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Abstract The present work aims towards the study of some new properties of the generalized
Jacobi polynomial by employing the integral and differential operators of fractional calculus on
the complex valued Lebesgue measurable functions. The results so obtained will be useful in the
theories of special functions, where Jacobi polynomial arises naturally.

1 Introduction and Preliminaries

One of the most celebrated mathematician of modern era, namely Carl Gustav Jacobi (1804-
1851) has introduced a well explored and useful polynomial in terms of Gauss hypergeometric
Sfunction; having numerous applications in science and engineering [3, 5, 38], as a solution of

differential equation (1 —mz)% + [B-a-(2+a+ B)z] %, +n (I1+a+B+n) y(z) =
0 (z,a,8€C;neNRe(x) > (—1), Re(8) > 0) and which was denoted by pleP) (z), de-
fined as in (1.1).

1 1—
Py (z) = [(M)”] 2Fy (—n, atBn+lilta; I) :
n! 2 (1.1)
(z,a,8 € C;neN,Re(a) > (—1),Re(5) >0).
Recently Waghela et al.[39, 40, 41], defined and studied Generalized Jacobi polynomial
(O@qqﬁ) .
Py ()
1 _
P8 () = [M,)”} 2R (n n+a+pf+1Ly+ 1L ! 5 w) ; (1.2)
' n!

z,a,8,v€ Cand 7> 0;n € N,Re (a), Re(y) > (—1) and Re (8) > 0 ; which has its par-
ticular case as (1.1), when v = o« and 7 = 1.

The recent past after 1960’s can be considered as an era of fractional calculus, which solves
a real world problems with more efficacy as compared to conventional integer ordered calculus
[1, 2,10, 11,12, 16, 17, 20, 21, 22]. Various fractional calculus operators have been studied in
great details along with applications by many mathematicians [4, 6, 7, 8, 9, 10, 13, 14, 15, 18,
19, 23, 24, 25, 29, 30, 31, 33, 34, 36, 37].

As a part of useful contribution with integral operator involving newly defined Generalized Ja-
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cobi fractional polynomial (1.2), the present study introduces following operator (J & onf ) (z).

atiT,y
(JEL80, 1) (@) = IE00 £ (@)
xr

_ /(m — 1) POYE (1~ 26(z — 1)) f (1) dt, (x> a),

ie.
(JEL80, 1) (@) = IEL0 0 £ (@)

(a+1), x . i (1.3)
_ T/(x—t) DRy (—non+a+ B+ Ly + Lm €l — 1)) f (1) dt,

where z, o, 3,7,b,6 € Cand 7 > 0; n € N, Re (a), Re (y) > (—1) and
Re(8) > 0.

On substituting 7 = 1,v = «, (1.3) reduces to the following integral operator as in (1.4) (in-

volving Jacobi polynomial (1.1), which we denote it here by K £:oB f ().

a+;y
RS20 £ (2)
_ (O‘Z!I)n/(x_tﬂ12F1(—n7n+a+6+1;a+1;g(x—t)7)f(t)dt, (1.4)
xT > a.
KEe? f@) = D [ ped (- 26— 07 p@ dt >
. b

As a part of preliminaries here we give following notations and definitions:

1,ifn=0,
CCHD e (Ctn=1),if n=1.23, ...
Tt 0 (e {0,-1,-2,..}, with Re(¢) > 0)
(C)n: F(C) ’ ’ ’ s S , (15)
mzf (C=0,~1,-2,...and 0 < n < ( —C)),

0,if (¢=0,—-1,-2,....andn > (—());
(€),,» denotes the Pochhammer symbol [35].

* Left sided and right sided R-L integral operators are defined [17, 32] as below and denoted
by I\, and Ij;  respectively. If f (z) € L (a, B), p € C, Re(u) > 0, then:

oD f () = oI f (2) = Ini f () = (I f) ()

1 / £(0) (1.6)

—dt, (x> a)

and

(1.7)
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* Left and right sided R-L derivative operators are denoted by (D%, f) (x) and (D%_f) (z)
respectively and defined by (1.8), (1.9).

