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Abstract The prime focus of this paper is the modified Bessel-type integral transform and its
kernel introduced by Gleaske et.al. [A modified Bessel-type integral transform and its composi-
tions with fractional calculus operators on spaces Fj, ,, and F;’ .- Journal of Computational and
Applied Mathematics, 118, 151-168 (2000)]. Analytic properties like, continuity, integrabilty,
convexity and various inequalites including Turan type are investigated for the kernel function.
To enable the applicabilty of the modified Bessel-type transform, its compostion with various
generalized special functions are obtained along with the computable series representation of its
kernel. Moreover, the kernel function has been extended to matrix arguments in both real and
complex cases.

1 Introduction

In 1965, Kritzel [17] introduced a Bessel-type integral transform (LS,") f ) (z), defined as

+o00
(err) @)= [ AP s, (1)
0
where z € R = (0, 00), and the kernel function A (+) is defined by
2,/T>(n71)/2\/?Z w\ vn o0
A () o BTV / " — 1)~/ exp(—ut)dt 1.2
Y= (G) @ -0 eeuna (12)

withu € Ry, v > % —1,ne N={1,2,3,...}. From [6, 7.12(23)] with z = ¢, it is easy to see
that

AD (1) =2 (;) K (8), (13)

where K, (+) is the Macdonald function or the modified Bessel function of the third kind, see [6,
7.2.2]. Whenn = land n = 2, (Esjmf) (z) simplifies to the Laplace transform and the Meijer

transform, as mentioned in [17]. Kritzel extensively examined the inversion formulas, convo-
lution theorems, operational rules, differentiation relations, and the association with differential
operators of £ see [18, 19, 20, 21].

In 1998, Glaeske and Kilbas [8] studied the transform (1.1) in Banach spaces L. (0, 00),
consisting of the complex-valued functions g with norm

1

+(X11 -
e ={ [ firatora} <o
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where 1 < 7 < 00,y € R = (—o00,4+00). It was also proved that the transform (1.1) can
be represented as a particular type of H-transform, for more details of H-transform, see [13].
In particular, the paper covers the boundedness of the function, the representations in terms of
special functions, and the range of the transform using the L., ,—theory of integral transforms.

In 2000, Glaeske et al. [7] introduced a modified Bessel-type integral transform (CS,B ) f ) (z),
which is defined as

+o00
(025 (@) = / Ay (at) f(t)dt, (1.4)
0
where x € R, and the kernel function )\E,B 2,() is given by
(6) () — B R R
M) = o _5—1)/] (t7 = 1)~ 47 exp(—2t)dt, (1.5)

with 8 > 0, R(z) >0, R(v) > % — 1, 0 € R. Moreover, the composition of (1.5) with left-and
right-sided Riemann-Liouville fractional integrals and derivatives are investigated. A relation
connecting (1.1) and (1.4) is given by [8, 1.6],

(1) o) = B () o, e

nnl/—j

forn € N, R(v) > L —1.1n 2000, Bonilla et al. [4] studied the properties of the kernel function

/\5,6 (),(z) A representation of )\5,6 ; (z) in terms of Fox’s H-function is given by Gleaske et al. [7,

(2.6)] as

o = 0.1), (—v—0/B.1/8)

where 5 > 0, R(v) > % —1,and 0 € R. H;;"(2) denotes the Fox’s H-function, [13, 9].

The recurrence relations, representations of )\L’B 3(2) by fractional integrals of elementary func-

tions were also proved. Further, it has been proved that the function )\f,ﬁ (),(z) is a solution of

certain differential and integral equations. In 2019, Luo and Raina [22] established certain in-

equalities for )\,(,ﬁ g(z) that are connected to the generalized Hurwitz-Lerch zeta function and the

complementary incomplete gamma function. Many authors have explored other Bessel-type in-
tegral transforms and their kernel functions, which were introduced by Kritzel; see for example,

[3, 10, 16, 25]. Motivated by these works on the Bessel-type integral transforms, it is essential

to examine the further analytic properties of the transform df )T and associated kernel function

