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Abstract Let )\, «, k and m be non-negative integers. Let Py1,Sk11 denote a path, star
with k edges and k + 1 vertices. K,, ,, denote the complete bipartite graph with m vertices in
each partite set and K, ,, ® I denote K, n, with a I-factor added. The graph K,, ., ® I has a
{\Ps,aSs} —decomposition if and only if (A + ) = |E(Kym,m @ I )| and X # 1. In particular,
we find necessary and sufficient conditions for such decomposition in K, p, ® I, when m = 3
(mod 4)

1 Introduction

All graphs considered here are finite and undirected. For the basic graph-theoretic terminology
the reader is referred to [6]. Let K, ,, ® I denote the complete bipartite graph with a I-factor
added. Let Py is a k — path on k + 1 vertices y1, 42, ..., Yyp+1 and Si41 is a star with k + 1
vertices and k — edges. Siy1 is isomorphic to K, with k + 1 vertices and consist a centre
vertex y; of degree k and k end vertices of yz, y3...yx. It is denoted by (y1 : yy3...yr). By a
definition of decomposition of G, we mean a list of edge disjoint subgraph H,, ..., H,, whose
union Hy ® ... ®» H,, is G. If each subgraphs in a decomposition is isomorphic to H, then we say
that G has an H—decomposition. When G can be decomposed into \

copies of H\ and o copies of Hy, we say that G has {\H,, «H,}-decomposition or (H,, H,)-
multidecomposition. If such a decomposition exists for all \ and « satisfying trivial neces-
sary conditions, then we say that G has a {Hl,Hz}(/\’a)-decomposition or fully {Hy, Hy}-
decomposition.

Abueida, Daven and Roblee have established a multidecomposition of complete graphs, for
additional details refer [1],[2],[3]. Jeevadoss [8] have been proved that the decomposition of
complete bipartite graph into path and cycles of length k. Pauline [10] have obtained decom-
position of complete graphs K, K11 into stars with m edges, if and only if r is even or
m is odd. Nalini [9] investigated the necessary and sufficient conditions for the existence of a
{APs, uCy}-decomposition of K, m & I when m =3 (mod 4) and X\ # 1. Focus was given to
decomposing the graph into paths of length 5 and 4-cycles under these constraints. T.W.Shyu
[11],[12] have settled decomposition of complete graph(complete bipartite graph) into paths
and stars with k edges. Yang [14] has been proved that k — star decomposition of graphs G ex-
ist, when minimum degree of G greater than or equal to 2k — 1. Jenq [7] have been showed that
sufficient which is also necessary for the occurrence of the path Py and star Sy decomposition
of the complete bipartite graph with a I-factor deleted. Ilayaraja [5] obtained necessary and
sufficient condition of product graphs into paths and stars on five vertices. Recently, T.W.Shyu
[13] have obtained decomposition of Ky,+1 and Koy, oy, into (pPs, q¢Ss,1Ss).

In this paper, we investigate about the existence of a fully {\Ps, aSs}-decomposition. Also,
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we establish necessary and sufficient conditions for the existence of fully { \Ps, «Ss }-decomposition
of Kyyyo, @ 1.

2 Preliminaries

Let K, ,m @ I denote the complete bipartite graph with a 1-factor added and bipartition (X,Y),
where X = {z1,22,...,xm}, andY ={y1,y2,...,ym}. Let Lj(X,Y) in Ky, as L;(X,Y) =
{z;9;10 < j < m—1}, where addition in the subscript of y is considered modulo m with residues

1,2,....,m. Wesay, L;(X,Y) is a 1—factor of K, m and it is called the 1—factor of distance j.
Also, T3 Li(X,Y) = Ky m.

Remark 2.1. If H; and H; have a {\Ps, a.Ss }-decomposition, then H; & H, has a such decom-
position.

