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Abstract In this article, a new mathematical/statistical model associated confluent hypergeo-
metric function along with its associated integral is considered. The model’s differential equation
involves solving the bio-heat equation specifically for the dermal layer. The associated integral
is presented along with its properties and applications in several experimental scenarios. Rep-
resentations of the integral and its special cases in terms of generalized special functions and
series forms are detailed. Applicability of the model in astrophysics, statistics and applied anal-
ysis are highlighted. Due to the flexibility of the model and the associated integral, the model is
applicable across various STEM disciplines.

1 Introduction

The confluent hypergeometric function is an important transcendental function in mathematics,
playing a significant role across multiple scientific disciplines [10, 18, 20, 31]. One of the most
relevant applications of the confluent hypergeometric function lies in its emergence as a solution
to numerous useful ordinary and partial differential equations. In [30], Sharma and Saxena used
confluent hypergeometric function for solving bio-heat equation of skin. They obtained the so-
lution to the Laplace transform of one dimensional equation for constant thermal conductivity
in the dermis layer as a product of power function, exponential function and confluent hyperge-
ometric function. In [30], it can be seen that the one dimensional bio- heat equation for in vivo
tissue temperature 7" in the case of constant thermal conductivity K is given by

or o*T
pCa :K@‘i‘mbe(Tb_T)‘i‘S, (11)
where p, ¢, t, my, cp, Tp and S are respectively tissue density, heat capacity, time, blood mass flow
rate, heat capacity of blood, blood temperature and rate of metabolic heat generation at a point.
They obtained the solution of (1.1) for the dermis layer in the following form:

T=:4[GM gy (D) + Mgy ()], (1.2)
where O3, Cy are constants, T is the Laplace transform of § = % and
- 1
M>\,M(,z):,2"‘+%€:_7 1Fi(p— A+ 5520+ 15 2) (1.3)

2

is the Whittaker function [21]. Here ; Fi(+) is the confluent hypergeometric function defined as

(P)kxk
1Fi(psqsx) = ; (1.4)
;) (q)ik!
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with ¢ # 0,—1,-2,..., which converges for all finite x, and (p)j, is the Pochhammer symbol
given by

()= k) _ [ ifk=0,peC\{0},
Pr="Tm) “\pw+1)...0+k—1) ifkeN,peC,

where N denotes the set of positive integers and C denotes set of complex numbers.
In many such applications, particularly in quantum mechanics, heat conduction problems, finan-
cial modeling (e.g.Black-Scholes model), and numerous other fields [1, 9, 14, 19], the confluent
hypergeometric function appears in combinations with exponential functions, power functions,
or a combination of both. Moreover, in experimental situations, one may require multiple mod-
ifications of a model for fitting the practical data or sometimes want to move from one specific
model to another. In order to tackle such situations, one may require models containing power
function, exponential and confluent hypergeometric functions or which can switch among these
functions. Thus the prime objective of the present paper is to study the properties and applica-
tions of a mathematical/statistical model defined as

AZLT () = ext® e Py (365 —at”) (1.5)
where R(a) > 0,a > 0,0 > 0,p > 0,7 € R,n € R, F|(-) is the confluent hypergeometric
function given in (1.4) and ¢; is the normalizing constant given by

o — parT(v) , (1.6)
r(s) z%[ag Ez’ll))’(p’p) ]

for n < p, if we consider (1.5) as a statistical density. Here ,1),(-) is the generalized Wright
hypergeometric function [16] which is defined as

B (ar,a1),..., (ap, ap) } C(a; + aik)...T(ap + apk)2*
plbq(z) - I)d)q |:Z‘ (b1’61)7 ( q,ﬁq) Z I“ bl _|_61k r‘(bq +/qu)k' (17)

where a;,b; € Cand o, B € Ryi = 1,...,p;5 = 1,...,qwith 39, B; = >0 o > —1.
By considering A" ,ﬁ gr( ) in equation (1.5) as a mathematical model, the following differential
equation is obtained.

d? A
de?

dA

282
dt

{2(1a)+2aptp+l—0—n(5+xt" 1)]
+ {(1 —a)Rapt? +1—a+n(6+xt" —1)] +ap(p — Dt° + a*p*t**

