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Abstract Let G be a graph. A subset S ⊆ V (G) is called a vertex cover if every edge in
E(G) has at least one endpoint in S. The smallest possible size of a vertex cover in G is known
as the vertex covering number, denoted by α(G). Recently, G. Mahadevan et al. introduced the
concept of the corona covering number. A Vertex cover set S ⊆ V (G) is considered a corona
cover if every vertex in the induced subgraph ⟨S⟩ is either a pendant or a support vertex. The
minimum size of such a set is called the corona covering number, represented as τC . In this
study, we analyze this parameter for the tensor product of path graphs.

1 Introduction

The Simple, finite, undirected graphs are considered. The vertex set and edge set of G are
denoted by V and E, respectively. A vertex set S ⊆ V (G) is a vertex cover set if ⟨V − S⟩ is
an empty graph. The minimum cardinality of a vertex cover set is called the vertex covering
number and it is expressed as α(G). Based on corona domination [1] and vertex covering, G.
Mahadevan et al. defined the notion of corona covering numbers in [2]. A vertex cover set
S ⊆ V (G) is a corona cover set if every vertex v ∈ S such that d⟨S⟩(v) = 1 or there exist a
vertex u ∈ S with d⟨S⟩(u) = 1 and uv ∈ E. The least cardinality of a corona cover set is the
corona covering number of a graph and it is expressed as τC(G). The corona covering number
of certain standard graphs and specific types of graphs has been examined in [2] and [3]. The
cartesain product of two path has been discussed in [4] . In this article we analyse the tensor
product of two paths. Let Pn = (u1, u2, ..., un) and Pk = (v1, v2, ..., vm) be the paths. The vertex
set of tensor product of paths Pn and Pk, Pt

⊗
Pk is the cartesian product of vertices of Pn and

Pk and | V (Pn×Pk) |= mn and any two vertices in Pt

⊗
Pk is adjacent say (up, vq) is adjacent

to (ur, vs) if d(up, ur) = 1 in Pn and d(vq, vs) = 1 in Pk [5][6]. The corona covering number
for tensor product of two paths will be discussed in the section 2. Throughout this paper the
collection of white vertices denote the corona cover set of the given graph.

2 Corona Covering number of Tensor product of paths

Let Pt

⊗
Pk be the tensor product of paths Pn and Pk, V (Pt

⊗
Pk) = {v(h,g) : 1 ≤ h ≤

n, 1 ≤ g ≤ m} and E(Pt

⊗
Pk) = {v(h,g)v(h+1,g+1) : 1 ≤ h ≤ n − 1, 1 ≤ g ≤ m − 1} ∪

{v(h,g)v(h+1,g−1) : 1 ≤ h ≤ n− 1, 2 ≤ g ≤ m}.
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Observation
Since P2

⊗
Pk

∼= 2Pk,

τC(P2
⊗

Pk) = τC(2Pk) =

{
4 for k = 2,
2k − 2⌈k

3 ⌉ otherwise.

Theorem 2.1. If Pk is a path of order k, k ≥ 2, then

τC(P3
⊗

Pk) =


6(k4 ) for k ≡ 0 (mod 4),
6⌈k

4 ⌉ − 4 for k ≡ 1 (mod 4),
6⌈k

4 ⌉ − 2 for k ≡ 2 (mod 4),
6⌈k

4 ⌉ − 1 for k ≡ 3 (mod 4).

Proof. Let S1 = {v(2,g) : 1 ≤ g ≤ k} ∪ {v(3,g) : g ≡ 2 or 3 (mod 4)}, S2 = {v(2,g) : 1 ≤ g ≤
k − 1} ∪ {v(3,g) : g ≡ 2 or 3 (mod 4)} ∪ {v(3,k−1)} ∪ {v(1,k−1)}

Assume S =


S1 for k ≡ 0 or 3 (mod 4),
S1 ∪ {v(3,k−1)} for k ≡ 1 (mod 4),
S2 for k ≡ 2 (mod 4).

Then S is a corona cover set of P3
⊗

Pk and hence

τC(P3
⊗

Pk) ≤ |S| =


6(k4 ) for k ≡ 0 (mod 4),
6⌈k

4 ⌉ − 4 for k ≡ 1 (mod 4),
6⌈k

4 ⌉ − 2 for k ≡ 2 (mod 4),
6⌈k

4 ⌉ − 1 for k ≡ 3 (mod 4).
Let S′ be a corona cover set of P3

⊗
Pk. Suppose D be a vertex cover set of cardinality at most

N =


6(k4 )− 1 for k ≡ 0 (mod 4),
6⌈k

4 ⌉ − 5 for k ≡ 1 (mod 4),
6⌈k

4 ⌉ − 3 for k ≡ 2 (mod 4),
6⌈k

4 ⌉ − 2 for k ≡ 3 (mod 4).

