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Abstract In this paper, we derive hypergeometric forms of following typical trigonometric and
inverse trigonometric functions:

covers~'(z), (covers™'(x))* covers(x), , vers(z)

vers~!(x) (1)81“81(.71))2 (vers—!(x))?
G e ) 2

and successive differential coefficients:

a" (l%f81<x>> oo (1*W810f>>2, a" (<versl(w>>2> L coversI(1 = va)) |

dan (2z) dan (2z) da" 2 dan

" B : 7r a
e (covers™' (1 —v/x))", e (covers (5 + 2\/5)> g (vers(£2y/z)) .

1 Introduction and Preliminaries

In our investigations, we shall use the following standard notations:

N:= {1,2,3,---}, No:=N{{0} and Z;, := Z~J{0} ={0,-1,-2,-3,---}.

Also, the symbols C,R,N,Z R* and R~ denote the sets of complex numbers, real numbers,
natural numbers, integers, positive and negative real numbers respectively.

The well-known Pochhammer symbol (or the shifted factorial) (A\), (A, v € C)[8, p.22 eq(1),
p-32 Q.N.(8) and Q.N.(9)], see also [9, p.23, eq(22) and eq(23)], is defined by

1 (v =0; A e C\{0})
n—1
1A +5) (v=neN; xeC)
_I(A+v) ) =0
W=y T S (A= —n; v =1k n,k € No; 0 < k <)
0 A=-n;v=EFk; nkeNy k>n)
((lilA);“k (v=—k; ke N; e C\Z),

it being understood conventionally that(0)p = 1 and assumed tacitly that the Gamma quotient
exists.

A natural generalization of the Gaussian hypergeometric series » Fi [a, 8;7; z], is accomplished
by introducing any arbitrary number of numerator and denominator parameters. Thus, the re-
sulting series

(ap>; A, Q... Qp; o

pky z | =pFy 2 _ Z (ar)n(@2)n ... (ap)n 2
(ﬂq)a B17ﬂz,,_,7ﬁq; n=0
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is known as the generalized hypergeometric series, or simply, the generalized hypergeometric
function. Here p and ¢ are positive integers or zero and we assume that the variable z, the numer-
ator parameters oy, ay, ..., o, and the denominator parameters /31, 52, ..., 3, take on complex
values, provided that

B #0,—1,-2,...; j=12,....4q

Supposing that none of the numerator and denominator parameters is zero or a negative integer,
we note that the , F;, series defined by equation (1.1):

(i) converges for |z| < oo, if p < ¢,
(ii) converges for |z| < 1,if p=¢qg+ 1,
(iii) diverges for all z, z # 0,ifp > ¢+ 1,
(iv) converges absolutely for |z| = 1,if p = ¢ + 1 and R(w) > 0,
(v) converges conditionally for [z| = 1(z # 1),if p=¢+ 1 and —1 < R(w) <0,
(vi) diverges for |z| = 1,ifp =g+ 1 and R(w) < —1,

where by convention, a product over an empty set is interpreted as 1 and

q p
wi= Y Bi—> aj (1.2)
j=1 j=1

R(w) being the real part of complex number w.
Each of the following results will be needed in our present study.

¢ Some Basic Results for covers(z), covers~!(z), vers(x) and vers~!(z):
[5, p-36 ,eqns (v) (vi), and p.40 ], see also [6, pp.44 and 46]

covers(z) = 1 — sin(z) (1.3)
Putting = = 0 in (1.3), we have
covers(0) =1 (1.4)
or
0= coversfl(l) (1.5)
Putting = % in (1.3), we have
7r
covers (5) =0 (1.6)
or
g = covers~'(0) (1.7)
Suppose
y = covers™ ' (z) (1.8)
covers(y) =1 —sin(y) =z (1.9)