Theorem 2.2. [4] A non trivial connected graph G has a P3-decomposition if and only if G has
even size.

construction:1 Let S? and Sg be two stars with 5 vertices, where S? = x| . uysysv and
Sg = z1 : wvwswy. If u and v are common vertices of SSB and, Sgs then we have two edge-
disjoint paths of length 4, say Psﬁ and P55 Jfrom S? and Sg as follows: Psﬁ = y3ruziwys and
PS5 = YT 1VZ W3,

X1 Z1

° 'Y L
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Figure 1. Psﬁ = (Ssﬁ —x1ys — x1v) U 210 U zlw4,P55 = (SgS — z1u — z1wa) Uzys U 0

construction:2 Let SSB .52 and S? be three stars with Ssﬁ us? = PSB U P? = 4 edges, where
Ssﬁ = X1 : PY3Yals, Sgs = 21 : wawzwaws and S; = q| : ror3rars. If z is a common vertex of
8,52 and S7 then we have three edge-disjoint paths of length 4, say PY, P{ and P from 2,52
and 57, as follows: PSB = 11U, P5‘s = y3112q1v, P) = zz1wqrs.
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Figure 2. PS = (S? —x1y3 — 112) Uuz U z1v, P2 = (S8 — z1ys — z1ws) Uwgy U qrs, Py =
(87— qrw — qi7s) Uz Uzy3
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3 Necessary Condition

Lemma 3.1. Let A\, o be non-negative integers, and let m € N such that m = 3 (mod 4). If
Koy @ I admits a (APs, aSs)-decomposition, then the following hold: 4(\+ «) = |E (K, m ®
I)|, and \ # 1.

Proof. First, note that K, ,, has m? edges and the 1-factor I on 2m vertices has m edges.
Therefore, |E(K,,.m ® I)| = m? + m. Each copy of Ps and S5 contains exactly 4 edges, so
a (APs, aSs)-decomposition covers 4(\ + «) edges. Equating, we get 4(\ + a) = m?> + m =
m(m+1). Hence, the first statement is proven. Now we prove A # 1 using degree arguments. In
the graph K, ,,, ® I, every vertex in K, ,,, has degree m, and the 1-factor in I increase the degree
of m vertices by 1. Thus, in K,, ,,, ¢ I, there are m vertices of degree m + 1, and m vertices
of degree m. Each Ps has degree sequence {1,2,2,2, 1}, contributing two vertices of degree 1.
Each S5 has degree sequence {4, 1, 1, 1, 1}, contributing four vertices of degree 1. Therefore, the
total number of degree-1 vertices in the decomposition is 2A + 4. Assume A = 1. Then using

the edge count condition: X\ + a = W = a = W — 1. Substituting into the degreel

count: 2\ +4a =2+4 (W — 1) = m(m+ 1) —2. This implies the decomposition requires
m(m + 1) — 2 degree-1 vertices. However, K, ,, ® I has only 2m vertices. For m > 3, and
since m = 3 (mod 4), we have m(m + 1) — 2 > 2m, which is a contradiction. Therefore, the

graph does not have enough vertices to accommodate that many degree 1 vertices when A = 1.
Hence, A # 1. O

Lemma 3.2. There exists a {\Ps, «Ss }-decomposition of K77 ® I, where \ # 1.

Proof. Let V(K777 b1 )={JJ] ,X2,23, 4,25, %6, .237} @] {y1 , Y2, Y3, Y4, Y5, Ye,s y7}.The (/\Pj, 0155) —
decomposition of K77 @ I is obtained using Constructions and , as follows.

