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Abstract Let G be a graph. A subset S C V(QG) is called a vertex cover if every edge in
E(G) has at least one endpoint in S. The smallest possible size of a vertex cover in G is known
as the vertex covering number, denoted by o(G). Recently, G. Mahadevan et al. introduced the
concept of the corona covering number. A Vertex cover set S C V(Q) is considered a corona
cover if every vertex in the induced subgraph (S) is either a pendant or a support vertex. The
minimum size of such a set is called the corona covering number, represented as tc. In this
study, we analyze this parameter for the tensor product of path graphs.

1 Introduction

The Simple, finite, undirected graphs are considered. The vertex set and edge set of G are
denoted by V and E, respectively. A vertex set S C V(G) is a vertex cover set if (V — S) is
an empty graph. The minimum cardinality of a vertex cover set is called the vertex covering
number and it is expressed as o(G). Based on corona domination [1] and vertex covering, G.
Mahadevan et al. defined the notion of corona covering numbers in [2]. A vertex cover set
S C V(G) is a corona cover set if every vertex v € S such that digy(v) = 1 or there exist a
vertex u € S with d(sy(u) = 1 and uwv € E. The least cardinality of a corona cover set is the
corona covering number of a graph and it is expressed as 7 (G). The corona covering number
of certain standard graphs and specific types of graphs has been examined in [2] and [3]. The
cartesain product of two path has been discussed in [4] . In this article we analyse the tensor
product of two paths. Let P, = (uy, uy, ..., up) and P, = (v1,v2, ..., vm) be the paths. The vertex
set of tensor product of paths P,, and Py, P; Q) Py, is the cartesian product of vertices of P,, and
Py and | V(P, x Py) |= mn and any two vertices in P, Q) Py, is adjacent say (uy, v,) is adjacent
to (ur,vs) if d(up,u,) = 1in P, and d(vq,vs) = 1 in Py [5][6]. The corona covering number
for tensor product of two paths will be discussed in the section 2. Throughout this paper the
collection of white vertices denote the corona cover set of the given graph.

2 Corona Covering number of Tensor product of paths

Let P, @ Py, be the tensor product of paths P, and Py, V(P;Q Py) = 1
n, 1 < g <m}and E(P,@Q Pr) = {vn,g)Vhtigen : 1 Sh<n—1,1<g<m
Vg Vhs1g-1) 1 Sh<n—1,2<g<m}
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Observation
Since P, Q) Py, = 2Py,

Tc(P2®Pk) = Tc(2pk) = { 4

for k=2,

2k —2[%]  otherwise.

Theorem 2.1. If P, is a path of order k, k > 2, then

6(%) fork =0 (mod4),

B 6[%1 -4  fork =1 (mod4),
7c(PsQ Py) = 6(% -2 fork =2 (mod4),
6(%" —1  fork =3 (mod4).

Proof. Let S1 = {vp,g) : 1 < g < k}U{va,y :g=20r3(modd)}, S ={vpy 1 <g<
E—=1}U{vzg :9g=20r3 (mod 4)} U {va -1} U{vae—n}

S fork =0o0r 3 (mod4),
Assume S = ¢ S;U{vsx_1)} fork =1 (mod4),
Sa fork =2 (mod 4).

Then S is a corona cover set of P; @ Pj; and hence

Te(Ps@ Py) <|S| =

Let S” be a corona cover set of P3 Q) Pi.. Suppose D be a vertex cover set of cardinality at most

6(%) fork =0 (mod4),
6[51 -4  fork =1 (mod4
6[51—2  fork =2 (mod4),
6[51—1 fork =3 (mod4).

Then < D > has an isolated vertex, thus we have

6(5)—1 fork =0 (mod4),
N — 6[51—5 fork =1 (mod4),
) 6[51 -3 fork =2 (mod4),
6[51 -2  fork =3 (mod4).
6(%) fork =0 (mod4),
, 6[%1 -4  fork =1 (mod4),
S1= N+ 1= 6(%—2 fork =2 (mod4),
6[51—1 fork =3 (mod4).

Hence the result follows.

Example 2.2.

Figure 1. P; ® Py

In the graph in figure 1, the collection of white vertices is corona cover set of minimum cardi-

nality and hence 7¢(P3 Q) FPs) = 10.

Theorem 2.3. If P, is a path of order k, k > 2, then

12(5) -2 fork =0 (mod5),
12| %] fork =1 (mod5),
o(PA@QP:) =1 12|52 +4  fork =2(mod5),
12|4] 46  fork =3 (mod5),
12[£1 -4 fork =4 (mod5).
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Proof. Let S; = {v,g: g =00r2(mod5),1 <h<4,1<g<k—-1}U{ypp :h=
2,3} UA{v(n,i—1) :l§h<4},52:{v(hwg):9500r2( d5)1<h<41§g§
k}u{vh,g g_30r4(m0d5) h=231<g<k} S = {vpng: g_()or2( od5),1<
g < k=5 U{vp,g)Vnp 9 =30rd(modS),h=2,31<g<k—-4}U{vgy:1<h<
4,g:k—27kz—1}
Sy fork =0 (mod5),
Assume S = ¢ S3  fork =2 (mod4), Then S is a corona cover set of P4 ) P and hence
S, otherwise.
12( )—2 fork =0 (mod5),
12L§j fork =1 (mod5),
c(Pr@Q Pr) <|S| =4 12|4]+4  fork =2 (mod5),
12|15/ +6  fork =3 (mod5),
12[51 -4 fork =4 (mod5).