Then < D > has an isolated vertex, thus we have

|S′| ≥ N + 1 =


6(k4 ) for k ≡ 0 (mod 4),
6⌈k

4 ⌉ − 4 for k ≡ 1 (mod 4),
6⌈k

4 ⌉ − 2 for k ≡ 2 (mod 4),
6⌈k

4 ⌉ − 1 for k ≡ 3 (mod 4).
Hence the result follows.

Example 2.2.

Figure 1. P3
⊗

P6

In the graph in figure 1, the collection of white vertices is corona cover set of minimum cardi-
nality and hence τC(P3

⊗
P6) = 10.

Theorem 2.3. If Pk is a path of order k, k ≥ 2, then

τC(P4
⊗

Pk) =



12(k5 )− 2 for k ≡ 0 (mod 5),
12⌊k

5 ⌋ for k ≡ 1 (mod 5),
12⌊k

5 ⌋+ 4 for k ≡ 2 (mod 5),
12⌊k

5 ⌋+ 6 for k ≡ 3 (mod 5),
12⌈k

5 ⌉ − 4 for k ≡ 4 (mod 5).
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Proof. Let S1 = {v(h,g) : g ≡ 0 or 2 (mod 5), 1 ≤ h ≤ 4, 1 ≤ g ≤ k − 1} ∪ {v(h,k−2) : h =
2, 3} ∪ {v(h,k−1) : 1 ≤ h ≤ 4}, S2 = {v(h,g) : g ≡ 0 or2 (mod 5), 1 ≤ h ≤ 4, 1 ≤ g ≤
k} ∪ {v(h,g) : g ≡ 3 or 4 (mod 5), h = 2, 3, 1 ≤ g ≤ k}, S3 = {v(h,g) : g ≡ 0 or 2 (mod 5), 1 ≤
g ≤ k − 5} ∪ {v(h,g), v(h,k) : g ≡ 3 or 4 (mod 5), h = 2, 3, 1 ≤ g ≤ k − 4} ∪ {v(h,g) : 1 ≤ h ≤
4, g = k − 2, k − 1}

Assume S =


S1 for k ≡ 0 (mod 5),
S3 for k ≡ 2 (mod 4),
S2 otherwise.

Then S is a corona cover set of P4
⊗

Pk and hence

τC(P4
⊗

Pk) ≤ |S| =



12(k5 )− 2 for k ≡ 0 (mod 5),
12⌊k

5 ⌋ for k ≡ 1 (mod 5),
12⌊k

5 ⌋+ 4 for k ≡ 2 (mod 5),
12⌊k

5 ⌋+ 6 for k ≡ 3 (mod 5),
12⌈k

5 ⌉ − 4 for k ≡ 4 (mod 5).
Let S′ be a corona cover set of P4

⊗
Pk. Suppose D be a vertex cover set of cardinality at most

N =



12(k5 )− 3 for k ≡ 0 (mod 5),
12⌊k

5 ⌋ − 1 for k ≡ 1 (mod 5),
12⌊k

5 ⌋+ 3 for k ≡ 2 (mod 5),
12⌊k

5 ⌋+ 5 for k ≡ 3 (mod 5),
12⌈k

5 ⌉ − 5 for k ≡ 4 (mod 5).

Then either < D > has an isolated vertex, thus we

have |S′| ≥ N + 1 =



12(k5 )− 2 for k ≡ 0 (mod 5),
12⌊k

5 ⌋ for k ≡ 1 (mod 5),
12⌊k

5 ⌋+ 4 for k ≡ 2 (mod 5),
12⌊k

5 ⌋+ 6 for k ≡ 3 (mod 5),
12⌈k

5 ⌉ − 4 for k ≡ 4 (mod 5).
Hence the result follows.

Example 2.4.

Figure 2. P4
⊗

P8

In the graph in figure 2, the collection of white vertices is corona cover set of minimum cardi-
nality and hence τC(P4

⊗
P8) = 18.