()A=0 and a=14.The required stars are

(@1 2 y1920394), (22 2 Y1v2y3ya)s (T1 2 1ysYey7)s (22 2 92YsYsy7), (23 2 Y1v21397),

(T4 y19293Y4), (T4 * Yaysyey7)> (3 © y3yaysys)> (s : y1y2y3ys)s (5 Yaysyey7)s

(w6 : Y1929396)-(T6 © Yaysysy7)> (27 : Y1yay3y7)s (27 © Yaysysyr)

(2)A=2 and a=12. The required paths and stars are
T1Y1T2Y2X3, T1Y2T4Y123, (yl : I1I5$6I7), (yz : I2175=’176$7), (1/3 : 561932I3$4),
(y3 : 23w52627), (Ya : T1222324), (Y4 @ Tas5T627), (Ys © 12223T5), (Ys : TaxsT6T7),
(y6 : 961332%‘3136), (Z/s : 334965376907)7 (y7 : £1$2$3$7), (y7 : 334335336737)

(3)A=3 and a=11. The required paths and stars are
TIYIT2Y6T3, TSYITIY1 T4, TTY3T6Y6T1, (Y1 © T1T5T6x7), (Yo 1 T12203T4),
(y2 1 2awswex7), (Y3 : T1222324), (Y4 @ T12223%4), (Ya © TaTsT627), (Ys @ T122235),
(ys : 9643?5%6967), (ys : 3341'51'61'7)7 (y7 : 1‘1$2333$7), (y7 : 964335%1‘7)

(4)A=4 and «=10. The required paths and stars are
TIY1T2Y T3, TIY2T4Y1T3, TIY1TT7Y2T6, T2Y2T5Y1T6, (Y3 1 T1T2T3T4),
(y3 1 23w52627), (Ya : T1222324), (Y4 @ Tas5T627), (Y5 T1222325), (Ys : TaxsT6T7),
(y6 : $1$2$3$6), (ys : 364935936967)7 (y7 : 1‘1$2333$7)7 (y7 : 5543?5%6337)

(5)A=5 and =9. The required paths and stars are
T1Y122Y6 T3, TSY3L3Y1T4, TTY3T6Y6 L1, TaY6TL5Y1L6> TaYTLTY6T6>
(1 : miwsxex7), (Y2 @ T1@22324), (Y2 @ T2w5T67), (Y3 © T1222324), (Ya @ T1222324),
(y4 : $4$5$6$7), (ys : 361332933965), (ys : 1‘4$5$6$7)7 (y7 : $1$2$3$7)

(6)A=6 and o=8. The required paths and stars are
T1Y1X2Y2X3, T1Y2T4Y1T3, T1Y1X7Y2L6, L2Y2L5Y1T65 T4Y5T5Y7L6,
TaY127Y5%6, (y3 : $1$2$3IE4), (y3 : 333£U5$6$7), (y4 : IC1£C2£U3$4), (y4 : 5E4~T5$6!E7),
(ys : $1$2$3$5), (y6 : 361332933566), (y6 : $4$5$6$7), (y7 : 5613?2%396‘7)

(7)A=T and a=7. The required paths and stars are
T1Y122Y6X3, T5Y3L3Y1T4, TaY6L5YT1L65 L4YTLTY6L6> L1Y6L6YS5T 4,
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T1Y222Y3x3, T1Y3T4Y223, (yl : $1I5$6I7), (yz : I25175I6$7), (y4 : 561$2933I4),
(Y4 : mazszew), (Y5 : T1222325), (Ys * Taxs5T627), (Y7 & T122237)

(8)A=8 and a=6. The required paths and stars are
TIY1T2Y2L3, T1Y2T4Y1T3, T1Y1T7Y2T6> T1Y4T4Y3X3, T1Y3T2Y423,
T2Y2X5Y1T6, T4Y5T5YT1L6, LAYTLTY5X65 (y3 : I3I51’6I7), (y4 : $4565566937),
(ys : z1022375), (Y6 © T12273%6), (Y6 © TaTs57627), (y7 * 21222327)

(9)A=9 and o=5. The required paths and stars are
T1Y122Y6T3, T1Y2T2Y3T3, T1Y3T4Y2L3, T1Y6T6Y3 LT, T4Y1L3Y3Ts,
T4Y6T5YTT6> T4YTTTY6T6, TIY1TTY2T5, T2Y2L6Y1X3,
(ya : w122234), (Y4 © Ta253627), (Y5 T1222325),(ys © 2ax57627), (Y7 * T172237)

