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Abstract This paper provides a brief overview of complete monotone functions and their
applications. We highlight an important class associated with complete monotonicity, referred
to as the class of Pick functions, and examine recent advancements in the related literature.
Additionally, we re-establish a well-known result stating that logarithmic complete monotonicity
implies complete monotonicity through a different approach, with a restriction on the interval of
complete monotonicity. Furthermore, we explore the complete monotonicity of certain functions
involving the gamma function.

(Dedicated to the memory of Prof. Arun Verma)

1 Introduction

During the years 1894—1895, Stieltjes [33], explored the analytic theory of continued fractions
and introduced several fundamental mathematical concepts, including the Stieltjes integral and
the problem of moments. Over time, the theory of the problem of moments became a cornerstone
in mathematical research. Stieltjes adopted the term “problem of moments" from mechanics.
The problem involves finding a bounded, non-decreasing function () defined on the interval
[0,00) such that its moments, expressed as [ 2" dip(z), forn = 0,1,2, .., satisfy a given set
of values [32, 33]

un:/ " dyp(z), n=0,1,2,....
0

In other words, the moment problem can be described as an inverse problem, where the ob-
jective is to recover the measure based on its moments. Hausdorff later studied it for bounded
intervals, known as the Hausdorff moment problem [16]. In 1923, it was proved that the Haus-
dorff moment problem on the interval [0, 1] has a solution if, and only if, the sequence {u.,}
is completely monotonic [1, 17]. This result led to introducing the concept of a completely
monotonic sequence. Many authors call it totally monotone instead of completely monotone.
Later, Hausdorff introduced complete monotone functions as a continuous analogue of complete
monotone sequences and defined them as follows.

Definition 1.1. [36] A function f is said to be completely monotone on (a, b) if it is non-negative
and possesses derivatives of all orders that satisfy the condition

(=)"f™(z) >0, YneN, Ve (ab). (1.1)

A remarkable interest arose in the study of complete monotone functions when, in 1928,
Bernstein characterized completely monotonic functions f as Laplace transforms of non-negative
measures on [0, o) [11]. This characterization can be stated as follows
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Theorem 1.2. [31] A function f : (0,00) — R is completely monotone if, and only if, there exists
a unique measure v on [0, 00) such that

) = /0 et au ().

This theorem is widely known as Bernstein’s theorem in the literature [36]. Complete mono-
tone functions have been studied for their numerous applications across different branches of
mathematics such as probability theory [15, 21, 30], mathematical physics [13], numerical anal-
ysis [37], asymptotic analysis [18, 19], combinatorics [3] and potential theory [4]. Many re-
searchers have studied the properties of complete monotonicity and its connections to other im-
portant function classes, including Pick functions, Bernstein functions, and specific subclasses of
Bernstein functions, such as Thorin-Bernstein and complete Bernstein functions. Among these,
we focus on the class of Pick functions in this manuscript.

The class of Pick functions consists of holomorphic functions defined on the upper half-
plane having non-negative imaginary part [14]. Along with its definition, there are several well-
known and useful characterizations of Pick functions, see [14]. One such characterization of
Pick functions is associated with completely monotone sequences, where the class of generating
functions for completely monotone sequences is represented as a subclass of Pick functions
denoted by P(—oco, 1) [20, 29]. The subclass P(—oo, 1) consists of those Pick functions that
admit an analytic continuation across the interval (—oo, 1) into the lower half-plane, where the
continuation is by reflection [14]. Ruscheweyh, Salinas, and Sugawa explored the relationship
between Pick functions and completely monotone sequences in [28, 29]. In [28], they introduced
the classes of universally convex, starlike, and prestarlike functions in the slit domain C\ [1, oo),
demonstrating a strong connection between these functions and completely monotone sequences,
as well as Pick functions. They also identified interesting classes of Pick functions involving the
polylogarithm in their study. To learn about the polylogarithm and generalized polylogarithm,
we refer to [25, 22]. Subsequently, the second author posed an open problem regarding the
class of Pick functions involving generalized polylogarithms in [9]. This open problem concerns
finding the conditions on the parameters of the generalized polylogarithm such that the ratio of
generalized polylogarithms belongs to the class of Pick functions.