Theorem 2.5. Let Pn and Pk be the paths of order n and k respectively, n ≥ 5, k ≥ 2 and

n ≡ 0 (mod 4). Then τC(Pt

⊗
Pk) =


5kn

8 − 2 for k ≡ 0 (mod 4),
5n
2 ⌊k

4 ⌋ for k ≡ 1 (mod 4),
5n
2 ⌊k

4 ⌋+ ( 6n
4 − 2) for k ≡ 2 (mod 4),

5n
2 ⌊k

4 ⌋+
3n
2 for k ≡ 3 (mod 4).

Proof. Let S1 = {v(h,g) : 1 ≤ h ≤ n, g ≡ 0 (mod 2)}, S2 = {v(h,g) : 1 ≤ h ≤ n, g ≡
1 (mod 2)}, S3 = {v(h,g) : h ≡ 2 or 3 (mod 4), g ≡ 2 (mod 4)}, S4 = {v(h,g) : h ≡
2 or 3 (mod 4), g ≡ 3 (mod 4)}

Assume S =


(S1 ∪ S4)− {v(1,k), v(n,k)} for k ≡ 0 (mod 4),
S1 ∪ S4 for k ≡ 1 or 3 (mod 4),
(S2 ∪ S3)− {v(1,1), v(1,k)} for k ≡ 2 (mod 4).



156 Niveditha P, G. Mahadevan and C. Sivagnanam

Then S is a corona cover set of Pt

⊗
Pk and hence

τC(Pt

⊗
Pk) ≤ |S| =


5kn

8 − 2 for k ≡ 0 (mod 4),
5n
2 ⌊k

4 ⌋ for k ≡ 1 (mod 4),
5n
2 ⌊k

4 ⌋+ ( 6n
4 − 2) for k ≡ 2 (mod 4),

5n
2 ⌊k

4 ⌋+
3n
2 for k ≡ 3 (mod 4).

Let S′ be a corona cover set of Pt

⊗
Pk. Suppose D be a vertex cover set of cardinality at most

N =


5kn

8 − 3 for k ≡ 0 (mod 4),
5n
2 ⌊k

4 ⌋ − 1 for k ≡ 1 (mod 4),
5n
2 ⌊k

4 ⌋+ ( 6n
4 − 2)− 1 for k ≡ 2 (mod 4),

5n
2 ⌊k

4 ⌋+
3n
2 − 1 for k ≡ 3 (mod 4).

Then < D > has an isolated vertex,

thus we have |S′| ≥ N + 1 =


5kn

8 − 2 for k ≡ 0 (mod 4),
5n
2 ⌊k

4 ⌋ for k ≡ 1 (mod 4),
5n
2 ⌊k

4 ⌋+ ( 6n
4 − 2) for k ≡ 2 (mod 4),

5n
2 ⌊k

4 ⌋+
3n
2 for k ≡ 3 (mod 4).

Hence the result follows.

Example 2.6.

Figure 3. P8
⊗

P8

In the graph in figure 3, the collection of white vertices is corona cover set of minimum cardi-
nality and hence τC(P8

⊗
P8) = 18.

Theorem 2.7. Let Pt and Pk be the paths of order t and k respectively, t ≥ 5, k ≥ 2, if both t
and k are not equal 5 and t ≡ 1 (mod 4).

Then τC(Pt

⊗
Pk) =


10⌊ t

4⌋(
k
4 ) for k ≡ 0 (mod 4),

10⌊ t
4⌋⌊

k
4 ⌋+ 6⌊ t

4⌋ for k ≡ 2 (mod 4),
10⌊ t

4⌋⌊
k
4 ⌋+ 8⌊ t

4⌋ for k ≡ 3 (mod 4),
does not exists for k ≡ 1 (mod 4).

Proof. Let S1 = {v(h,g) : 1 ≤ g ≤ k, h ≡ 0 (mod 2)}, S2 = {v(h,g) : g ≡ 2 or 3 (mod 4), h ≡
3 (mod 4)}, S3 = {v(h,g) : g ≡ 1 or 2 (mod 4), h ≡ 3 (mod 4)}

Assume S =


S1 ∪ S2 for k ≡ 0 (mod 4),
S1 ∪ S3 for k ≡ 2 or 3 (mod 4),
Does not exists for k ≡ 1 (mod 4).

Then S is a corona cover set of Pt

⊗
Pk and hence

τC(Pt

⊗
Pk) ≤ |S| =


10⌊ t

4⌋(
k
4 ) for k ≡ 0 (mod 4),

10⌊ t
4⌋⌊

k
4 ⌋+ 6⌊ t

4⌋ for k ≡ 2 (mod 4),
10⌊ t

4⌋⌊
k
4 ⌋+ 8⌊ t

4⌋ for k ≡ 3 (mod 4),
does not exists for k ≡ 1 (mod 4).