)\S,’B (),(z) In 1950, Turdn [34] established an inequality which is of the form

AB) (2) = B0 (z ‘((1_(U+1)/5»1/5) >’ 2€C, 240, 1.7

[Pt (2)] > Pop(8) Prpsn(z) forallz € (—1,1), m €N,

where £,,(x) is the Legendre polynomial. Many authors have extended similar inequalities
to classical orthogonal polynomials and special functions. Notably, numerous researchers have
established Turan type inequality for various special functions. For instance, refer [2]. In light

of the above, we find it suitable to establish Turan type inequality for the function )\5,5 3 (2). It has
also been demonstrated that the kernel function satisfies the Hermite-Hadamard inequality. In

continuation to the above, two additional inequalities were derived for the function )\<f (),(z)
This article is divided into six sections, which are as follows: Section 2 proves the Lipschitz

continuity, integrability, convexity, fixed-point properties, and various inequalities associated

with the function )\,(,ﬁ (),(x) The behavior of the kernel function A,(,B 3(m) is also studied through

graphs. In Section 3, the modified Bessel-type integral transform of various generalized special

functions, including the Dirac delta function and the Heaviside step function, is evaluated. A

composition formula for Eg,ﬁ [), with the Laplace transform is also discovered. Furthermore, a

series form representation of the function /\,Sﬁ 2,(1:) is obtained. Section 4 extends the kernel

function )\(V’B ) (x) to the matrix-variate case, /\(f ) (X) with matrix argument X . Section 5 provides

the conclusion.
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2 Properties of A?) (2)

This section addresses the continuity, differentiability, and integrability of the kernel function

)\S,B ) (z). The initial finding confirms that )\,(,B 3(:5) is Lipschitz.

Theorem 2.1. For § > 0, o, v € Rsuchthat  —1 < v < — 31 A[%) (x) is Lipschitz on (0, o).
That is,

ro-cs)
A2 () = AP (y)| € —— L |z -yl

for every z, y in (0, 00).

Proof. If x < y for z, y € (0, 00), then

L OO B 1\w—140o . _ B
r<y+1—;>/l (t = 1)" 7517 [exp(—at) — exp(—yt)| dt.  (2.1)

Ao (@) = A2 ()] <
Using the mean value theorem for differentiation,

exp(—yt) — exp(—at)
y—x

= texp(—ct), (2.2)

for some ¢ € (z,y) and ¢ > 1, we have

DN < = [T e e
o+l
(=)
= |z =yl
r(1-=2)
This completes the proof. O

Corollary 2.1.1. The function )\,(,ﬂ 2,(:5) is absolutely continuous function on [a, b] C (0, c0) for

>0, 5-1<v<-2f z>0andoeR.

Corollary 2.1.2. The function )\,(,ﬁ g(x) is a function of bounded variation on [a, b] C (0, o) for

8>0,2>0, 5 —1<v<-2, z>0ando €R.

Corollary 2.1.3. \")(z) is Cauchy continuous function on (0, 00) for 8 > 0, z > 0, é -1<

u<—"TH,andaeR.

Theorem 2.2.Let 3 > 0, v > % — 1, x > 0and o € R, then )\S,ﬁ 3(95) is integrable function on

[a, b] in the Riemann sense, where [a, b] is any set in (0, co). That is

b
/ AP (2) da = AP

v,o v,o—1

(a) = AP (). 2.3)

Proof. Since A\’)(z) is continuous on [a,b] C (0,00), A’} (x) € R]a, b]. Using the formula [7,
(2.13)], we obtain (2.3). O

The following results provide the convexity, fixed point properties, and various analytical
inequalities of )xl(,ﬁ [),(x)

Theorem 2.3. The function )\iﬁ ) (z) has a unique fixed-point in (0, o) for 8 > 0, v > %— L, z>
0 and o € R. That is, there exists z € (0, c0) such that

AP (2) = a. (2.4)
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Proof. Using the fact that /\S,ﬁ ) (z) is monotonically decreasing and continuous on (0, o) , we
obtain the result. O

A real valued function f is log-convex, if for any o such that 0 < o < 1,
flaz+ (1 —a)y) < fla)*fy)'
The following theorem deals the log-convexity of /\5,5 2,(3:)

Theorem 2.4. The function )\E,ﬁ(l(x) is log-convex on (0, cc), for 8 > 0, v > % —1, z>0and
celR

Proof. Leta € [0, 1] and zy, x5 € (0, 00), then

)\(WZ [az) + (1 — a)xs]

— L > 58 v—=L1 .0 . _ B

Tt 1- }3>/1 (t7 = 1) 517 exp [~awit — (1 — a)aat] di

= 5 > v—L o o v—L1,o l—a

B 1“(1/—1—1/13)/1 [(tﬁ - 1) st CXP(—ﬂflt)} {(tﬂ — 1)t exp(—xzt)} dt.