+ 2yt + [+ (6 + at? — 1)) aptp}AZO. (1.8)

Ifa= %,p =n=2,a=2,7y= #, 0= % and z = —1, the differential equation (1.8), reduces

d’A
oz
The differential equation for T' given in (1.2) corresponding to the dermis part is same as that of

the differential equation in (1.9). Hence the solution given in equation (1.2) for the dermis layer
can be written in a simplified form using the model given in (1.5) as

t* +p) A=0. (1.9)

T=0AV () +GAYE (), (1.10)

T 029 T 02

The solution for 7" can be effectively substituted by the model given in equation (1.5), even when
the system is in a steady state. Thus the model in equation (1.5) provides a simplified approach
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for solving such heat transfer equations, yielding the solutions with greater ease.

Behera and Laha [5] has used an integral associated with the model in (1.5) for finding the
solution of the radical Schrodinger wave equation for the Columb plus Graz separable potential.
This prompted us to explore the properties and applications of the integrals of the form

1309 (x) = / te e | Fy (y:0; —at") dt, (1.11)
0

where ®(«) > 0,a > 0,6 > 0,p > 0,7 € R,n € Rand Fj(-) is the confluent hypergeometric

function given in (1.4).

The integral (1.11) can also be represented in terms of the three parameter Mittag - Leffler

function as

190(z) = /0 11T (5) By 4 (—at")dt,
where t > 0,%(a) > 0,a > 0,6 > 0,7 > 0,p > 0, and ES ,(2) = 337 riip; 37 with
R(a) > 0,R(b) > 0,R(c) > 0 is the generalized Mittag-Leffler function [27].
The pathway model introduced by Mathai [22, 25] for real positive scalar case is the following:
Forp <1,

fi(@) = kaz® ' 1 = (1 = p)aa™] ™7

witha > 0,7 > 0, > 0,2 > 0,[1 — (1 — p)az”] > 0, belongs to generalized type-1 beta family
of densities. For p > 1, replacing 1 — p by —(p — 1), the function

Folz) = kaz® ' [1 + (p — Daz"]" 77

witha > 0,7 > 0, > 0,2 > 0, belongs to generalized type-2 beta family of densities. Also for
z>0,a>0n>0u>0,

lim f] (,]j) = lim fz(a:) — k‘33}ailef‘”‘m”7
pl- p—1s
which belongs to the generalized gamma family of densities. Here &, k, and k3 are the normal-

izing constants. By incorporating the pathway model to the integral in (1.11), one can obtain two
integrals of the form:

> 1
P (c) :/ e lem |y (pl;a; —c(p — 1)t"> dt, p> 1 (1.12)
A -

and

o 1 .—at? 1 C
Qa5 () = /0 e | Fy (7; i t”) dt, ¢>1, (1.13)
where p and q are the pathway parameters for ¢ > 0. The integrals in equation (1.12) covers inte-
grals containing exponential and Bessel functions, whereas the integral in (1.13) covers integrals
containing exponential and binomial functions.

The integrals arising in physical problems contain combinations of exponential and power func-
tion with binomial or confluent or Bessel function. This paper aims to provide a unified frame-
work for tackling such integrals containing these combinations and investigate their interesting
properties.

This paper is organized into seven sections: The next section deals with the special cases
of the introduced integral. Section 3 presents the series representation and H - function rep-
resentation of the proposed integral and its special cases. Properties like log-convexity, Turdn
type inequalities for the integral are proved in section 4. Section 5 covers some integral trans-
forms like Laplace transform and Mellin transform of A7"] (¢). Applications of the integral
are presented in section 6. Concluding remarks are given in section 7.

2 Some Special Cases of I,/ (x)

This section demonstrates the versatility of the integral I;' "/ (z) in equation (1.11) by showcas-

ing its reducibility to various integrals encountered in appliéd fields.



32 Deepa Devi V. and Dilip Kumar

2.1 Connection to Bessel type integral

Ifz = f(—z, n =2, = n+ 1, where n is not a negative integer, then equation (1.11) reduces to
the following form:

2 3/2
ay (&N
Ba 5+1( )= lim T ,wp,n+1 ()

~y—00 4’y
2\" o0 o
::(> IKn—le/ pomn=le=at’ I (u1\dt, @1
) 0

where J,,(z) is the Bessel function of first kind of order n, defined for complex z € C(z # 0)
and is given by

n+2k
(-D*(3)

In —~T(n+k+ k!