Let S′ be a corona cover set of Pt

⊗
Pk. Suppose D be a corona cover set of cardinality at most



Corona Covering Number in the Tensor Product 157

N =


10⌊ t

4⌋(
k
4 )− 1 for k ≡ 0 (mod 4),

10⌊ t
4⌋⌊

k
4 ⌋+ 6⌊ t

4⌋ − 1 for k ≡ 2 (mod 4),
10⌊ t

4⌋⌊
k
4 ⌋+ 8⌊ t

4⌋ − 1 for k ≡ 3 (mod 4),
does not exists for k ≡ 1 (mod 4).

Then < D > has an isolated vertex thus

we have |S′| ≥ N + 1 =


10⌊ t

4⌋(
k
4 ) for k ≡ 0 (mod 4),

10⌊ t
4⌋⌊

k
4 ⌋+ 6⌊ t

4⌋ for k ≡ 2 (mod 4),
10⌊ t

4⌋⌊
k
4 ⌋+ 8⌊ t

4⌋ for k ≡ 3 (mod 4),
does not exists for k ≡ 1 (mod 4).

Hence the result follows.

Remark
If t and k are equal to 5, then τC(P5

⊗
P5) = 13

Example 2.8.

Figure 4. P5
⊗

P10

In the graph in figure 4, the collection of white vertices is corona cover set of minimum cardi-
nality and hence τC(P5

⊗
P10) = 26.

Theorem 2.9. Let Pt and Pk be the paths of order t and k respectively, t ≥ 5, k ≥ 2 and

t ≡ 2 (mod 4). Then τC(Pt

⊗
Pk) =


(10⌊ t

4⌋+ 6)(k4 )− 2 for k ≡ 0 (mod 4),
(10⌊ t

4⌋+ 6)⌊k
4 ⌋ for k ≡ 1 (mod 4),

(10⌊ t
4⌋+ 6)⌊k

4 ⌋+ (6⌊ t
4⌋+ 2) for k ≡ 2 (mod 3),

(10⌊ t
4⌋+ 6)⌊k

4 ⌋+ (6⌊ t
4⌋+ 4) for k ≡ 3 (mod 4).

Proof. Let S1 = {v(h,g) : g ≡ 0 (mod 2), 1 ≤ h ≤ t}, S2 = {v(h,g) : g ≡ 3 (mod 4), h ≡
3 (mod 4), h ≡ 1 or 2 (mod 4)}, S3 = {v(h,g) : g ≡ 2 (mod 4), h ≡ 1 or 2 (mod 4)},
S4 = {{v(h,1) : 2 ≤ h ≤ t− 1} ∪ {v(h,g) : g ≡ 1 (mod 2), g ≥ 3, 1 ≤ h ≤ t}}

Assume S =

{
S1 ∪ S2 for k ≡ 1 or 3 (mod 4),
S3 ∪ S4 for k ≡ 0 or 2 (mod 4).

Then S is a corona cover set of Pt

⊗
Pk and hence

τC(Pt

⊗
Pk) ≤ |S| =


(10⌊ t

4⌋+ 6)(k4 )− 2 for k ≡ 0 (mod 4),
(10⌊ t

4⌋+ 6)⌊k
4 ⌋ for k ≡ 1 (mod 4),

(10⌊ t
4⌋+ 6)⌊k

4 ⌋+ (6⌊ t
4⌋+ 2) for k ≡ 2 (mod 3),

(10⌊ t
4⌋+ 6)⌊k

4 ⌋+ (6⌊ t
4⌋+ 4) for k ≡ 3 (mod 4).

Let S′ be a corona cover set of Pt

⊗
Pk. Suppose D be a vertex cover set of cardinality at most

N =


(10⌊ t

4⌋+ 6)(k4 )− 3 for k ≡ 0 (mod 4),
(10⌊ t

4⌋+ 6)⌊k
4 ⌋ − 1 for k ≡ 1 (mod 4),

(10⌊ t
4⌋+ 6)⌊k

4 ⌋+ (6⌊ t
4⌋+ 2)− 1 for k ≡ 2 (mod 3),

(10⌊ t
4⌋+ 6)⌊k

4 ⌋+ (6⌊ t
4⌋+ 4)− 1 for k ≡ 3 (mod 4).