(10)A=10 and a=4. The required paths and stars are
T1Y1T2Y2T3, T1Y2T4Y1T3, TIY1TTY2T65 TIY4T4Y3T3, T1Y3T2Y4T3,
T2Y2T5Y1T6, T4Y5T5Y1T65 TaYTTLTY5T65 T4Y6TTY4L65 T4Y4T5Y6T6,
(ys : 553355%357), (ys : $1$2$3$5), (y6 : 5101302%3556), (y7 : $1$2$3$7)

(11)A=11 and a=3. The required paths and stars are
T1Y1T2Y6T3, T1Y2TL2Y3 T3, T1Y3T4Y2T3, T1Y6T6Y3LT, T4Y1TIY3T5,
T4Y6T5Y1T6, T4YT1TTY6T6s T1Y1TTY2L5, T2Y2T6Y1X3, T1Y4TIY7 LT,
TaY4T2Y721, (y4 : $4$5$6$7)’ (ys : 331302303%5), (ys : $4$5$6$7)

(12)A=12 and a=2. The required paths and stars are
T1Y1202Y223, T1Y2X4Y1X3, L1Y1LT7Y2L6, L1Y4T4Y3T3, L1Y3L2Y423,
T2Y2X5Y1 L6, TAYST5YTL6, LAYTLTYSL6, T4Y6LTY4L65 L4Y4L5Y6TL 6,
T1YsT3Y6Lo, T5Y5L2Y6L1, (y3 : 553555%967), (3/7 : $1£E2$3£U7)

(13)A=13 and a=1. The required paths and stars are
T1Y122Y6L3, T1Y2X2Y3X3, L1Y3L4Y2X3, T1Y6LeY3L7, L4Y1L3Y3Ts5,
TaY6X5Y7L6, TAYTLTY6L6, T1Y1LTY2LS, L2Y2T6Y1T3, L1Y4L3Y7L7,
T4Y4TIYIT1, TAYATSY5T6s TAY5TTY4T6s (Y5 flwzxsxs)

(14)A=14 and a=0. The required paths and stars are
T1Y122Y2L3, T1Y2X4Y1X3, LT1Y1L7Y2L6, L1Y4L4Y3T3, L1Y3L2Y423,
L2Y2X5Y1 L6, TAYST5YTL6, LAYTLTYSL6, T4Y6LTY4L6, L4Y4L5Y6TL 6,
T1Y523Y6T6, T5Y5L2Y6T1, L2Y71T3Y3X5, T1Y1X7Y3T6
O

Lemma 3.3. There exists a {\Ps, aSs }-decomposition of H={K 111 ® I} — {K77 ® I},where
A# 1

Proof. LetV(H)={z1, 22, %3, 74, T5, T6, T7, T8, T9, T10, T11 }I{Y1, Y2, Y3, Y4, Y5 Y6, Y7, Y85 Y9, Y105 Y11 }-
The (A\Ps, aSs) — decomposition of H graph is obtained using Constructions and , as follows..

(1)A=0 and a=19. The required stars are
(3611 : ySy6y7y11)s (3310 : ysy6y7ylo), (3311 : y4y3y2y1), (5610 : y4y3yzy1) (339 : y5y6y7y9)
($9 : y1y2y3y4) (1‘8 : y5y6y7y8) (338 : y1y2y3y4) (567 : ysy9yloyn), (966 : y8y9y10y11),
(5 2 ysyoy10y11)> (24 : ysyoyroy11), (T3 : Ysyoyioy11)s (22 : Ysyoyroy11), (1 : Ysyoy10y11)s
(@8 = ysyoy10y11)s (o : ysyoy10Y11), (T10 : Ysyoyioy11)s (11 : YsYoy10Y11)