By the property of Bessel function, the integral in equation (2.1) can be reduced to sine and
cosine type integrals for specific values of n as given below:

« Whenn = 1, then BO‘ Ply) = fo e~ sin(yt)dt.
+ When n = —3, then Ba" = [, to" e cos(yt)dt.

2.2 Connection to pathway type integrals

By implementing the pathway concept into the integral ;" {(), the following four forms are
obtained: o

« Inequation (1.11), if y = p—ll,x =9y (p—1)d,n = —, then

«,p,T _ P, —T T
Ca,; ( ) 6112;10[(171) 1,5( (p_ 1)6)

:/ e [1+y(p— l)t—f]‘ﬁ dt, (2.2)
0

where p > 1, y>0,p>0,7’>0.

* By putting £ = - in equation (2.2), we have the following integral

* YL P, T _ > —a—1l,—az"" T T *p%
Cob ™ (y) _/0 z e M+y (p—1)2"] »7dz. (2.3)

« Inequation (1.11), when v = %,x =9y (p—1)d,n =7, then

Dy (y) = Jim 1577 (y7(p = 1)6)

d—o00 Wp—T>
:/‘#“%ﬂfu+ymp7nfrﬁ?m, (2.4)
0

wherep > 1,4y >0,p > 0,7 > 0.
+ By putting £ = - in equation (2.4), we have the following integral
> - 1
*Da7;57'(y> —_ [) Zfozflefaz L [1 + y'r(p _ 1)2’77—] 1 {z. (25)

Remark 2.1. The integrals (2.2), (2.3), (2.4) and (2.5) can be seen in [24].
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2.3 Connection to binomial type integrals
« In equation (1.11), if R(a)) > 0,p > 0,2 = —dy,y > 0and vy = —7 for 7 > 0
Egp(y) = lim [0 5(=dy)
’ d—00

a,—T1,0
i P
:/ totemat” (1 — )" dt.
0

+ In equation (1.11), if R(a) > 0,p > 0,2 = dy, fory > 0and 7 > 0
Fgop(y) = lim TP 5(—oy)
’ d—o0

a,—T1,0

= / tolem ot (1 4 )77 dt.
0

3 Series and Contour Integral Representations

This section covers the series representations and H - function representation of the integral

1777 () and its special cases.

3.1 Series representations

In applied disciplines, series representations are crucial as it helps in identifying the asymptotic
behavior of the function. It also aids in identifying the behavior of solutions of differential and
integral equations and providing approximations for the function. By considering the importance
of series representation in applied fields, here we are presenting the series representations of the
introduced integral and its special cases.

(i) The next theorem shows that integral 1. (x) can be obtained as a series of generalized
Wright hypergeometric type defined in (1.7).

Theorem 3.1. Fort > 0,R(«) > 0,a > 0,p > 0,R(6) > 0andn < p,

(1), (22) }
(6,1)
where ;W1 (+) is the Wright hypergeometric function defined in (1.7).

@)~ | - &
parT'(7) ar

a,v,0 )

Proof. Using (1.11) and (1.4) and changing the order of integration and summation,

o) Nk oo
Ia,p,n(x) _ Z (’Y)k ( l‘) / e—atpta+nk—ldt

@70 — (0 kU Jo

o) <& F('y—i—k)l“(%ﬁk) x)k

Tl & TGHRA \ of

an
= 1;(5) 2‘1'1{— xl, (%1%("’/’)}

par () ar| (6,1)
]
(i) If n = p, then
r(s)

PP _ ’; F 9.5.7§
a,'y,é(x) o’ 2 1<%p, T )

where ,F) () is the Gauss hypergeometric function defined as

> Q) b ka
2Fi(a,b;c2) = 27( zc)(klj! ;

k=0

|z| < 1.
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(iii)

(iv)

)

(vi)

If p = 1, then the integral BZ"’[L’ 1(y) given in (2.1) can be obtained in terms of associated
Legendre function as

2\" >
Bt(;:’rlL-&-l(y) = <y> (n + 1)/0 tafnflefatJn(yt)dt

= (§>nr(n—|— D (a) (@ +y2)_L5n P [a (a2—|—y2)_ﬂ .G

n

where P*(z) = ﬁ (%)7 2Fy (—v,v+ 131 — 3 152) | where arg 25 = 0 if 2 is

real and greater than 1, is the associated Legendre function of the first kind or spherical
function of the first kind [34].