Now differentiating (1.9) w.r.t z, we get

dy 1 ~1

dz  cos(y)
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_ -1
1—(1-2)
[5, p-40]:
icovers*l(x) S (1.10)
dx V2x — x? ’
[5, p-36, eqns (v) and (vi)] , see also [6, pp.44 and 46]
y = vers(z) = 1 — cos(z) (1.1D)
Putting 2 =0in (1.11), we obtain
vers(0) =0 (1.12)
or
0 = vers~'(0) (1.13)
Putting = = 5 in (1.11), we get
T
vers (5) =1 (1.14)
Suppose
y:versfl(x) (1.15)
vers(y) =z =1 — cos(y) (1.16)
or
y =vers ' (z) = cos™' (1 — ) (1.17)
Now differentiating (1.16) w.r.t y, we get
= sin(y)
dy 1 1 1

Therefore[S5, p.40]:

%(vers_] (z)) = N (1.18)

e Some Basic Formulae For Pochhammer’s Symbol:

579.11...(2n+3)=2" (;) (1.19)
3579...2n+1)=2" (;) (1.20)
13579...2n—1)=2" G) (1.21)

n

ala+1)(a+2)...(a+n-1)=[]la+i-1)=(a)n (1.22)
i=1
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e Decomposition Formula For Infinite Series:

oo

> ®(n)=>_ ®(2n)+ > ®(2n+ 1),
n=0 n=0

n=0

provided that series in both sides, are absolutely convergent .

e Maclaurin’s Expansion:

F(z) = i (an(@> T F(0) +zF (0) + +“’—2F” (0) + ﬁF”’ 0)+....

dan )y n! 2! 3!

n=0

e Taylor’s Expansion:

rw =3 (T7)

n=0

o Leibnitz’s Theorem:

(1.23)

(1.24)

D"[U(2)T(2)] = ("co)(D"U)(DT) + ("er)(D""'U)(D'T) + ("e2) (D" 2U)(D’T) + ...

+ ("en)(D'UY(D"TIT) + (") (DU ) (DT).

e n'" Derivative of Binomial Function:

dr @ d" [ (a), fo\"
a1 im(z " (2))

r=0

(S1E]

= (a’)T d" T
=2 i3 g @)
r=0
.
— 2" (r—mn)!
Replacing r by r -+ n, we get
a; )
dm r\~e d" . B (@)pin "
w(173) =@ P 3| =X
(@)p = (a+n), rz\"
- 2n Zo 7! (E)
@ . [T,
- 2n 1 2

(1.26)

(1.27)

(1.28)

(1.29)
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e Clausen’s Formula[8, p.275,Q.N.9] see also [3, p.377] and [2, p.86,eq. 4]:

2
a, b; 2a,2b,a + b;

2B x =3k x (1.30)
a+b+3; 2a+2b,a+b+ 3

wherea+b+ 1 € C\ Z; and [z < 1.
o Ifn=0,£1,£2,£3,...

then
sin (n7) = 0, cos (nm) = (=1)", sin(2n+1)7 = (=1)", cos(2n+1)7 =0  (1.31)
e Fractional Derivative Formula[9, p.285, eq.(5)]:
nw
@ o _LOFD s (132)

S T TO—ptl) o

where 1 and A are arbitrary complex numbers such that T'(A + 1) and T(A — p + 1) are well
defined and meaningful.

This paper is organized as follows:
Motivated by the hypergeometric forms of some mathematical functions recorded in the liter-

ature [1],[2],[71,[8] and [9], in section 2 we mention, hypergeometric forms of some typical
vers™ ' (z)

trigonometric functions covers™!(z),  (covers™'(x))?  covers(z), TR
X

(22) 2
have given their detailed derivations by using Taylor’s expansion , Maclaurin’s expansion, De-
composition formula, Leibnitz Theorem and Clausen’s formula. In section 3 we have given

. . . vers”!(z) vers™ () ? (vers™!(z))? —1
nth differential coefficients of )’ ) , 5 s covers™H(1 —

Vz),  (covers™'(1 — \/E))2 ., covers(5 £2/z) and (vers(+2,/x)) using series rearrange-
ment techniques.

