After that, this
property along with some fundamental concepts are presented in section 2 are used to prove a
new theorems that will be used to get the exact solutions for the numerical examples under con-
sideration.

NE integral transform of generalized Mittag-Leffler function.

Theorem 3.1. If ., 3,7, 6, € C;min {Re(c),Re(B),Re(y),Re(d)} > 0;p,q > 0,q < Re(ar) +p
then the NE transform of the generalized Mittag-Leffler function
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Proof. Making use of the definition 2.2 and 2.8, and interchanging the order of summation and
integration we get-
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This is the result. O
Theorem 3.2. If > 0, j € R, then we have the inverse NE transform formula:

5’ g (i
W =7 E¢,a(]ﬂ)7

—~

NE~!

<1 (3.2)

J
(2)?



A SOLUTION OF FRACTIONAL DIFFERENTIAL EQUATION ....

295

Proof.
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This is the result.

Now we will solve some fractional differential equations involving caputo fractional differ-

ential operator by using NE integral transform technique.

Theorem 3.3. A solution of the non-homogeneous fractional differential equation (simple har-

monic vibration equation) using the NE transform method is given by:

DU +&U(t)=q, 1<7<2

with the initial conditions:

Proof. By applying NE transform both the side of equation

(3.3)

(3.4)
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Now by taking the inverse NE transform method 3.1, we get

U(t) = loBr i (—E47) + tE, o (—%7) + g% [1—E. (-
This is the required solution.

O
Theorem 3.4. Consider the non-homogeneous linear fractional order differential equation, named
as the Bagley-Torvik equation [10], with § = %

D2¢(r) + 6Dy 2 (1) + é(r) =,

where $(0) =0, ¢'(0) =1
Proof. By implementing the NE transform technique on both sides
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Now by taking Inverse NE transform method
¢(r) =t
This is the required solution.
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4 Conclusion:

In this theorem, a new method called the inverse fractional NE integral transform method has
been successfully applied to linear fractional differential equation. We proved four theorems
related to this method. The resolution of some example shows that the inverse NE transform
method is more powerful and efficient for finding exact solutions of linear fractional differential
equations.
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