A significant amount of research has been done on Pick functions to investigate the proper-
ties and behavior of functions on the real line. These studies aim to determine whether a func-
tion belongs to specific classes such as Stieltjes, Bernstein, completely monotone, and complete
Bernstein functions, among others. Moreover, Pick functions are studied to investigate various
properties such as monotonicity, convexity, and other related characteristics. For related papers
on these topics, we refer the interested readers to [5, 7, 8, 10, 20, 24, 29]. Certain classes of Pick
functions involving the gamma function have attracted attention due to their connection with the
volume of the unit ball in n-space. As a result, various interesting properties of the sequence
representing the volumes of the unit ball in n-space have been explored. Berg and Pedresan
investigated such Pick functions in [6, 7]. In 2002, Berg and Pedresan discussed such a function
in [6], where the function is expressed as follows

_ logI'(z+1)
~ zlogz

f(z) , 2€C\ (—00,0]. (1.2)

Subsequently, Pedersen introduced another Pick function in [23] by replacing the gamma func-
tion with the double gamma function in the same f defined in (1.2). Furthermore, Das, Pedersen,
and Swaminathan observed that the function f(z) is not a Pick function when I'(z) is replaced
with the triple gamma function in (1.2), unlike the case with the double gamma function [12].
Moreover, they addressed this issue in [12] by modifying f not only with the triple gamma func-
tion but also by introducing an additional factor involving the derivative of the triple gamma
function.

In the next section, we begin by explaining the importance of studying the complete mono-
tonicity of functions. Then, we explore the complete monotonicity of functions involving the
gamma function. Finally, we present a complete monotone function expressed as the sum of two
functions, each of which is not completely monotone.
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2 Complete monotonicity of functions involving the gamma function

The study of complete monotonicity of functions has been a subject of interest, as its conse-
quences offer valuable insights into the behavior of functions. For example, complete mono-
tonicity guarantees monotonicity and convexity, while also providing important information
about inequalities, bounds, and other functional properties, as discussed in [2, 5, 7, 8, 26, 34].
However, in this paper, we specifically focus on the complete monotonicity of the function de-
fined as

g(2) = 1—logz+ LlogT(z + 1), € (0,00), 2.1
X

which has been discussed in [27]. Here I'(x) is the Euler’s gamma function.

In Theorem 1 of [27], Qi and Chen established that a logarithmically completely monotonic
function is also completely monotonic. They demonstrated this equivalence by assuming f(z) to
be completely monotonic and then proving that exp( f(x)) retains the complete monotonicity. In
this paper, we prove the same result by assuming that log(f(z)) is completely monotonic. How-
ever, the method we use is restricted to the interval (0, 00). The proof is presented in Theorem
2.1.

Theorem 2.1. A logarithmic completely monotonic function on (0, 00) is also completely mono-
tonic on (0, 00).

Proof. Let f be a logarithmically completely monotonic function on (0, c0). Then, by Theorem
1.2, there exists a unique measure y on [0, co) such that

log f(z) = /O T et (), 2.2)
Also, by Definition 1.1, we have
(—1)" </0°O et dﬂ(t)) Y 0. WneNUO), Vre(0.00) 23)
From (2.2) we get
(@) = exp ( /0 et du(t)) . (2.4)

Clearly, f in (2.4) is always non-negative. Now our aim is to show that f defined in (2.4),
satisfies (1.1) and we prove the result by induction.
Differentiating (2.4), we obtain

Since f(x) is always non-negative and the integral [~ e~**(—t) du(t) is negative (using (2.3)),
it follows that f'(x) < 0.
Let us assume that the complete monotonicity of f given in (2.4) holds for some k& € N, i.e.,

(=1)" <exp </ e ™ du(ﬂ)) >0, Vn<k (2.5)
0

Now we take

(1) @) = (1)

= (L (eXp ([ eantn) ([ du(t)>/> ,

where ([ e~ dy(t)) denotes the derivative of the integral ([, e~ dp(t)).