For i € CwithRe(p) > 0 and n = [Re(u)] + 1,
oL e = () @) @), (1)
(D" ) (x) = (_;;)n (17 f) (). (1.9)

A more general form of the Riemann-Liouville fractional derivative operator DY, . from (1.6) has
been proposed by defining the fractional derivative operator D%"", of order 0 < p < 1 and type
0 < v <1, with respect to x as follows [10]:

(D 1) () = (Lil““) e (i f)) (). (1.10)

The equation (1.10) make more comprehensible to the classical Riemann-Liouville fractional
derivative operator DY, 1 whenv = 0. Furthermore, in the particular case where v = 1, equation
(1.10) becomes the Caputo fractional derivative operator.

* According to [28], if a, b, c€ C; Re(a) >0, Re (b) >0, Re(c) >0 then

(i) [Zc_lle (a, by ¢; 75 €27)]

r
— zcmlr(c(_C)m)Z& (a, by c—m; 75 £27). (1.1

o Gauss multiplication theorem [26]: If m € Z and z € C then

a“ —1 _ I
HF <z—|— tﬂ) = (27r)(m D2y amm I'(mz). (1.12)
t=1

* The following result [37] holds true for the fractional derivative operator D" f defined
by (1.8) as,

(D [t =0 ']) ) = L, - gyt (1.13)

(A—n)
where x > ,0 < p < 1;0 < v < I;Re (N) > 0.

2 Operators for fractional integration and differentiation associated with
polynomial P{*" A (1 — 2x)

Remark 2.1. Riemann-Liouville integrals of order ;¢ concerning P\%;"*® (1—2z) and P\*? (1—
2z) can immediately be obtained as

i {Pﬁ;%m(l - Zx)}

n

(1+a)nz(—n)TF(1+a+,3+n+Tr)F(1+7) 1
n! Frl+a+pg+n)l(1+y+71) T{A4p+r)

r+p

r=0
and

i {P}f“/”)(l - Zx)}

n

_ (1 +a)n (_n)r(l +O‘+B+n)r 1 r+p
= (1+a), T(+putr)

r=0
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by applying following Result [35] :

A function f(z) is analytic within the disc |z| < R can be expressed as f(z) = > a,2" for ( Izl

<R) then

—H L6 P F(C) +p— _nAs/n n
ODz {le()} (C+M)C IZ <+’u) )

for Re(x) > 0, Re(¢) > 0.

Theorem 2.2. If z,«, 8,7 € Cand 7 > 0;n € N, Re (), Re () > (—1) andRe (B8) > 0;a €

Ry=[0,00), &€ CRe(p) >0, 7>0, 2>, € Coandr, |{(z—a) | <L

1ty [z = ) PP (1 =2 — a)")]

B (- a)" T (1 +7) @+, B T

D, [(@=a) PO (1= 2 (6@ — a)))]

(.T} _ a)'Y*Uf

=T (1+7) {wpfzaﬂ - ﬁ)(l _2(§($—G)T))}~

IfO<u<l1, 0<v <1, then
(Di [(@ = a)" P8 (1 =22 = a)"))] )

(1 47) Pl =18 (1 — 2 (€(z —a)7)).

=(x—a) = P\
( ) C(l4+~y—p) ™

Proof.

1t (=) PP (1= 2(¢(a — a)"))

[E——

[(a—i—l) ] 1 I(1+~) “ (—n),T(1+a+pB+n+1r)
N C(w)T(1+a+p3+n) L1+~ 4 7r)r!

L gr f (t—a)7 —a)
¢ (/kx_ﬂpﬂa >dﬁ

1 I'(1+7)
C()T(1+a+B+n)

“(-n),Tl+a+B+n+71r) w(t—a)wﬁ
D e R (Q/Wdt>
:[(aﬂ), L(1+7)

n! n] I'l+a+8+n)

“(—n) T +a+B+n+7r) -
Z (14~ +7r)r! ¢ Ly [(w—a)w }

n!
r=0

r=0
By using: If 4, 8 € C, Re(u) >0, Re(B) > 0 then

r(3)
T (p+p)

B—1 +8-1
Itz —a)’ ' = (x—a)"

)

Q2.1

2.2)