By means of Holder-Roger’s inequality for real valued functions f and g defined on [m, n], and
|£(t)[*, |g(t)|" integrable functions on [m, n] where u > 1 with 1+ + 1 =1,

[ e < | [ |f<t>“dtH | |g<t>|”dt]’£,

we have

’8) /loo(tﬂ — 1)V exp(—xlt)dtl

B
6 o 11—«
S — 8 — 1)y 1/Be —ot)dt

This completes the proof. O

Let [a,b] C (0, 00). From Theorem 2.4, x +— )\,(,ﬂ ) (x) is convex on [a, b]. Now using the Hermite-
Hadamard inequality [32, (1.1)] and Theorem 2.2, we have the following corollary.

Corollary 2.4.1.Let 5 > 0, v > % — 1,0 € R,and b > a > 0, then

)

< b—a =

at+b) A @ -2D 0 AD(a) + A
: < N . (2.5)

Similar to Theorem 2.4, one can show that the function o — /\S,ﬁ ; (x) is log-convex on R with
v > é — 1, z > 0, 8 > 0. This leads to the following corollary.

Corollary 2.4.2.Let 5 > 0, v > % — 1, z > 0 and 0 € R, then the function o /\5,5 ;(;z:)
satisfies the Turédn type inequality,

A

IN
| —
.
=

s @] N _s@)]. 2.6)
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Theorem 2.5. Let 5 > 0, V>%*1, c€eR, x, y> lsuchthat%—i-i <1, and p, g > 0 such
that%—i—é: 1, then

AP <xp + yq> < [A(fi(px)]é [Afg(qy)}é : 2.7)

Proof. Using the Young’s inequality,

uP v
uw < — + —,
D q

where u, v > 0 and % + é =1, p, ¢ > 0, and using (1.5), we have

q B o0
AB) (+y> < 7/ 8 — 1) V/P47 exp(—zyt)dt. 2.8

Using Holder-Roger’s inequality, we obtain

P q
AL),(Ier) <
' p q

1

P

B) /loc(tﬁ —1)v VB exp(—pxt)dt]

B /Oo 8 —1 !
X | =t P — 1) =157 exp(—qyt)dt
This completes the proof. O
Theorem 2.6.Let § > 0, L —1 < v < -5, 2 > Oand 0 < —1, then A")(x) satisfies the
following inequality,
r—g-v o+l
(o +1,2) ( o ) < T AP (a), (2.9)

_otl) T o417
r(1-=)
where IT'(- , -) is the incomplete gamma function [5, (2)].

Proof. Let f(t) = exp(—ut), g(t) = F(V%l—%)(tﬁ - 1)”_é7 and h(t) = t°, then f, g are

decreasing and integrable on (1, c0). Moreover,

e 1
h(t)dt = — . 2.1

| nar = —— @10

Using the incomplete gamma function, we obtain
/ FOR(D)dE = / exp(—at)i7dt = 7 17) @.11)

1 1 T
and using the beta function, we have
/OO g(t)h(t)dt = /Oo B p oy hed = F(_%J (2.12)
i Tw+1-14 B _ o)’ ’
1 1 (v+ 5) r (l 5 )

Using, the Chebyshev integral inequality [31, p. 40] the result (2.9) follows. O

The following result gives a computable series representation of )\,(f? 2, (2).
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Theorem 2.7. For § > 0, o, v € R, z # 0, we have

A (z):i C(-5-3)

o )y (1 = %) (=2)"

I I'(Bv+o—pm) m
+ B8z —2A)". (2.13)
: n%m!l“(l—é—i—y—m)( Z)

Proof. Using the Mellin-Barnes integral representation of (1.7), we have

_1/F(S)F(—V—g+2)
2mi Je T(1 -2+ %)

Ao (2)

v,0

z~ %ds, (2.14)