(2.6)
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Using Leibniz’s rule for the derivative of a product in (2.6), we have

(1)L pD) () = (—1)k+] Zk: (l:) (/OOO e‘”du(t)><j+l) (exp </Ooo e‘“du(t)>)<k_j)

§=0
2.7)
Rewriting (2.7) leads to
(_1)k+1f(k+1) (x)

i Ek: <];> <(_l)j+l </0°° e_mdu<t))(j+l)> <(—1)’“—J’ (f:Xp(/Ooo e—wtdu(t)))(kj)>

j=0

C[ CZ

Clearly, from (2.3), C| is non-negative for all values of ¢, and C’, is also non-negative, as per our
assumption in (2.5). Therefore, we conclude that

(_1)k+1f(k+l)<l,) > 0.

Thus, by induction, (1.1) is true and the proof is complete. O

Apart from the result that logarithmic complete monotonicity implies complete monotonicity,
Qi and Chen examined the complete monotonicity of the function g, given in (2.1), on (0, cc) as
Theorem 2 in [27] which is given below.

Theorem 2.2. [27] The function g defined in (2.1) is completely monotonic on (0, co).

If we modify the function g defined in (2.1) by adding the term —ﬁ log 27z, the modified
function remains completely monotonic on (0, co) which we have shown in following Theorem.

Theorem 2.3. The function defined by
1 1
o(z) =1—logx + . logT(z+1) — > log2nz, =z € (0,00), (2.8)

is completely monotonic.

Proof. Writing the integral representation of logI'(x) given in [[35] p.258] as

1 1 > /1 1 1 et
logF(x)—<x—2>logx—x+210g27r+/0 (2_t+€t—1> ; dt

I(z)

Putting the value of logI'(x) in (2.8), we obtain

1
o(x) = ~I(x) (2.9)
Since % is completely monotonic on (0, cc), to show the complete monotonicity of ¢, it is enough
to show the complete monotonicity of I(x), as the set of completely monotonic functions is
closed under multiplication.
We have,

Consider the function
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By rewriting a.(t), we obtain

(t—2)et +t+2

o) = %=1

Next, define the function
B(t)=(t—2)e" +t+2, te]0,00).
Since ¢ = 0 is a minimum for 3(t), it follows that
B(t) > p(0)=0 Vtel0,o00).

Consequently, 5(¢) > 0 for ¢ € (0, 00), which implies that a(¢) > 0 for ¢ € (0, 00). Therefore,
I(x) is the Laplace transform of a non-negative measure. By Theorem 1.2, it follows that ()
is completely monotonic on (0, o), and hence, the function ¢ is also completely monotonic. In
fact, we can find the measure with respect to which ¢ is completely monotone. Equation (2.9)
can be written as

o(z) = (/Oooe_‘”tdt) (/Oooe—“ (;—1+et11)1dt>.
¢(x):,c{;}*,c{;—i+etll}.

By using the convolution of Laplace transform, we can write ¢ as

VLS B
¢(x)=A ¢ t(/o (2—u+eu_l>du)dt. (2.10)

which shows that ¢ is the Laplace transform of a non-negative measure. The positivity of the
measure has already been established. O

This implies

From Theorem 2.3, it can bee seen that function ¢ can also be written in the form of g given
in (2.1) as

o(z) = g(z) — % log2mz, =€ (0,00) (2.11)
From Theorem 2.2, we know that g is completely monotonic on (0, o), and in Theorem 2.3, we
have proved that ¢ is also completely monotonic on (0, co). However, the function —ﬁ log2mx
is not completely monotonic on (0, co). This provides one of the examples (although there are
many) of the fundamental concept that the complete monotonicity of a function (expressed as
the sum of two functions) on (0, co) does not necessarily imply that each individual summand is
completely monotonic on the same interval.
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