(2)A=2 and a=17. The required stars and paths are
(3311 : y8y9y10y11), (339 : ysy9y10yn), (338 : ysy9y10y11), (1‘10 : y8y9y10yn), (Il : y8y9y10y11),
(x4 2 ysyoy10y11)> (s : ysyoyroy11), (T : Ysyoyioyin)s (27 : Ysyoyroy11), (T8 : Y1y2y344),
(w8 1 ysyey7ys)» (9 Y19293Y4)> (o : Ysysy1yo)s (T10 : Y1y2y394), (10 © YsYsy7Y10),
(In : y1y2y3y4), (9611 : Z,/Syéy?yll)a Y8L2Y9T3Y10, Y8T3Y1122Y10

(3)A=3 and a=16. The required stars and paths are
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(501 : ysy9yloy11), (362 : y8y9y10yn), (I3 : y8y9y10y11), (964 : ysy9yloyn), (Is : y8y9y10y11),
(586 : y8y9y10y11)s ($7 : y8y9y10y11), (CES : y8y9y10y11), (569 : ygygyloyu), (3310 : ysygyloyu),
(11 2 ysyoyr0y11)» (@8 = Y1v21394)s (To  y192y3Y4)s (w10 : Y1v21394)s (T11 & Y1%2Y3Y4),

(mll : y5y6y7y11), Y10T10Y778Y8> Y9L9Y5T8Y6> Y5L10Y6L9Y7

(4)A=4 and a=15. The required stars and paths are
(11 2 ysyoyioy11)s (9 : Ysyoyroy11), (s : ysyoy1011)s (T10 : Ysyoyioyi1)s (5 : Ysyoyroy11),
(w6 : ygyoyroy11)s (%7 = ygYoyroy11), (28 : y132Y3y4), (8 : Ysysy7ys)> (To : Y1y2Y3Y4)s
(939 : y5y6y7y9)’ (9€10 : y1y2y3y4), (Iﬂlo : y5y6y7y10), (xll : y1y2y3y4), (9611 : ysyélhyll),
YST2Y9T3Y105 Y8T3Y11T2Y105 Y11T4Y10T1Y9, Y9T4Y8T1Y11

(5)A=5 and a=14. The required stars and paths are
(w3 2 ygyoyroy11)s (T4 : ygYoyioy11)s (o5 : ygyoyioy11). (T : ygyoyioy11), (7 : Ysyoyioy11),
(938 : y8y9y10y11), (1?9 : y8y9y10y11), (xlo : y8y9y10y11), (9611 : y8y9y10y11), (968 : y1y2y3y4),
(w9 : y1y2y3y4), (10 : Y1¥2y3Y4)s (T11 T Y1y2y394)s (11 : YsYsY7Y11)s Y10L10Y7L8Y85
YoT9oYsTgye, YsT10Y6L9Y7, YsL1Y9L2Y10, YsL2Y11T1Y10

(6)A=6 and =13. The required stars and paths are
(In : y8y9yloy11) (1’9 : y8y9y10y11) (138 : ysy9y10y11) (3310 : y8y9y10y11) (I7 : y8y9y10y11)
(zs 2 y192y3ya) (23 Ysyeyrys) (o : y192y3v4) (29 : Ysyey7yo) (10 : Y142y3v4)
(10 2 Ysyeyry10) (T11 : Y192y394) (T11 2 YsYey7y11) YsT2YoT3Y10 YsT3Y1122Y10
Y1124Y10T1Y9 Y9TaYsL1Y11 Y8T5Y9L6Y10 Y10L5Y11L6Y8

(7)A=T7 and a=12.the required stars and paths are
(25 = ysyoyrov11) (6 : ysyoyroyin) (=7 ysyoyroy) (x5 : ysyoyioyn) (o : Ysyoyioy11)
(@10 = ygyoyr0y11) (11 = ysyoyroy11) (T8 : y1y2y3ya) (To : y1y2y3ya) (T10 : Y12Y3Y4)
(5511 : y1y2y3y4) (xn : y5y6y7yll) Y10L10Y7T8Y8 Y9ToYsTYe YsT10Y6L9Y7
Y8T1Y9T2Y10 YST2Y11T1Y10 Y8T3Y9T4Y10 Y8T4Y11T3Y10

