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Abstract The study emphasizes the relationship between central graph modifications and
equitable chromatic characteristics in special snake graphs, including the triangular snake graph,
alternate triangular snake graph, diamond triangular snake graph, alternate quadrilateral snake
graph, double triangular snake graph, and double alternate triangular snake graph.

1 Introduction

Let H = (V, FE) be a simple, undirected graph. A proper k-coloring of H is a mapping f :
V — 1,2,...,k such that f(u) # f(v) for every edge uv € E. An equitable k-coloring [9] is a
proper k-coloring in which the sizes of any two color classes differ by at most one; that is, for all
i,jel, ...k |5|f71@)| =171 (4)];] < 1. Hajnal and Szemerédi [5] proved that every graph H
satisfies x—(H) < A(H) + 1, settling a conjecture by Erd8s. Meyer [9] introduced the concept
of equitable coloring and proposed the Equitable Coloring Conjecture (ECC): if H is connected
and H ¢ K,,,Co,11, then x—(H) < A(H). A strengthened version, the Equitable A-Coloring
Conjecture [3], excludes graphs of the form K5, 2,41 as well and asserts that such graphs
are equitably A-colorable. These conjectures have been verified for various graph classes: 1.
Bipartite graphs: x_(H) = 2 [13], 2. Outerplanar graphs with A(H) > 3 [14], 3. Planar
graphs with A(H) > 13 [15]. From a complexity standpoint, deciding whether x_(H) < 3 is
NP-complete [7].

Clique Bound for Equitable Coloring. Let H be a graph and let w(H) denote its clique
number, i.e., the size of the largest complete subgraph in H. Since all vertices in a clique must
receive distinct colors in any proper coloring, and equitable coloring is a proper coloring with
additional constraints, it follows that

X=(H) 2 w(H)

2 Preliminaries

Let H = (V, E) be a simple undirected graph. The central graph [4], [12] of H, denoted by
C(H), is obtained as follows:

« For each edge uv € E, insert a new vertex w,,, (unique for each edge) and replace the edge
uv with the path © — w,,, — v.

« Then, for every pair of vertices u,v € V such that uv ¢ E and u # v, add the edge uv.
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The Triangular Snake Graph [1] , denoted as T'S,, is constructed from a path graph P,
with vertex set V(P,) = uj,up, ..., u, a NewW vertex wy, is introduced for each edge w1,
and edges wy, Uy, and wy, U, are added, forming y — 1 triangular subgraphs.

An Alternate Triangular Snake Graph [11], denoted as AT'S,, is constructed from a path
graph P, with vertices u1,us, . . . , uy, the construction involves introducing a new vertex w,, for
every alternate edge u,,,u,,+| and connecting it to both w,,, and u,, |, thereby forming a triangle.
This results in a sequence of alternating triangles along the path.

The Diamond Snake Graph [8], [2], denoted as DT'S,, is constructed from a path graph
P, by systematically replacing each edge with a quadrilateral cycle Cy4. Specifically, given a
path graph P, = up,ua, ..., uy+1 each edge u,,um+1 is extended into a cycle by introducing two
additional vertices u/,,,u//, : 1 < m/ <y, such that the resulting set of edges forms a sequence
of interconnected cycles in diamond shape. Each Cy forms the structure: wu,, — ul, — tm1 —
ull — um, forl <m <y

An Alternate Quadrilateral Snake Graph [10], denoted as A(QS,), is obtained from a path
P, with vertices up, ua, . . ., uy by modifying its structure as follows: Each vertex u,, and w11
(alternatively) is connected to new vertices wu,,, and u;,, , respectively; Each pair u; u;
is also connected. Thus, every alternate edge of the path is replaced by a cycle Cy4, forming a
repeating quadrilateral pattern along the path.

A Double Triangular Snake Graph [2], denoted by D,,,is obtained from a path P, consist-
ing of y vertices ui,us, ..., u,, where y > 2 by modifying its structure as follows: For each
internal edge u,,u.,,+1 of the path, where m is odd and 1 < m < y — 1, introduce two new
vertices: wy, (top) and w!,(bottom). Now add edges wy,tm, and wy, tm,+1, forming triangle
AWy U U+ and add edges w!,,, uy, and w41, forming triangle Aw], U, U+ 1

A Double Alternate Triangular Snake Graph [6], denoted as DAT'S,,, is obtained from a
path graph P, with vertices up, ua, ..., uy, where y > 2, as follows: For every alternate edge
UmUm41 Of the path, introduce two new vertices: w,,(top) and w),,(bottom). Now add edges
W Uy, AN Wy U1, TOrming triangle Awyy tmums1 and add edges w),, uy, and w!,, wm1,
forming triangle Aw!, U Upmt1.