>0, R(v)> % —1, 2> 0,0 € Rand R(s) > max[0, v+ o].
Consider the function
I'(s)I'(—v — 3+ %)

Ll -4+ 3)

where £ = £_ ., is the contour which encloses the poles s = fv + o — fm (m =0,1,...) of
I'(—v—o0/B+s/B) and the poles s = —n (n =0, 1,...) of I' (s). Suppose Sv + o — fm # —n
for any m,n € Z, then using the Cauchy residue theorem, we have

g(s) = 27%, (2.15)

)\(fg(z) = Z%es {g9(s) :s=—n}+ Z Res{g(s):s=pv+o—Pm}. (2.16)
n=0 m=0
Since,
. . (s+n)s+n—1)---sI'(s) (=1)"
we have
r(—y_2_n
Res{g(s):s=-n} = lim (s+n)g(s) = ( - ﬂ) (—2)", (2.18)
T ()

and the residues of g at s = fv + o — Bm is

Res{g(s):s=prv+o—pPm}= lim (s — v —oc+ Bm)g(s)

s—pBr+o—Lm

I'(Bv+o—Pm)

= BB (=" (@219

m!l"(l—%—{—u—m)
Substituting equations (2.18) and (2.19) in equation (2.16), we have the series form of )\1(,6 ),(z) in
(2.13). O

Consider the kernel function in (1.5) with 8 = 1, the behaviour of the function for various

values of o € R is plotted below.

Figure 1 represents the graph of )\(f g(x) for z > 0 and various values of ¢ by fixing v = 1

and 5 = 1. Figure 2 represents the graph of )\E,ﬁ g(x) for z > 0 and various values of ¢ by fixing

v = 2 and § = 1. In both cases, it is clear that, as ¢ increases, the curves are heavy peaked.

Further, as the value of v increases, the curves translate towards right from axes. The function

)\S,ﬁ (), (z) shows two key behaviors based on the parameters o and v. As o increases, the curves

become more sharply peaked, indicating that o controls the steepness and localization of the
peak around a specific point on the x-axis. In contrast, as v increases, the peak shifts to the right,
showing that v influences the horizontal position of the peak, with higher v values pushing the
peak to larger z-values. The combined effect of increasing o and v produces curves that are both
more sharply peaked and translated to the right.
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Figure 1. \JJs(¢) for v = = 1 Figure 2. A/} () for § = 1, =2
and o =—1, 0.5, 0,05, 1 and o = 1, 0.5, 0, 0.5, 1

3 Efj@ and Generalized Special functions
Here, we establish Ef,ﬁ 3 transform of some generalized special functions. First result is for the
power function z*~!, (R(\) > 0).

Theorem 3.1. For 5 > 0, R(v) > § — 1, > 0, R(A) > 0, o € R such that R(A — o) >
BR(v — 1), then

_ A—o
(£2a>1) = 27T FF<(1A;T j] )> . 3.1)

Proof. Using (1.4) and (1.5), we obtain
+o00
(£ ) (@) = / ) (at)>dt.
0

6 /+oo /oo 5 /s N
= y? —1)" y? exp(—xty)dyt”~'dt.
By interchanging the order of integrals and simplifying, we have

+o00 oo
LB) A1 N / t*lexp(—at dt/ B 1) 1Byoqy.
(o) @ = sy p(—aty)dt [ (= 1)y dy

= LBlr(/\) /m(y’g — 1) By7 A dy.
F(I/ + 1 — B) 1

This completes the proof. O

The Dirac delta function or the unit impulse function is defined as [1]

Sy = {0 H2=0 / 5(z)de = 1.
0 ifx£0 —o

For € > 0, consider the function

5.(z) = {i ifx e [0,6]7

otherwise
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then

/ T @)z =1 and lim o, (z) = 6(x).

e—0

The following theorem gives the composition of Lg,ﬁ [), with the Dirac delta function.
Theorem 3.2. Let 3 > 0, R(v) > % —1,2>0,0 €R,and a > 0, then

£B)
5(t —a) == X9 (ax).