(8)A=8 and a=11. The required stars and paths are
(w11 2 ysyoyroy11) (w9 : ygyoyroy11) (s : ysyoyioyi1) (10 : Ysyoy10y11) (%7 : YsYoyioy11)
(w5 : ysysyrys) (T : Ysysyryo) (T10 : Y1%2Y3%a) (T10 * YsYsyYi0)
(211 : Y1y2934) (T11 2 YsYsYy11) Y8L2YOL3Y10 Y8TIY11L2Y10 Y11T4Y10L1Y9
Y9T4YST1Y11 Y8T5Y9T6Y10 Y10T5Y11T6Y8 Y3T9Y2L-8Y1 Y1T9Y4T-Y3

(9)A=9 and =10. The required stars and paths are
(167 : y8y9y10y11) (ﬂﬂs : y8y9y10y11) (559 : ysy9y10y11) (xlo : y8y9y10y11) (fﬂll : y8y9y10y11)
(w8 : y1yay3ya) (o y1yaysya) (T10  y1yay3ya) (w11 : y1y2y39a) (11 © YsYsyryi1)
Y10L10Y7T8Y8 Y9r9YsTgYe YsT10Y6L9Y7 YsL1Y9L2Y10 Y8X2Y11L1Y10
Y8L3Y9LaY10 Y3L4Y11L3Y10 Y8L5Y9L6Y10 Y10L5Y11L6Y8

(10)A=10 and a=9. The required stars and paths are
(11 ysyoyi0y11)> (o : Ysyoyroy11)s (T3 : ysyoyioyi1)s (10 : Ysyoyroy1)s (7 : ysyoyioyi1),
(w8 2 ysyey1ys) (To : Ysysy7y9)s (T10 * YsYsy7y10)s (T11 © YsYsY7Y11), Y8T2Y9L3Y105
YsT3Y11L2Y105 Y11ZL4Y10L1Y95 YoL4YIL1Y11, Y3T5Y9L6Y10> Y10L5Y11L6Y8,
Y3T9Y2T8Y1> Y1T9Y4L8Y3, Y1T10Y2211Y3> Y1211Y4T10Y3

(11)A=11 and «=8. The required stars and paths are
(339 : y8y9y10y11), (3310 : ysy9yloyn), (3611 : y8y9y1oyn), (338 : y1y2y3y4), (339 : ylyzy3y4),
(x10: y1y2y3y4), (3511 : y1y2y3y4), (xu L YsYsYTYLL) > Y10T10Y7L8Y8s YOLOYSLY6s
YsT10Y6X9Y7, Y8T1Y9T2Y10, Y8T2Y11X1Y105 Y8TL3Y9X4Y10, Y8L4Y11T3Y10,
Y8T5Y9T6Y10, Y10T5Y11T6Y8> Y10T8YITT, Y8 Y10L7Y11T8Y8

(12)A=12 and a=7. The required stars and paths are
(fﬂu : y8y9y10y11), (559 : y8y9y10y11), (ffs : y8y9y10y11), (SUIO : y8y9y10y11), (557 : y8y9y10y11),
(@10 : YsYsy7y10)s (T11 © YsYsY7Y11)> YST2YT3Y105 YSTIY11 L2105 Y11L4Y10T1Y9,
YoT4YsT1Y11, Y8T5Y9L6Y10> Y10T5Y11T6Y8> Y3L9Y2L8Y1,Y1T9Y4X8Y3,
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Y1210Y2211Y3, Y1X11Y4L10Y3 YoL9Y7L8Y6, Y8LY5L9Y6

(13)A=13 and a=6. The required stars and paths are
(5611 : y8y9y10y11), (!CS : y1y2y3y4), (SE9 : y1y2y3y4), (xlo : y1y2y3y4), (»’511 : y1y2y3y4),
(11 © YsY6YTY11)s Y10T10Y728YS8> YOTOYSTEY6s Y5ST10Y6LIYT> YST1Y9L2Y105
Y8T2Y11Z1Y105 Y8T3Y9T4Y10> Y3T4Y1123Y10> Y8T5Y9T6Y10, Y10T5Y11L6YS5
Y10L8Y9L7, Y8 Y10L7Y11T8Y8> Y8L9Y9T10Y10> YsL10Y11L9Y10