Then < D > has an isolated vertex, thus we have

|S′| ≥ N + 1 =


(10⌊ t

4⌋+ 6)(k4 )− 2 for k ≡ 0 (mod 4),
(10⌊ t

4⌋+ 6)⌊k
4 ⌋ for k ≡ 1 (mod 4),

(10⌊ t
4⌋+ 6)⌊k

4 ⌋+ (6⌊ t
4⌋+ 2) for k ≡ 2 (mod 3),

(10⌊ t
4⌋+ 6)⌊k

4 ⌋+ (6⌊ t
4⌋+ 4) for k ≡ 3 (mod 4).

Hence the result follows.
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Example 2.10.

Figure 5. P6
⊗

P7

In the graph in figure 5, the collection of white vertices is corona cover set of minimum cardi-
nality and hence τC(P6

⊗
P7) = 26.

Theorem 2.11. Let Pt and Pk be the paths of order t and k respectively, t ≥ 5, k ≥ 2 and
t ≡ 3 (mod 4). Then

τC(Pt

⊗
Pk) =


(10⌊ t

4⌋+ 6)(k4 ) for k ≡ 0 (mod 4),
(10⌊ t

4⌋+ 8)⌊k
4 ⌋ for k ≡ 1 (mod 4),

(10⌊ t
4⌋+ 6)⌊k

4 ⌋+ (6⌊ t
4⌋+ 4) for k ≡ 2 (mod 3),

(10⌊ t
4⌋+ 8)⌊k

4 ⌋+ (6⌊ t
4⌋+ 5) for k ≡ 3 (mod 4).

Proof. Let S1 = {v(h,g) : h ≡ 0 (mod 2), 1 ≤ g ≤ k}, S2 = {v(h,g) : h ≡ 3 (mod 4), g ≡
2 or 3 (mod 4)}, S3 = {v(h,g) : h ≡ 3 (mod 4), g ≡ 1 or 2 (mod 4)}, S4 = {v(h,g) : g ≡
0 (mod 2), 1 ≤ h ≤ t}, S5 = {v(h,g) : g ≡ 3 (mod 4), h ≡ 2 or 3 (mod 4)}

Assume S =


S1 ∪ S2 for k ≡ 0 (mod 4),
S4 ∪ S5 for k ≡ 1 or 3 (mod 4),
S1 ∪ S3 for k ≡ 2 (mod 4).

Then S is a corona cover set of Pt

⊗
Pk and hence

τC(Pt

⊗
Pk) ≤ |S| =


(10⌊ t

4⌋+ 6)(k4 ) for k ≡ 0 (mod 4),
(10⌊ t

4⌋+ 8)⌊k
4 ⌋ for k ≡ 1 (mod 4),

(10⌊ t
4⌋+ 6)⌊k

4 ⌋+ (6⌊ t
4⌋+ 4) for k ≡ 2 (mod 3),

(10⌊ t
4⌋+ 8)⌊k

4 ⌋+ (6⌊ t
4⌋+ 5) for k ≡ 3 (mod 4).

Let S′ be a corona cover set of Pt

⊗
Pk. Suppose D be a corona cover set of cardinality at most

N =


(10⌊ t

4⌋+ 6)(k4 )− 1 for k ≡ 0 (mod 4),
(10⌊ t

4⌋+ 8)⌊k
4 ⌋ − 1 for k ≡ 1 (mod 4),

(10⌊ t
4⌋+ 6)⌊k

4 ⌋+ (6⌊ t
4⌋+ 4)− 1 for k ≡ 2 (mod 3),

(10⌊ t
4⌋+ 8)⌊k

4 ⌋+ (6⌊ t
4⌋+ 5)− 1 for k ≡ 3 (mod 4).

Then < D > has an isolated vertex, thus we have

|S′| ≥ N + 1 =


(10⌊ t

4⌋+ 6)(k4 ) for k ≡ 0 (mod 4),
(10⌊ t

4⌋+ 8)⌊k
4 ⌋ for k ≡ 1 (mod 4),

(10⌊ t
4⌋+ 6)⌊k

4 ⌋+ (6⌊ t
4⌋+ 4) for k ≡ 2 (mod 3),

(10⌊ t
4⌋+ 8)⌊k

4 ⌋+ (6⌊ t
4⌋+ 5) for k ≡ 3 (mod 4).

Hence the result follows.

Example 2.12.
In the graph in figure 6, the collection of white vertices is corona cover set of minimum cardi-
nality and hence τC(P7

⊗
P9) = 36.

3 Conclusion

In this paper, the corona covering number of the tensor product of paths has been investigated
and established. Future work will extend this study to other graph products, aiming to analyze
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Figure 6. P7
⊗

P9

their corona covering numbers.
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