If p = 2, then the integral B;), | (y) given in (2.1) can be obtained in terms of Whittaker
function as

o 2\" e
Bina(y) = <) F(n+1)/0 o lem T (yt)dt

Yy
n a T 2
- L(}LJ *“>Mafnfl . (y> (3.2)
yn+la% 22 \ 4a

where R(a) > 0,R(«) > 0, and M, ,(z) is the Whittaker function given in equation (1.3).

If p =2 and a = n + 1, then the integral Bz;’f .1(y) given in (2.1) can be obtained in terms

of modified Bessel function of the first kind as

2\" 0
B (y) = (y) F(n+1)/0 e T, (yt)dt

lyal(n+1) -(& 2
— V;\/%H )e ( )I% (é’a) (3.3)

22 k
where y > 0,R(n) > —land I,(z) = ()" Sh % is the modified Bessel func-
tion of the first kind [28].

If v = 6,p = 2 and n = 1, then the integral I;/"{(x) given in (1.11) has the following

series representation in terms of the parabolic function.

a,v,0

Gi(e) = 1723a) = [ eetemet
0

— (20) $T(a)e R_,, (\/%) , (3.4)

where R(a) > 0,%(a) > 0, and

is the parabolic cylinder function [21].

Remark 3.2. Equations (3.1), (3.2), (3.3), (3.4) can be seen in [11].
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3.2 H - function representation

The integral I "( ) and its special cases can be obtained in terms of contour integrals via H-
function, where H - function is a Mellin-Barnes type contour integral defined as

(al,Al),'-- (ap, A, } / -
™ —sq .
e {Z’ (b1, By), -+, (bg, By) 27 (s 5 (3.5

where i = (—1)1/2,z # 0, and 7% = exp [ — s(In|z| + iargz)], where In 2| represents the
natural logarithm of |z| and arg |z| is not necessarily the principal value. Here

{H;L I, + BjS)} [H;L I(l—a; - Aﬁ)]
[ Gemp D1 =0 — BjS)] [H§=n+1 [(a; + AjS)} |

O(s) =

An empty product is always interpreted as unity; m,n,p,q € Ny with0 < n < p,1 < m <
q,A;,j=1,--- ,pand B;,j = 1,--- , q are real positive numbers, a;,j = 1,--- ,pand b;,j =
1,---,qare complex numbers, C is a contour separating the poles of I'(b; + B;s),j = 1,--- ,m
from those of I'(1 — a; — A;s),j = 1,---,n. More details about the existence conditions,
properties and applications can be seen in [15, 26].

(i) I, (x) has the following H - function representation.

Theorem 3.3. For R(«) > 0,0 > 0,6 >0,p >0,y e R, neR,

Impn(x): F(é) H12|: T (1_’%1) (1_%7%) :|
SO patT(y) P Lat | (0,1),(1-4,1) ’
where n < p.
Proof. By Theorem 3.1,
ans () = 1;(5) 2‘1’1{— ° (%1)’(%’%) }
0 =T af | (6.1)
r

< I'(y+k)T %ﬁk z\*
- 2(5) D F(6+k§k! ><_)

By using the Mellin - Barnes integral representation [28] for I (z), we have

. re) 1 Ty —9r (% - %) 2\ "¢
) = z) o
s parT(y)2mi Jo I'—s) as
_TE) Hg{% u—%UO—zg)}
pa?F(V) “lar (0,1),(1—5,1)
|
(i1) The integral C’g"g”(y) given in (2.2) has the following H- function representation.
CopT(y) = /O e 1+ y™(p— Dt77] P dt
11
1 21|, L R U=t
— H > l:yaﬂ(p— 1)7 ((0 l)p o 1) :| 3.6)
pTaﬂF(—l) 7)o\ o
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(iii) The integral *C'$7" (y) given in (2.3) also has the same H - function representation as given
in equation (3.6).