2.3)
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as in [20], we have,

1, (@ = a) Pl (1= 2 (e — a)T))}

[(a—i—l)n} (1 i n—|—a—|—6+1+7r)
N n! F(n—i—a—i—ﬁ—i— —~ (I+~+7r)r!
F(l +7+Tr) T pty+TT
T+ y+utm)t &9

_ [<a+1)n} (z—a)""T(1+7) T+y+p)
n! Fl+~v4+u) Tn+a+p+1)

. i (—n),L(n+a+pB+1+7r)(E(x—a)")"

— rl+~+p+7r) 7!
_ [(a+ l)n} (z—a)""T (1 +7)
n! C(1+v+p)

R (-nn+a+ B+ L1+y+urié(z—a))

C(@=a)" T+ sarin B T
T T TOta 4 Pt (1-2(E(x—a))).

This concludes the proof of (2.1).
Starting from the left-hand side of (2.2) and applying (1.8),

Di, (@ = a) PP (1= 2(§(x — a)"))]

(a+1),

=D, {(azj—a)ﬁY [ ] le(—n,n+a+B+1;l+fy;7';§(a:—a)7)]

(&)

.{1;1# {(xa)’y @t Do, (n,n+a+[3+1;1+7§7§5($Q)T)]}’

n!

(Here, m = [Re (1) + 1]) on using (2.1), this results in the following expression:

D", [(xa)v {(a:,l)n} 2Ry (n,n+a+6+1;1+v;n§(aza)T)}

_ < d >m {(aﬂL 1%} (xr(a)m_“ﬂf(l +7)

dx n! l+~y+m—p)
QR (—n,n+a+B8+L1+y+m—u7r;6(x—a)).

Applying (1.11) gives

S Ct i [(a—i—l)n]

C(l+y—p) [ n!
R (—nnta+ B+ L4y —prié(r —a)T)
(z_a)'vflt

—I(147) {MR&%W@ (- 2(c(o a>f>>} |

This demonstrates the validity of equation (2.2).
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For deriving (2.3), observe that

(D2 [ = )" P2 (1 -2 (6 — a)")))
- o

r(1+7) (oH—I)nZn:(fn)TF(n—l-oz-l-ﬂ-i-1+Tr)§:(z_a)«,+rr
I'n+a+p+1) n! (14~ +7r) r!

__ T+q) (a+UJ
- T(n+a+B+1) nl

n (—n),I'(n+a+B+1+7r)
Z C(1+~y+7r)

r
€ o - ay™):
=l

sV

and using the following identity (1.13) from [37], for the fractional derivative operator D" f as
in (1.8),

(o2 [t = ™)) ) = g st - a7

where z > a,0 < p < 1,0<v <1, Re(p) > 0)yields,

v a+1 T
D [(ac—a)w(n')"gRl (—nynt+a+B8+L1+ym8@—a))

n

__ +9) (04-UnE:(*"%FUV+G-F5+‘1+Tﬂ§ﬁ
Tnt+a+p+1) n! [(14+~+7r) r!

r=0

F(l + Y + TT) Y+Tr—p
1"(1+’y+7’r—,u)(x a)
L(1+9) (a+1),

C(1+~y—p) n!

DRi(—nynta+ B+ L14+y—wré(z—a)’)

=(z— a)v—u

_ Y—h F<1+’Y) o, y—p, T
= (z —a) mpfm P—2(t-a))).

This establishes the proof of the assertion in equation (2.3).
Hence the Theorem 2.2. O

3 Certain properties of the operator (Jéf’,ﬂ f> (x)

Theorem 3.1. If x, o, 3,7, 1,&,a € Cand 7 > 0; n € N, Re («), Re (v) > (—1) and Re (8) >
0 ; then

a, -1
(V58 (@ —ay )

= (w0 () =L 0 ) plarn ) (122 (¢(x — a)7)). 3.1)

C(l+vy+p) ™7
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Proof. Based on equation (1.3),