<”ersl($)) , (wers 1@ g vers(z)  with suitable convergence conditions . Also we

2 Hypergeometric Forms of Some Trigonometric Functions and Inverse
Trigonometric Functions

Under associated convergence conditions, the following results hold true:

1.
22
covers~!(z) = (1 — ) ,F (x—1)2 | Jz—1] <1 2.1
3
11,1
(covers_l(x))z =(1-2) 3R (x—1)2 | Jza=1 <1 (2.2)
2,3;
I 2 .
™ 2
covers(x) = 3 (1 - 5) ) 3 —i(=-3) Vow (2.3)
275;
11
-1 20720
vers (93) :ZFI %’ : |Z‘| S 2 (24)
(22)
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s WY —LR z |y 2] <2
(2) 3. ?
2753
1,2,2;
(vers—!(x))? z? .
72 :x“‘g 3 2 ’ |CE|§2
3,3;
723
£C2 1; 2
vers(m)zi 1B == | Ve
2 3

Proof of the result (2.1):

Let

y = covers'(z), (y)1 =0
covers(y) =1 —sin(y) =z

Differentiating (2.9) w.r.t x, we have

e I
M cosly) Vi-sic)  1-0 -2

Therefore

-1
= V2x — 22
Putting x = 1 in (2.10), we get

(y1)1 = —1
Again equation (2.10) can be written as:
2z —x2) y = —1
Again differentiate with respect to x, we get

(1-2)y

v _y
V2x — 2?2

2z —2%) yo +

or
2 -2*) yp+(1—2) y1=0

Putting = 1 in (2.13), we get
(32)1 =0
Now differentiate (2.13) with respect to x, we have
Rz —a*) y3 4+ 2-22)+ (1 —2)y +yi1(=1) =0

Putting x = 1 in (2.15) gives:

(sh = =-1
Now using Leibnitz’s theorem (1.26) in (2.13), we get
(n-1)

n
(237 - wz) Yn+2 + n(2 - 2$) Ynt1 + f

(2.5)

(2.6)

2.7)

(2.8)
(2.9)

(2.10)

2.11)

2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(=2) yn + (1 =) ypy1 +n(=1) y, =0 (2.17)
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Putting x = 1 in (2.17), we get

(Yni2)1 +0—n(n—1) (yu)1 —n(yn)1 =0

or
(yn+2)1 = nz(yn)l
Again putting n = 2,3,4,5,6,7,8,9... in (2.19) respectively, we get

(ya)1 =2 (12)1 =0, ; ()1 =0
(ys)1 = 3*(y3)1 = (=1) 3% 1%, 5 (y3)1 = —1
(y6)1 =4* ()1 =0, ; (ya)1 =0
(y1)1 =5 (ys)1 = =52 32 1%, ; (ys)1 = —3%.1°
(ys)1 = 6% (ys)1 =0, ;(y6)1 =0
(yo)r = 7% (y7)1 = =7*5* 3% 1%, ; (y7)1 = —52.3%17
Replacing n by (n — 2) in (2.19), we get
(ya)1 = (n —2)*(Yn-2)

Again replacing n by (2n + 1) in (2.21), we have
(Y2nt1 )1 = (20— 1) (y20—1)1

= (2n — 1)2(2n — 3)*(y2n_3)
= (2n —1)*(2n —3)*(2n — 5)*...52 32 12 (—1)>"*!

=—(135...2n 1))

R s [(;)]

Using Taylor’s expansion (1.25) around the point z = 1, we have

Therefore,

S (z—1)"

y(@) = ()

n=0

n!

Using decomposition formula for infinite series in (2.24), we get

00 r—1 2n e r—1 2n+1

(2.18)

(2.19)

(2.20)

2.21)

(2.22)

(2.23)

(2.24)

(2.25)

we know that all even order differential coefficients at x = 1 are zero. Therefore in view of result

(2.23) above equation reduces to:

. 22,1[(;)42@_ e
(2n+1)! ’
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. Hence
1 1.
202
covers ! (z) = (1 — ) ,F (x—1)2
3.
29
Proof of the result (2.2):
Using equation (2.26), we have
11
. ) ) 292 5
(covers™!(z))" = (1 —z)* | 2P} (z—1)
3
11 11
202 2072
=(1—-x)?,F (x—12 | 2F (x—1)2
3. 3.
2’ 2’
Using Clausen’s formula (1.30) in (2.28), we get
1,11
(covers‘l(av))2 =(1-2)*3F (x—1)°
2,3;
722
Proof of the result (2.3):
We know that: -
y(x) = covers(z) = 1 — sin(x), Yy (5) =0