(iv) The integral Dg/)>" (y) given in (2.4) has the following H- function representation.

o0 1
DEpT(y) = / et [1 4 y7(p— )77 dt

3.7

(v) The integral *D;ﬁ}fj(y) given in (2.5) has the same H- function representation as given in
equation (3.7).
4 Properties of the integral 1.7 (x)
This section explores the basic inequalities satisfied by the proposed model, which enables the

model to connect with diverse mathematical fields.

4.1 Log-convexity

A function h : (0,1) — (0, 1) is said to be log-convex if its natural logarithm is convex.
That is, for all A;, A, > 0, and p € [0, 1],

hluAr + (1= )] < [h(A)]#[A(A)]

Reliability and infinitely divisible random variables are two areas where log-convexity is rele-
vant. The log-convexity of I;X’W” J/(x) with respect to the parameters « and a are proved in the
next theorems.

Theorem 4.1. For R(a) > 0,a > 0,p > 0,0 > 0, a = 177 (x) is log-convex on (0, c0).

Proof.

oo
Isfyl);»(l—ﬂ)(127p7n(x) :/ t}LDq#»(lf;L)agflefatp ]F] (f)/7 57 —a:t") dt
0

[e%9) m I—p
:/ [to‘l’le’atp 1 Fy (7;5;—xt”)} [to‘rle*atp 1F7 (7;5;—T/tn)i dt.
0

1 1
By Holders inequality [12], for p > 1 and » + 4 = 1, given by

[ memn {/ hl(x)pdx}i {/ |h2(x)qd$}; ,

where hy and h, are real-valued functions defined on [a,b] and |h;|P and |hy|P are integrable
functions on [a, ].

o) 0 'S} l—p
IH’?:;L(] )azw;r/(x) < [/ pon—1lg—at? F (7;5; —a:t") dt} [/ por—1lg—at” F (7;5; —xt”) de ]
0 0

That is,
1—p
aj+(1—p)as,p, ay, @y,
1577176( 1) 50T (1) < {Ialyf)én(w)i [Iaa/%n(x)} ’
which is true for all 1 € [0, 1]. Hence o+ I (2) is log-convex in (0, 00). o

Theorem 4.2. For ®(a) > 0,a > 0,p > 0,6 > 0, a = I (x) is log-convex on (0, c0) .
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Proof.
P, _ > 1 —|pa 1—p W
qu‘11+](l 1)a2,7, 6 _/0 e lar+(1=m)aslt? 1F1 (7’ d; _xtn) dt
_ > —1 —alt F n KTa—1 —ayt? W n H
= 1F1 (’)/,(5, —xt ) t e 1Fy (7,6, —xt ) dt
0
fe%s) B I [e’e] B I—p
< U teleut |y (v; 8, —at") dt} U tolem " | Fy (v; 6; —at") dt]
0 0
That is,
SO s®@ <[00 @) (1 @)]
which is true for all u € [0, 1]. Hence a — I (x) is log-convex on (0, c0). o

Corollary 4.3. For t > 0,R(a) > 0,a > 0,6 > 0,7 > 0,p >0, a,a — I;“,fg’(x) is log-convex
on (0,00). That is,

ar+(l—p)az,p, ai,p, BT ras,p, 1=
s O LA OOl i [t (O] @D
Proof. The proof follows directly from Theorems 4.1 and 4.2. O

4.2 Turan type inequality

Turédn inequality is a mathematical inequality in number theory, named after the Hungarian math-
ematician Paul Turdn [33] and is given by [Pn(m)]2 > Po_1(2)Pyy1(x), where |z] < 1,n €
1,2.... Ttis interesting to see that I (x) satisfies Turdn type inequality.

Theorem 4.4. If a,n, ¢ € R, a >0, p > 0,v > 0,t > 0,y # 1, and 6 > 0, then the Turdn type
inequality

{Io"p’”(m)r [I“ D0 (g )} {IQH”’"(:E)} <0 4.2)

a,v,0 a—¢,v,0 a+,v,6

holds for I, (x).