<J§+i:’€ (x))
— [@-t7 P (=2 (€@ -0 ) O > a)

a

x

= (O‘Zl)n/(g:t)’yle (—nn+a+ B+ L1+ymé(z—t)") f(t)dt,
(x>a).
Therefore,
(s @=a)")
+1), [
Ry (—nnta+ B+ L1+ ymé(e—t)7) (t— o) dt
B I'(1+7) [(aJrl)n] - (—n)rr(n+a+5+l—|—77ﬂ)£r
CT(nt+a+p+1) n! s (1 +~47r)r!
. (/ (t—a)" (z —t)TH'Ydt)
_ I(1+9) {(a+1)n]z":(n>rF(n+a+6+1+w)
CT(nd+a+p+1) n s (1 +~47r)r!
. fT ((x_a)WrTrJr#ﬁ (’Y“r 1 + 77, :U'))
B PR E I (CE N
. L1+~ +p) i(fn)rr(n—i-a#—ﬂ—i-l—i-ﬂ“) (t(x—a)")"
Fn+a+p+1) = 'l +~y+up+7r) r!
(J§+i~€ (x — a)’hl)
_ + F(l+’7) (s ,B) T
= (z—a)""T (p) mpn,r’w_u (I1-2(@(x—a)")).
This completes (3.1). O

Theorem 3.2. If z, o, 3,7, 11,6 € Cand 7 > 0; n € N, Re(a), Re(y) > (—1) and Re (5) >
0 ; and b > a, then the operator J& B is bounded on L (a, b) and

a+;71,7y
|7iazs| < B (32)
where,
= |(— D, leb—a)|"
B — (b_ g)Re0D (a+1)n |(=n),||(n+a+B+1),, . 33
o= n ;|(7+1)”|[T7‘+Re(7+1)] r! (3.3)
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Proof. From (1.3) and (1.9),
(el @=a)")
(a+1)n

a /(xft)'yle (cnntatB+l+rme@—1))

a

x

C(t—a)"dt

n)In+a+pB+1+7r)

B I['(1+47) (a+1)n] & (-
a [ } (14~ +7r)r! ¢

T(n+a+p+1)

n!

: ( ] (t—a)" "(z— t)”“dt)

<

(==}

a

n)In+a+pB+1+7r)
s (14~ +7r)r!
. 57’ ((1,7 a)'y+7'7“+#ﬁ (,.y_._ 1 +7'7”7 M))

upon substituting (z — t) = u, we have

I'n+a+p+1) n

_ L(1+7) [(oﬁ—l)n} “ (-

t

/r/ 1)

a

0
- |f ()] dt

04—71;1) 2Ri(nyn+a+B8+11+v756(u)") u]

Applying equation (1.2) and performing further simplification yields
n+a+ B8+ 1)

< 51
h /a +’7)7—r| r!

T HRe(147) bra
(R, (1)) dt.

Alternatively,

— (b _ a)RC(l"F’Y

b
~/|f(t)\dt

=B |[fll 13

B
g-‘r?’v fH

Z n+a+pB+1),||¢b—a)|
0 +’y |[7'7"+Re(1—|—’y)] 7!

where,

n

n§:|WMKn+a+ﬁ+U”yk@_@qr
|+, [+ Re(t+9)] 7!

This completes the proof of Theorem 3.2.

B=(b—ate |[0]
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Theorem 3.3. Let z, o, 8,7, 1, € C and 7 > 0; n € N, Re (o), Re (y) > (—1) and Re (3) >
0 ;and b > a then

(22 [76:55 1)) @

_ (1+9) £:a,B _(7& aBm )
S Tl+qy+p) (Ja+;m+u f) (z) = (Ja+;7',’y [Ia+f]) ()3 (3.4)
is valid for any summable function f € L (a,b).

Proof. By combining (1.6) and (1.3), we get
(1 (7582 1)) @)

R / [EE10] B

() (x —t)' "
_L f T — p—1 / ) (a0, 7, B) - —u) W) du
‘rw)a/( f (a/“ VPO (1-2(6( )))f()d)dt

(/(t—u)v(a—i_ 1)"2R1 (—n,n+a+ 8+ 1;1+'y;7';€(t—u)7)f(u)du.) dt

n!

o (s [ @)

R (—nyn+a+ B84+ L1+ 780 —w))dt f(u) du.