Let S’ be a corona cover set of Py (X) P.. Suppose D be a vertex cover set of cardinality at most
12(’“) 3 fork =0 (mod5),

12|14 -1 fork =1 (mod5),

N =< 12|15/ +3  fork =2 (mod5), Then either < D > has an isolated vertex, thus we
12|12/ +5  fork =3 (mod5),
12[41 =5 fork =4 (mod5).

12(58) =2 fork =0 (mod5),
12| %] fork =1 (mod5),
have |S'| > N +1=¢ 12[4]+4  fork =2 (mod5),
12|51 +6  fork =3 (mod5),
12[41 -4 fork =4 (mod>5)

Hence the result follows.

Example 2.4.

Figure 2. P, ® P;

In the graph in figure 2, the collection of white vertices is corona cover set of minimum cardi-
nality and hence 7¢(Py Q) Pg) = 18.

Theorem 2.5. Let P, and P, be the paths of order n and & respectively, n > 5, £ > 2 and

dkn 2 fork =0 (mod4),
Sn |k =
n = 0(mod4). Then (P, @ Py) = { 204 fork =1 (mod 4)
S+ —=2)  fork =2 (mod4),
k|4 fork =3 (mod4).
Proof. Let S1 = {vpqg : 1 < h < ng = O(mod2)} Sz = {vng : 1 <h <ng=
1 (mod 2)}, S5 = {vp,g : h = 2or 3 (mod 4),g = 2 (mod 4)} = {vng + h =
20r3 (mod4),g =3 (mod4)}
(S1USs) —{vu k), Yy} fork =0 (mod4),

Assume S =<¢ S;US, fork =1or3 (mod4),
(20U 83) —{vapy,vamt  fork =2 (mod4).
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Then S is a corona cover set of P; (X) P, and hence

Skn 9 fork =0 (mod4),
Snk fork =1 (mod4),
To(P @ Pr) < S| = iLzJ+(6ﬂ_ ) fork =2 (mod4)
2 La 4 = ’
ZLE+ 3 for k =3 (mod 4).
Let S’ be a corona cover set of P, ) P.. Suppose D be a vertex cover set of cardinality at most
kn 3 fork =0 (mod 4),
S k| E=1 d 4
N = 52n LéJ n for (mo ), Then < D > has an isolated vertex,
ZIE 4+ (S -2)—1  fork =2 (mod4),
| fork =3 (mod4).
kn _ fork =0 (mod4),
n k) fork =1 (mod4),
thus we have |S'| > N + 1 = iL2J+(‘L"—2) fork =2 (mod4)
2 L3 4 = ’
kg for k =3 (mod 4).
Hence the result follows. O

Example 2.6.

Figure 3. 3 Q P

In the graph in figure 3, the collection of white vertices is corona cover set of minimum cardi-
nality and hence 7¢(Ps Q) Ps) = 18.

Theorem 2.7. Let P, and Py be the paths of order ¢ and & respectively, t > 5, k > 2, if both ¢
and k are not equal 5 and ¢ = 1 (mod 4).

10[%](%) fork =0 (mod4),
10/ L][2]+6[L]  fork =2 (mod4),
10 %] L%J +8l%]  fork =3 (mod4),
does not exists fork =1 (mod 4).

Then 7 (P @ Pi) =

Proof. Let S1 = {v,4) 1 1 < g < k,h =0 (mod2)}, S = {vp,g 1 g =2o0r3 (mod4),h =
3 (mod4)}, S5 ={vpg :g=1or2(mod4),h=3(mod4)}

S1US, fork =0 (mod 4),
Assume S =<¢ S;US; fork =2or3 (mod4),

Does not exists  fork =1 (mod 4).
Then S is a corona cover set of P; (X) P;, and hence

10[£](%) fork =0 (mod4),
10/ L][5)+6lL]  fork =2 (mod4),
10/ 2][%5] +8[%] fork =3 (mod4),
does not exists fork =1 (mod4).
Let S’ be a corona cover set of P; Q) Pi.. Suppose D be a corona cover set of cardinality at most

o(P @ Pr) < |S] =
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10/ 4](%) — fork =0 (mod 4),
i E frm—
N = 10 L;‘J l3]+ 6L 1= fork =2 (mod4), Then < D > has an isolated vertex thus
LZ“ J+81%] - fork =3 (mod4),
does not exists fork =1 (mod4).
lOLﬁj(f) fork =0 (mod4),
t =
we have [S'| > N + 1 = 10L3]L5 J+6Ltj fork =2 (mod4),
1014 JL ] +81%)] fork =3 (mod4),
does not exists fork =1 (mod4).
Hence the result follows. O
Remark

If ¢ and k are equal to 5, then 7¢ (P5s @ Ps) = 13

Example 2.8.