(14)A\=14 and a=5. The required stars and paths are
(11 ysyoyi0y11)> (o : Ysyoyroyn1)s (s : ysyoyioyi1)s (10 : Ysyoyroy)s (7 : ysyoyioyi1),
Y8T2Y9T3Y10> Y8L3Y1122Y10> Y11L4Y1021Y9> YoL4YZT1Y115 Y8T5Y9T6Y 10,
Y10T5Y11T6Y8, Y3LoY2L8Y1, Y1L9Y4L8Y3, Y1L10Y2L11Y3, Y1X11Y4L10Y3,
YoToY7T8Y6, YsLY5T9Y6, Y11211Y9L10Y6> Y10L10Y5T11Y6

(15)A=15 and a=4. The required stars and paths are
(3611 : y8y9y1oyn), (3310 : y1y2y3y4), (5611 : y1yzy3y4), ($11 : y5y6y7yn), Y10T10Y778Ys3,
YoXoYsTgYe, YsT10Y6LoY7, YsL1Y9T2Y10, Y8L2Y11L1Y10, Y8L3Y9L4Y10,
Y8T4Y1123Y105 Y8T5Y9L6Y105 Y10L5Y11T6Y8> Y10L8Y9ITT Y8,
Y10T7Y11T8Y85 Y8L9YIL10Y105 Y8L10Y11L9Y105 Y1L8Y2L9Y3, Y1T9Y4X8Y3

(16)A=16 and o=3. The required stars and paths are
(@11 : ygyoyloyu), ($1o L ysyoy10y11)s (27 : ygyoyloyn), Y8T2Y9L3Y10, Y8T3Y1122Y105
Y1124Y10T1Y9, Y9T4YST1Y11> Y8T5Y9T6Y10> Y10T5Y11T6Y8> Y3L9Y2L8Y1,
Y129Y4T8Y3, Y1L10Y2L11Y3, Y1X11Y4T10Y3, Y9L9Y7L8Y6,
Y8TL8Y5T9Y6> Y11T11Y9T10Y65> Y10L10Y5T11Y6> Y8L8YILIY10, Y8L9Y11L8Y10

(17)A=17 and a=2. The required stars and paths are
(11 2 ysyoy10y11)s (11 T YsYeY7Y11)s Y10T10Y728Y8s YOLIYSTEY6s YSL10Y6L9Y7T»
Y$L1Y9L2Y10, Y$L2Y1121Y105 Y$LIY9L4Y105 Y8L4Y1123Y105 YST5Y9L6Y10,
Y10T5Y11T6Y8> Y10L8Y9LT Y85 Y10L7Y11T8Y8> Y8L9Y9T10Y10,
YST10Y11T9Y10> Y1T8Y2T9Y3, Y1LOY4L8Y3> Y1T11Y4T10Y3> Y1T10Y2T11Y3

(18)A=18 and a=1. The required stars and paths are
(77 : YsYoy10Y11)> YST2Y9T3Y10, YST3Y1102Y10> Y11T4Y10T1Y9, YOTAYST1Y11,
Y8T5Y9T6Y10, Y10L5Y11L6Y8, Y3L9Y2T8Y1, Y1L9YaT8Y3, Y1X10Y2T11Y3,
Y1T11Y4T10Y3> YoTX9Y128Y65 Y8TY5T9Y6> Y11T11Y9210Y65> Y10L10Y5L11Y6,
Y8T8Y9T9Y10, Y8LoY11L8Y10, Y8L10Y9L11Y10> Y8L11Y11L10Y10