On differentiating (2.30) n times, w.r.t x ,we have

dTL

y"(2) = 0~ -~ sin(z) = — sin((n;) + x)

Putting x = Z in (2.31), we get

y(") (g) = - sm{nz7T + ﬂ = —cCos (%)

Using Taylor’s expansion (1.25) around the point z = %, we have

T\N

O e

n=1
g)n-&-l

_ (x
“23<f>

n=0

cos ((n +1)

Now using decomposition identity (1.23) in (2.34), we have

)20+ > (g —

nZ:O 2n+1 COS((2H+1)2)—nZ_0(2n+2)' -

)

% )2n+2

P G N e D s IR (O
=0+ 21 nzz;) 22”(%)71(2)” n!
1 T 2 b 2
covers(z) = 3 (:17 - §> 112 —3(@—3)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)
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Proof of the result (2.4):
Suppose
—1
_ vers” (@) 237)
(2z)
On using (1.17) in (2.37), we get
—1 11 _
vers~!(x) _ cos (1—x) (2.38)
(2z)

T )
(V2zx) y =cos™' (1 — ) (2.39)

or
Differentiate with respect to x, we have
V2zy + L ! (2.40)
iy V2z (22 — 22) .
1
AN 2.41)
2 = =(1—-= .

Ty +y 2 > (

(2.42)

Now using Leibnitz’s theorem (1.26)and equation (1.29) in (2.41) , we get on simplification:
1

A
(1—2> . (2.43)

(")) (22) + ("1) () (2) + = 20

Putting = = 0in (2.43) , we get
(3),
20 (yn)o + (um)o = 35 (2.44)
" 1), )
(yn)() == 2/n 2 2/n (245)
2" (3),
Now using Maclaurin’s expansion, we have
0 "
y=>_ = () (2.46)
n=0 ’
- (3) on pl :
n—0 2)n
Hence
1 1.
'1)6’1”871 xr 22
@) _ p : (2.48)

Proof of the results (2.5) and (2.6):
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Using the result (2.4), we have

((W’sl(ﬂf)))2 _ (vers™'(@))* (2.49)
1 1. 11
22 22
=,F Z | 2F 2 (2.50)
3. 3.
2 2
Further using Clausen’s reduction formula (1.30) in (2.50), we get
1,1,1
vers—\(z))* N
( : @) _ g s | 2.51)
T 53
’ D0
which proves result (2.5).
Again,
(vers‘l(x))z LLL .
5 — 2 3P z (2.52)
2,3
- (D (1), (1),r r]
=z|l+ =
e
o (Drp1 (D)1 (2 ’“]
=z|l+ =
e @)
x 1 oo
1 (3)' $~@.2).0) &)]
21(), = G (G), N2
1,2,2;
— ([1 +% B z >
5
37 Qa
1,2,2;
vers—1(z))’ a2 B
( 2( ) —ot Tom, : (2.53)
3,3;
IR
Proof of the result (2.7):
We know
y=wers(z) =1—cos(z), (y)o=0 (2.54)
Differentiating (2.54) w.r.t z, we get
d .
% =y, = sin(z) (2.55)
Taking nth derivative of (2.55), we get
Yns1 = sin (”2l n x) (2.56)
Putting x = 0 in (2.56), we obtain
. /nm
(Yn+1)p = sin (7) (2.57)
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Now using Maclaurin’s expansion (1.24) , we have

y = ; (), % (2.58)
0 " oo pntl
=0+ ; H(yn)o = nzzo m(ynﬂ)o
i o csin (5F) (2.59)

n=0

Using decomposition formula (1.23) in (2.59), we have

o 2n+l nm S x2n+2
’Ue'r‘s TLZ:O Sln <2> +nzzomsln ((2n+ 1)2)
1.2n+2
0+ Gn+2) s1n((n+ ) )
2n+2
- nz 2n+2)! -1 (2.60)
which on simplification gives:
I‘z 1’ 2
vers(z) = = 1 -z : (2.61)
2 5 3.
72

3 Successive Differentiations of Some Typical Functions

Under associated convergence conditions, the following results hold true:

1 1
" -1 Y2 n+3nta;
dn vers” (z) | _ ((32)”) o Fy 21y |z|<2andneNy (3.1
dz (2x) (5)n27 .
2T
2 1 1 1 ;
d® [ vers™!(z) ((n)))’ LR
T 5 :(3) Q). 2" ) £ 15 |xl<2andn e Ny
(22) 2 Asn 2+4m, 3+
(3.2)
n 1 2 12 n,n;
A <(vers («)) ) = ((nl DY 2By 515 lzl<2andneN 3.3)
dan 2 (3)n 27 |
n+ E?
1 1.
dn 1 | 202
T (covers™' (1 — /z)) = (-1)" (—2) 227" o Fy x|, |z <landn e Ny
x
n %—TL;
(3.4)
. Y n,n;
A (cover571(1 — \/E))z = MzFl x|, |z]<landneN (3.5)
da™ 2(3) |
" n+3;
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n -1 n—1 ’
d—covers (E + 2\/5) = ( 1) o —x |, Vxzandn e Ny
dz™ 2 (3) |
n n + jv
dn (_l)n—l =
——vers (iZ\/E) = : oF1 —x |, Vzandn e Ny
dx (i)n n-+ 1
23

Proof of the result (3.1):

Using the result (2.4), we have

1.
d* [ vers™(x d" 2
( ( >> A

B—

dam Qz) ) da" , 2
35
(sl o
dam \ = (3)p2r 7!
Sl
p—r (%)TZT dx™ r!
(D ot ar

Replacing r by r + n in equation (3.11), we get

dr <U€T51($)> _ i (%)T-HL (%)H—n Lrtnn

dz™ (2z) = ($)rpn 2747 (r 40— n)!

_ (%)n (%)n i (% +n)r (% +n)r Ji
(%)n 2n = (% +n), 2" r!
2 n+g,n+3;
- ((32)n)n 2F 2
(3)n2 3

Proof of the result (3.2):

Using the result (2.5), we have

2 1,1, 1;
dr (vers‘l(a:)> _ar o "

da (2z)

(3.6)

(3.7

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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Replacing r by 7 + n in equation (3.18), we get

A (vers”!(x) .- (Drn(Drin(Drin rn—n 3.19
dam ( o ) ;0 (Drin 277 (2)rin (r+n—n)! x (3.19)

(W (D (D & 1+n) (1+n).
- (2) % TZ r2r (2+n) ( ), x (320)
. ((n'))3 ) s ; )
(3 (2 2n 3 . 3 3.21)
24n,5+m
Proof of the result (3.3):
From (2.52), we know that
1,1,1;
d® [ (vers™!(z))? _an e
d“f"<2)_dxn z 3F i (3.22)
72’
(S 0,
o dn <m Z:; (), 27 (2), r!) (3.23)
& (D), (1) (1), dn !
B ;) (2), 27 (2), dam 7! (3.24)
— = (l)r(l)r(l)r (T‘+ 1)' xT-an
- 1’:;—1 (%)T 2r (z)r (7" +1- n)' rl ’ (3.25)

Replacing r by r +n — 1 in equation (3.25), we get

dn ([ (vers~!(z))? 2 (Dt (Dygnet (Dt (r+n—141)1  grin-l+l-n
((2())>:Z (1) 1(1) 1(1) 1 (r+ +1)

do = (3)rn1 27 ) (Pt =1+ 1—n)! (r+n—1)!
(3.26)
- 1 r+n 1 r+n 1 (T+n)' z"
(3.27)
Tzz(:) % r4+n— 12r+n 1(2)T+n71 (T)'
1 > - 1),(1 -1 [
_ (D)n— Z l4n—1).(1+4n—-1), (r+n)! =z . (3.28)
(2)n1(2>n12n1 — 2+n—1)< Tl—l) 2r (7")'
On further simplification, we get
n —1 2 -1 21 1—* 2 oo r
d (( (2)) ) _ (= Z o T o)
dz™ 2 I'(5+n) 2" =+ r(r)!
n,n,
((n—1Y’ ”
—— o F) z (3.30)
(Da 2" :
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Proof of the result (3.4):
In equation (2.1) replace = by 1 — /=, we get