XA
SSEIEL

Figure 4. P5 ® P10

In the graph in figure 4, the collection of white vertices is corona cover set of minimum cardi-
nality and hence 7¢(Ps Q) Pig) = 26.

Theorem 2.9. Let P, and P, be the paths of order ¢ and k respectively, ¢ > 5, £ > 2 and

(10[%] +6)(%) -2 fork ;0( od 4),

B ) (10[t]+6)|%] fork =1 (mod4),
t = 2(mod4). Then ro(F @ Pi) = (10@ +6)L§J + (6]t +2) fork =2 (mod3),
(10[%] +6)[ 5]+ (6lL] +4) fork =3 (mod4)

3 (mod 4),h

Proof. Let S| = {v(q) 1 g = 0 (mod 2),1 < h < t}, S = {vpg 1 g = =
= 1 or 2 (mod 4)},

3 (mod 4),h = 1 or 2 (mod 4)}, S3 = {vpq : g = 2 (mod 4),h
Se={{vpn:2<h<t—=11U{yp : g_l(modZ) g>3,1<h<t
S1uUS, fork =1or3(mod4),
S3USy  fork =0or2 (mod4).
Then S is a corona cover set of P; (X) P;, and hence

—~

Assume S =

(10&] +6)(§) -2 fork =0 (mod4),
) (0t +6)%] fork =1 (mod4),
R @P)<ISI=0 (10[1] 4 6)[E) 1 (612]+2)  for k =2 (mod3)

(10L£J + G)L%J + (6L§J +4) fork =3 (mod4).
Let S” be a corona cover set of P; Q) Pi.. Suppose D be a vertex cover set of cardinality at most
(10[£] + )(%)—3 fork =0 (mod 4),
(10[L] +6)[%] -1 fork =1 (mod4),
(10[L] +6)[5] + (6lL] +2)—1 fork =2 (mod3),
(10[L] +6)| %] + (6|5 +4)—1 fork =3 (mod4).
Then < D > has an isolated vertex, thus we have

N =

(1 LtJ+6)(Z) fork =0 (mod4),
, _ ] woizy+ok for k =1 (mod 4),
IS/l > N+1= (1014 +6)[%] + (6|%] +2) fork =2 (mod3),
(10[L] +6)[ 5]+ (6lL] +4) fork =3 (mod4).

Hence the result follows O
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Example 2.10.

Figure 5. P, Q@ P,

In the graph in figure 5, the collection of white vertices is corona cover set of minimum cardi-
nality and hence 7¢(Ps Q) P7) = 26.

Theorem 2.11. Let P; and P;, be the paths of order ¢ and k respectively, t > 5, £ > 2 and
t = 3 (mod4). Then

(10[£] +6)(%) for k =0 (mod 4),
) (05 +38) L% fork =1 (mod4),
e(R®P) = (10@ +6)L§J +(6]L]+4) fork =2 (mod3),
(101£] +8) L%J + (6l5] +5) fork =3 (mod4).

Proof. Let S = {vg,q) : h = 0 ( Sy = {vn,g) : h = 3 (mod 4),g

20r3 (mod4)}, S3 = {vpg : h = = 1or2 (mod4)}, Sy = {vpg 1 9
0 (mod2),1 <h<t}, S5 ={vpg :9=3(mod4),h=2o0r3 (mod4)}
S1US,  fork =0 (mod4),
Assume S = ¢ SyUSs fork =1or3 (mod4),
S1USs  fork =2 (mod4).
Then S is a corona cover set of P; (X) P;, and hence

>

(10&] +6)(%) fork =0 (mod4),

) (10[L] +8) %] fork =1 (mod4),

e @P)SISI=N (101 1 6)[5 |+ (6]1] +4) fork =2 (mod3),
(

(10[L] +8)[ 5]+ (6lL] +5) fork =3 (mod4).
Let S’ be a corona cover set of P; Q) Pi. Suppose D be a corona cover set of cardinality at most
(10[£] + )(%)—1 fork =0 (mod4),
(10[L] +8)[%] -1 fork =1 (mod4),
(10[L] +6)| %]+ (6l5] +4)—1 fork =2 (mod3),
(10[L] +8)[ 5]+ (6lL] +5)—1 fork =3 (mod4).
Then < D > has an isolated vertex, thus we have

N =

(1 LtJ+6)(k) fork =0 (mod4),
, _ ) (10[g) +8)L%] fork =1 (mod4),
PN OO+ 6L+ fork =2
(10 J +8)L%J (6] fT +5) fork =3 (mod4).
Hence the result follows. O
Example 2.12.

In the graph in figure 6, the collection of white vertices is corona cover set of minimum cardi-
nality and hence 7¢(P; Q) Py) = 36.
3 Conclusion

In this paper, the corona covering number of the tensor product of paths has been investigated
and established. Future work will extend this study to other graph products, aiming to analyze
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Figure 6. P; Q Py

their corona covering numbers.
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