Proof. Using (1.4) and (1.5), we have

(est-a) @ = [ A s - aat

0

B /+oo /oo 8 L o
== — 1) By%e”""dyd(t — a)dt.
F(V"— 1 _ %) 0 1 (y ) y € y ( a’)

Interchanging the order of integrals, we have

oS} +o00
L85, (t — :¢/ B 1) f'/ —T5 (t — a) dt d
(att=a) o) = oy ), O -0 [ e drdy
B /°° 8
- )Ry ey = =A% (e 32
for some ¢ € [a, a + €]. Taking the limit as e — 0, we obtain
(6) 51 I N R )
(e300 -0) 0 = gy [ 07 = 0B = A )
This completes the proof. O

The next result gives the modified Bessel-type transform E,(,B 3 of the Heaviside step function,

which is given by [33],

1 >
() = 1 %fx >0
0 ifxz<O.
Then & 57 (z) = §(x).
Theorem 3.3. Let 3 > 0, R(v) > é —1,2>0,0 €R,and b > 0 then

11&2, 1
A=) =5 X

=

(bx), (3.3)
Proof. Using (1.4) and (1.5), we have

(ﬁfﬁl%(t - b)) (z) = /m AP (xt) 7 (t — b)dt
0

+o00
= — 1)~ VByTedy (t — b)dt.
e, | ey
changing the order of integrals, we obtam
(£< )L%ﬂ(t _ b)) (J)) — # /Oo(yﬁ _ l)v—l/ﬁyady/+0° e_zty%(t _ b)dt
v Cv+1- %) 1 0

— ﬂ ] /Oo(yﬁ _ l)y—l/ﬁya——le—bmydy
al(v+1-3) /i
1

(8)
= - bz).
!EA crfl( I)

By means of equation (1.5), we obtain the result in (3.3). O
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Next, consider the function g(z) = 2"~ 'H""(bz*), n € C and p > 0. Then the following
theorem gives the formula for (ﬁf ) g) (z).

Theorem 3.4. Letn € C, 8,p > 0, R(v) > % —1, 2 >0and o € R, then

(C p :v”_lH;’f(}"(bx”)) (z)

v,0

VAL, - (up, Ap), (1 —n,p), (1 -2 2

ZEH;H“F’;L;‘;iI w% (ul 1) (up P)( n p)n(ia":yp [3) 7 (3.4)
a’ ' (v1,B1),. .., (vg, Bq), (— 2 ’3)

whereC:# fori=1,2,...p,7=1,2,...¢q,u;, v; € Cand A;, B; € R,.
r(l/-l—l—*)

Proof. Using (1.4), let us consider,

+oo
—1 grm,n _ ﬁ —1 grm,n
(=" (ba) ) () = Tv+1-1) /0 D) ()t Hn (bt )dt

ﬁ /+oo ) . /
== A )¢ )(bt?) ~*dsdt. 3.5
F(V—I—l—%) 0 o) 2mi o ’ )

Changing the order of integration, we have

1 oo
(£200) )= 55—y am Lo0w [ o e

Now using (3.1), we obtain the result in (3.4). O
Corollary 34.1.Letn € C, 3, p > 0, R(v) > é —1, 2 >0and o € R, then

(8) 211 B (b)) (2) = B 1 T(0)T(b) - - T(by)

(cm pFy (b ))( ) D(v+ 1 — 1) 2 T(an)(az) - T(ay)

« Hl,p2+2 ) —b (1 _a]vl)v"'v(l — Qp, l)v(l —7770),(1 —I—I/—IT,Z)) , (36)
prnat ( (0,1), (1 = b1, 1), ..., (1 = bg, 1), (=1=5=, §)

where a;, b; € Cand oy, B; € R, fori =1,2,...p,j = 1,2,...¢, and ,F,(2) is the generalized
hypergeometric function, which is defined by [6, 4.1(1)]

(u1)n(u)n -~ (up)n 2
F(up,up, ..., Uy 01,02, ...,0452) 1= — 3.7
pFo(wr,ua, oy v, 02, s vg32) ;(Ul)n(vz)n'”(vq)n nl (3.7)

where u;,v; € C; u;,v; # —n, n =0,1,2,---fori = 1,...,pand j = 1,...,q. Here (u),
denotes the pochhammer symbol defined for v € C by [6, 4.1(2)]

(Wo=1, (@p =ulu+1)--(u+k=1), k=12,.... (3.8)

The following result gives a composition formula for ES,B 3 with the Laplace transform. The

Laplace transform of a function f(¢) (¢ > 0) at ¢ € C is defined as

(Lf)(¢) = /0 - et f(t)dt, 3.9)

whenever the integral in (3.9) exists.