11
272
covers™ (1 —/x) = \/z 2 Fy x| . (3.31)
3.
2
Now
11
dr | dn 2722
— (1 - = — F 32
T (covers ( \/E)) don Vo Fy . T (3.32)
27
[e7] l ,
_ 2 r+5
Z 5 o dxn z e (3.33)
Now using fractional derivative formula (1.32), we get
" > (3, ). Tr+1i+1
dc.lri” (covers™' (1 — Vz)) = (). (), T+ )' gt (3.34)

e (%)Tl—‘(r—}—%—n—l—l)r

_ i w rion (3.35)

T
r=0
_f: (%)r %)rr<%) r+%7n 336
- 3 3 ' X ) ( . )
r=0 (j - n)rr(é - TL) r
which on simplification gives
3 1 1.
n 1" S . 272
dd " (covers™' (1 — V) = 73(2) 2"k x (3.37)
v r'(3-n) 3,
2 9
11,
1 I 212>
= (=" (—2) Ry x (3.38)
n % —n;
Proof of the result (3.5):
In equation (2.2) replace = by 1 — /, we get
1,1,1;
(covers_l(l — \/5))2 =x4iF A (3.39)
2,3;
Now
dn dn 1) 1) 13
—— (covers_l(l — \/E))2 = —z3F; x (3.40)
dx x 5 3.
’ 20
o (D () (1) d™ oy
= Z 2 g) L den 2"t (3.41)
r=0 "A\2/r
i !
= Delelr £ D! ritn (3.42)
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Replacing r by r +n — 1 in equation (3.42), we get

a covers—1(1 — )’ = o~ (D=1 (Drin—1(r +n)! o
pel (1- V) go S 1( )TM o (3.43)

(2)"1*1 (i)n—l r=0 (1 +n) ( ) (T)'
-DN’T2)T(3) & 1
_ (=) (1) () Z Pnt1) (3.45)
I(1+n)(5+n) = . ()!
— 1)) o
_((n : )Y JF s 1 (3.46)
2 (j)n n -+ 1,
Proof of the result (3.6)
In equation (2.3) replacing z by (5 +24/), we get
L;
covers (g + 2\/5) =2z.1F —z (3.47)
2,3;
Now,
d’ll dn 1;
covers (z + 2\/5) =—<K2x1F —x (3.48)
dx™ 2 " 3.
2,3;
o~ (Do (=D d*
=2y "t (3.49)
o0 _ r ‘
= (2), (E)r rl(r+1—mn)!
Replacing r by 7 +n — 1 in equation (3.50), we get
dar s = (=) (e ) )
——covers (5 £2Vx) =2 x’ (3.51)
dz (2 ) rz:(:) 2)7’*"71 (%)r+n—l (T)!
_1\n—1 & 1\ |

@ B)n S (A (G, ()

On simplification equation (3.52) gives:

dn 7r 2-)"'r2)T(3) & (=) (n+1),I(n+1)
el 249 = 2 ! " 3.53
aevers (5 +2v) L1+ )T (% +n) ; (e (tn), " O
n _1)n—! >
d—covers (E + 2\/9?) = (=1) oF —z |, (3.54)
de” 2 (2) |
n n + is
which proves the result (3.6),
In equation (2.7) replacing z by +2/x, we get
L
vers(£2y/x) = (2z) P, —x | . (3.55)
2 3.

) 2 ’
Similarly by adopting the same procedure (3.55) as used in the derivation of (3.6), we can prove
the result (3.7).
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4 Conclusion

In this paper we obtained hypergeometric forms and successive differential coefficients of some
typical mathematical functions e.g. covers(z), covers™!(z), vers(z), vers~!(z) (given in the
monographs of differential calculus by J. Edwards) and other related functions using the expan-
sions of Taylor, Maclaurin, series rearrangement technique and Clausen’s formula. From the
above observations, we can obtain hypergeometric forms and successive differential coefficients
of other new mathematical functions (may be found in the literature of Mathematics) in an anal-
ogous manner, which may be useful in the fields of Mathematical Physics, Statistics and other
branches of Science and Engineering.
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