By replacing ¢ — u with ¢, we obtain:

(72 [T 1))

x 1 ln T—u 3
[ e
R (—nyn a4 B+ 14+ 7m6C7) dC f(u) du

:] 1 (a+1),

J ') n!
OBR (G at B B4 1TEQ)

: = Cf (u) du (3.5)
0/ ((x—u)— Q)" .

use of (1.6) and applying (2.1) yield
(z2s 75350 4]) @
__(+9) [(a+1)n]
S T(l+v+np) n!
: /[(x—u)’”%Rl (—n,n+a+ 8+ 1;1+7+,u;7;§(x—u)T)} I (u) du.

a
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As a result,

: C(l+7) :
m s o, _ o\ &5 a,fB
(Ia+ [Ja%TN }) (17) T (1 +v+ N) JaJr;TWﬂL / (I) .

To prove the second part of Theorem (3.4), we start by examining the right-hand side of (3.4).
By applying (1.3), we obtain

(V8 1)) @)

= [@= Pl P (1 - 2(g(o - 7)) (1) 0 e

a

xT

_ /(x—t)V(a—f— l)n

n!
a

DR (—nn+a+ B+ L14+ymé(z—t)7) (I f)(t)dt

x

_ (ot D), :!1)" /(x — )R (—n,n+a+ B+ 11+ ymé(e —t)7)

i
(F(u) (t—u)lﬂd)dt'

- (VERE 1)) @)

€T

- (O‘ngl)n /I F(lu) /(xft)v(tfu)“_]

u=a t=u

DR (—nynta+ B+ L1+ é(x—1t))dtf (u)du.

Substituting (z — ¢) = ¢ yields

(750, 112, 1) (@)

0

SpGha / wrr [ ©e-c-w

u=a (=x—u

R (—n,n a4 B4+ L1+v756(¢)") (—dC) f (u) du

GRS S A
. u/ar(“k/o(m ¢~ )

Ry (-t a+ B+ L1+ 7m58(0)7) dCf (u) du.

‘We have established the proof for (3.5). By applying the same method, we also derive the second
identity of (3.4). O
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4 Product formula of P{*7#) (1 — 2x)

Theorem 4.1. When 7 = m where m € N, the generalized Jacobi polynomial Py(f;% d

takes the form of:

(a+ 1)@ @m)™ V2 (14 4)

(@, 7, B) — —
Poilm (1= 22) { mt: T(n+a+p8+1)

n!

T

z": I'n+a+B+1+mr) =«

L+y-+t rimmr
=0 n
”

z,a,B,v€C;n,meN, Re(a),Re(y) > (—1) and Re (5) > 0.
Proof. Putting z = r + @1 in (1.12), we obtain

1 1 _(2m)mThe 1

C(mz) T(y+1+mr)  pme} Hr(ar—i—t*l)

(2m)m=DR2 1
m T T (r+ 2t)
=0
(2m)m=DR2 1
= T —
myts mmr HIF(T—f— 7+1+t)
=0
Thus,
1 B (27r)(m—1)/2 1
L'(y+1+mr) mY+i - mH_lr(T‘f‘%nlft)

From (4.2) and (1.2) subsequently, for 7 = m € N, we obtain

plo

77‘7

(1 - 22)
( . Dy —— R (—n,n+a+ B+ L1 +ymx)
_(a41),  TO+7)

n! T'n+a+pB+1)

z": C(n+a+B+1+mr) 2n)"™ Ve
y+: o7l
—0 mmr H r(r+1+7'zl+t) mYta
t=0
(1), @n)"™ 2 T +4)
ol mtt T(n+a+pB+1)
m—1 n

' L+t L+t rimmr
(F( ) (),

This finalizes the proof of Theorem 4.1.

Remark 4.2. By setting m = 1 in equation (4.1), it reduces to ple? )(1 —21).

Z I'n+a+p+1+mr) z" )

—2x)

A.1)

4.2)
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Conclusion :

The present research focuses on the theoretical investigations and development of certain re-
sults involving generalized Jacobi polynomial Pr(ff’%ﬁ ) (z) and the operator Jf'f;’f’,y [ (x). This
study aims to derive and analyze results that enhance our understanding about behaviour of the
polynomial. The discussion revolves around advanced mathematical concepts involving frac-
tional calculus. These topics collectively represent advanced mathematical tools that expand
traditional calculus and integration theories, offering powerful frameworks for analyzing and
understanding complex mathematical phenomena across various disciplines.
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