Theorem 3.5. Let ( € C,( #0, 8> 0, R(v) > L — 1,0 € Rand f € £, (0, 0), then

(8) — e 21 [z (071)7 (1_(U+1)/571/ﬁ) 2)dx
(L)) ©) /0 Hz,z<< ‘ o) (oo )f( )dz.
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Proof. Suppose f € 2, (0,00). Let § > 0, R(v) > % —1, x > 0and o € R, then

(Lep) o= [ e (L 01) (t)d

+o0 +oo
:/ AB) (2t) f (x)dadt.

VG

Using (1.7), we obtain

( _ *“e_t 01 [ D(s)T(—y —0a/B+s/B) )-5ds £ (2)de
(Mfgf) (© _/0 ‘ /0 2m'/ﬁr(1 —(oc+1)/B+s/B) (t2)""ds f (z)dwdt.

Changing the order of integration and simplifying, we get

+oo 1—5 ( V_Z+£) x —s
L) ¢ 5T 5 () |
( LVU 27mA / — ol ¢ ) c dsf(z)dz

B B

This completes the proof. O

4 Matrix analog of A(") ()

In this section, we present the matrix variate case of the function )\(f 3 In the following dis-
cussion, we consider two types of matrices of order ¢ x ¢, one with elements in real domain
and other with complex domain. There is no possiblity of confusion since we use X for real
scalar matrix and X for complex scalar matrix. The determinant of a real matrix X is denoted
by | X| or det(X), and in the complex domain, the absolute value of the determinant is denoted
by |det(X)|. The identity matrix of order ¢ x ¢ is denoted by I,, tr(X) represents the trace
of the matrix X. X > O denotes a real positive definite matrix of order ¢ x ¢, and we write
O < A< X < Binthesense that A, B, X, X — A, and B — X are positive definite matrices,
where A and B are constant matrices. X2 will stand for the symmetric positive definite square
root of a symmetric positive definite matrix X . The integral

B
/ F(X) dX = F(X) dX = F(X) dX @l
A O<A<X<B A<X<B

means that a real valued scalar function f(X) of g x ¢ real positive definite matrix X is integrated
over all X suchthat X > O, X — A > O, B— X > O. Here dX stands for the wedge product
of differentials [24]. The corresponding integral in complex domain is denoted by

B
/A F(X)dX = £(X)dX, 4.2)

A<X<B

integrated over all positive definite Hermitian matrix X suchthat X >0, X -4 >0, B—X >
0.
The real matrix variate gamma function is defined as [24, (5.1.2)]

T,() :/X i |X|o~ T e~r(X) gx
>

=" ()T <oz - ;) T <a - ‘121) : (4.3)

where R(a) > 4. Similiarly, I',(-) denotes the complex matrix variate gamma function, given
by

(g—1)
2

Fq(a)—/y>o|det( o9 = 2 D) (a— 1) T(a—q+1),  (44)
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where R(«) > ¢ — 1.

For n = 1,2,..., let the real matrix variate case of A(Jil(a:) be denoted by A,(,ng(X ) and
defined as
A= [ gy P e (culxyhay, @)
I, (V+ qzil — %) Y>I,

where R (v) > 1 — 1. Immediately, one can note that when ¢ = 1 and 8 = n, AS,”}(X ) reduces

to the univariate case in (1.5). Analogously in complex domain, AS,"(J(X' ) is defined as

AP () : = — n / 7 L P exp (—tr [RT]) AT, (4.6)
SN P Y )

where R (v) > 1 — 1, X > O.

Remark 4.1. Note that the newly defined matrix variate extensions of Bessel type functions
in (4.5) and (4.6) are not explicitly solvable at present. However for n = 1, by applying the
M-transform, one can observe that they belong to the class of Meijer’s G-functions of matrix
arguments.

5 Concluding Remarks

The kernel function satisfies the essential analytical properties of classical calculus and obey
to several intriguing inequalities. In order to undrestand the behaviour of the kernel function,
a computable series representation has been obtained along with a graphical representations.
Driven by mathematical curiosity, we extended the kernel function to matrix arguments and ob-
served that its key properties remain intact in this generalized context.
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