Proof. The proof follows directly from Corollary 4.3. Equation (4.2) can be obtained by substi-
tuting 1 = 3, o4 = — 00 =+ ¢, a1 = a — ¢ and ax = a + ¢ in equation (4.1). O

5 Integral Transforms

One of the most important tools for solving differential equations is the integral transform and
hence it plays an essential role in mathematics, physics and engineering. This section focuses
on important integral transforms, like Laplace and Mellin transforms, of A" (t) defined in
equation (1.5).

5.1 Laplace transform

The Laplace transform of A%"?"! (t), with s as the transform variable, is given by

a,y,0,x
<1_a+nk7l) :|
p 'p

a $ 0 (’ﬁ)k

T s
k:O k ar

where p > 1, ¢ is the normalizing constant given in equation (1.6) and H 1111 (+) is the H- function
defined in equation (3.5).

o ?
a P




38 Deepa Devi V. and Dilip Kumar

5.2 Mellin transform

The Mellin transform of AZ’"{ (t), with p as the transform variable, is given by

el —z| (1=227).(7,1)
) = e <(571> |

for p > 1, ¢; is the normalizing constant given in equation (1.6) and ;W (-) is the Wright hyper-
geometric function defined in equation (1.7).

6 Some Applications

This section highlights the relevance and utility of the proposed model in astrophysics, statistical
modeling and integral transforms.

6.1 Applications in Astrophysics

For specific values of the parameters, the integral ;ng(m) reduce to the standard reaction rate
integral for non-resonant thermonuclear reactions in the Maxwell-Boltzmannian case.

Connection with standard reaction rate integral

If v = 0, then I/ () in equation (1.11) reduces to

Gor(z) = 1075 (@) = / tr e dr, (6.1)
0
Whena=1,p=1andn = —5 equatlon (6.1) reduces to
S _1
chu 2(:n) :/ o lemtmot 2 gy, (6.2)
0

which is the collision probability integral for non-resonant thermonuclear reactions in the Maxwell—
Boltzmannian case. A series of papers by Haubold and Mathai [23, 29] showcases the analyt-
ical solutions of Maxwell-Boltzmann theory of reaction rate integrals. The standard integral in
equation (6.2) is generalized in many different forms for resonant and non-resonant reactions
in depleted and cut-off cases. In 2008, Haubould and Kumar [13] extended the reaction rate
probability integral in equation (6.2) to cover more unstable and chaotic cases.

6.2 Applications in Statistics
Tsallis statistics [32] is given by

hz)=c[l+(p—1)t] 7. (6.3)

Ifao=1,a=0+~y= ﬁj: q%l,x— b= 2= and n = 11nAg§gI()deﬁnedin(15) then
6_
p— 1’

lim,_,, ALw M( ) agrees with h(x) given in (6.3). Moreover, if « = 1,a = 0,7 =
%= q ,and n = 1 then lim,_,; A7 (t) is the superstatistics introduced by Beck and

! a,y,0,x
Eohen [2.5.4. 7).

6.3 Applications in Applied Analysis

A special case of the integral I (x) serves as the kernel of the Kritzel transform.
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Connection with Kritzel transform

Kritzel [17] introduced an integral transform given by

K f@) = [ Moo
0
called Kritzel transform, where

M?(z) = / #le=” =o' dt 1y € C,p € R, 6.4)
0

is the kernel function.
For a = 1 and = —1, the integral G%*"(x) in (6.1) reduces to the form in (6.4). That is,

G (@) = My (o).

The function given in (6.4) is connected to modified Bessel function of the third kind or Mc
Donald function [8], which is a very useful function in applied analysis, especially in chemical
physics [6].

7 Conclusion

The introduced model offers a unified and simplified approach to solve various ordinary differ-
ential equations and partial differential equations, as evidenced by its successful application to
the bio-heat equation given in [30]. Hence it serves as a useful tool for developing applications
across a variety of domains, offering a flexible framework that makes use of the advantages of
confluent hypergeometric function. The representation of the proposed integral and its special
cases in terms of numerous significant special functions, such as the H- function, associated
Legendre function, Whittaker function, modified Bessel function, and parabolic cylinder func-
tion, provides a convenient way to approximate complex integrals. Moreover, the examination of
key properties like log-convexity, and Turdn-type inequalities ensures its practical utility in vari-
ous scientific and engineering problems. This versatility allows the model to encompass several
existing functions and adapt to diverse applications across multiple disciplines.
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