(19)A=19 and a=0. The required stars and paths are
T8Y1L9Y2X105 L8Y2L11Y1L105 L8Y4L11Y3L105 L8Y3IL9Y4L 10, L8Y6L11Y5L105
T8YSTIY6TL105 TYST11Y7X10, L8YTLIYSX10, L1Y8L2Y9X3, T1Y9T4Y8T3,
T1Y1124Y1023, T1Y10L2Y11X3, Y9L6Y11L10Y105 YoL10Y10L11Y115> Y11L7Y9L9Y105

T8Y11L5Y8L6> LIYSLTY10L65 L5YILIY11L11, L11Y9L8Y10L5
O O

Lemma 3.4. There exists a {\Ps, oS5 }-decomposition of K4 4, where X # 1.

Proof. Let V(Kaa4)={x1, 22, 23,24} U {y1,y2,y3,ya}. The {\Ps, aSs}-decomposition Ky 4 is
obtained using Constructions and , as follows.

(i) A=0 and a=4. The required stars are
(1131 : y1y2y3y4), (l”z : y1y2y3y4), (563 : y1yzy3y4), (I4 ‘Y1 yzy3y4)

(i) A=2 and a=2. The required paths and stars are
Y2T1Y102Y3, Y202yaT1y3, (23 1 y1y2y394)s (T4 Y1929394)
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(iii) A=3 and a=1. The required paths and stars are
YIT1Y4T3Y35 Y2T1Y4T3Y35 Y3T15202Y4s (T4 1 Y192Y3Y4)

(iv) A=4 and a=0. The required paths are

Y121Y4T3Y3, Y2X1Y4L3Y3, Y1T4Y2X2Y4, Y2L1Y3L4Y4
O

4 Sufficient Condition

Lemma 4.1. Let m = 4t + 3 for some integer t > 1. The graph K, ,,, @ I, which can be
expressed as K77 ®1U (t —1)(t —2)K4 4 U (t — 1)H, admits a (\Ps, aSs)-decomposition if and
only if the following conditions hold:
1
)\—l—a:% and X\ # 1.
Furthermore, the decomposition can be constructed based on the value of A using the following
cases:

() 0O< A< ldand X # 1,
(ii) 14 <A<4(t—1)(t—2),
(iii) 4(t — 1)(t —2) < A < mipm

Proof. Letm =4t+3and K, ,, ®1 = K77 ®IU(t —1)(t —2)K44 U (t — 1)H. We construct
the required decomposition in three cases.

Case(i).0 < A < 14and X # 1.

By Lemma 3.2, we have APs and (14— \)Ss from the graph K7 7@ . By Lemma 3.3 and Lemma
3.4 both the graphs H and K, 4 have a Ss—decomposition.

Case(ii). 14 < X\ < 4(t — 1)(t — 2).

By Lemma 3.2, we have 14Ps from the graph K77 © I. By Lemma 3.4, we have AP and
(4(t — 1)(t — 2) — \)Ss from the graph (¢ — 1)(t — 2) K4 4. By Lemma 3.3 the graph H has a
Ss—decomposition.

Casel(iii)4(t — 1)(t —2) < A < mfm,

By Lemma 3.2 and Lemma 3.4 , we have 4(¢ — 1)(¢t — 2)Ps from the graphs K77 & I and
(t — 1)(t — 2)K44. By Lemma 3.3 , we have required copies of Ps from the graph (¢t — 1)H.
Hence by Remark 1, the graph K,,, ,, @1 = K77 &I U (t — 1)(t —2)K44 U (t — 1)H has the
desired decomposition. O O

5 Conclusion

In this paper, we investigated about the existence of a fully {\Ps, aSs }-decomposition. Also, we
established necessary and sufficient conditions for the existence of fully {\Ps, a.Ss }-decomposition
of Ky @ 1.

Theorem 5.1. Let m € N withm =3 (mod 4). Then the graph K, ,, ® I admits a (A\Ps, aSs)-

1
decomposition if and only if A and « are non-negative integers satisfying A + a = M

and A\ # 1. This provides a complete characterization of such decompositions based on edge
count and vertex degree constraints. O
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