3 Results

Theorem 3.1. The equitable chromatic number of central graph associated with a triangular
snake graph, denoted as x—-[C(T'S,)],y > 4 is determined for all cases and is given by

x-[O(TS,)] = [ L= vy > 4

Proof. By the definition of the triangular snake graph, the vertex set is given by V(T'S,) =
{tm, Wy | 1 <m <y, 1 <m’ <y—1}. Applying the central graph operation, the vertex set
of C(T'S,) becomes

V[C(TS,)] = V(TS,) U{en e |1 <m/ <y—1,1<m" <2y—2},

where e,,,- represents the subdivision vertices corresponding to edges u,, tuy,+1 for 1 <m <y—1
and each e/, represents the subdivision vertices of edges ., w,,’ respectively.

Furthermore, let the vertex cardinality of [C'(T'S,)] be defined as 5y — 4, Vy > 4. Since the
order of the adjacency matrix of C'(7'S,), which corresponds to the number of vertices in the
graph, is given by: (5y — 4) x (5y — 4),Vy > 3. Then, the adjacency matrix representation for
the first vertex w; can be expressed as:

Uy U2 Uz - Uy wy wy o Wy—1

o o 1 -- 1 o 1 - 1
wi / / /

€1 €2 €3 et €y—1 (] € cee ezy_z

o o o --- 0 M 1 .- 0

From the adjacency matrix, we systematically derive the neighbourhood set.The neighbour-
hood sets are listed as follows:
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N(U]) = {6176/17wm/+laum+2 1< mam/ <y-— 2}
N(UZ) = {6176276/27657um+37wm/+2 1 < m7nLl < Y- 3}

N(uy) :{ey,l,e’zyiz,um,wm/ 1<m<y—-2,1<m' <y-2}

N(wi) ={e}, 5, Wmrs1, umga : 1 <m,m’ <y —2}
N(w) = {€}, e}, w1, W1, UL, Umpio 2 <mym! <y —2}

R ! / . /
N(wy_1) = {ezy_l,ezy_z,wm/,um 1 <mm <y-2}

N(er) = {u1,ua} N(ey) = {ur,wi}
N(e2) = {ua, us} N(ey) = {wr,ua}

N(ey—1) = {uy—1,uy} N(elzyfz) = {wy—1,uy}

We implement an algorithmic approach using a C++ procedure to assign colors optimally while
satisfying equitable coloring constrains.

Algorithm: Equitable Chromatic Number of Central Graph of Triangular Snake Graph

TSy

Require: Integer y > 4
Ensure: Equitable color sets Ay, By, Ce, D,/ and chromatic number x—(C[T'Sy])
1: repeat

2 Prompt user: “Enter the size of Triangular Snake Graph (y > 4):”
3 Read y

4: untily > 4

5: Define arrays: u[0...y—1],w[0...y—2], e[0...y—2]

6: k<« 6+2(y—4); Definee’[0...k—1]

7: fori =0toy—1do

8 uli] «— max(s, 1)

9: end for
10: fori = 0to y—2 do
11: wli] < i+1; efi] + (i <y—2)?:i+2 : 1
12: end for
13: fori=0to & —2do
14: e'[2t] + i+2;  e[2i+1] «+ i+2
15: end for
16: e'[k—2) «+ 1; €'[k—1] <+ 1
17: £ «+ =11

y

18: Output: “The Equitable Chromatic Number x—[C[T'Sy]| = £~
19: Output: Print arrays u[0...y—1], w([0...y—2],e[0...y—=2],€’[0... k—1]

Example of x—(C[T'S7])
Input: Enter the size of Triangular Snake Graph (y > 4): 7
Output: The Equitable Chromatic Number of C[T'S7] is = 6

Ay By Ce D D.s
ulll]=1 | w[l]=1 | e[l]=2 | &[l]=2 | €8] =
ul2l =1 | w[2]=2 | €e2]=3 | €2]=2| €9 =6
u3]=2 | w[3]=3 | e[3]=4 | €3]=3 | €[10] =
uld] =3 | wd]=4 | efd]=5 | 4] =3 | €[l1]] =1
ul5] =4 | w[5]=5 | €e5]=6 | €5]=4 | €12] =1
ul6] =5 | w[6] =6 | el6] =1 | €'[6] =4 —
ul7] =6 — elll=2 | €[71=5 —

By the above algorithm, we derive the upper bound:

loms,)] < [ vy > 4

Y
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Upon examining the structural properties of C'(7'S,), we observe that the vertex subset V, =
{wpm : 1 <m/ <y — 1} forms a clique of order [%—‘ ,Vy > 4. It is well-known that for

any graph H, the equitable chromatic number satisfies x—(H) > w(H). Therefore, we obtain

the lower bound as s
-1 +1
- [C(Ts,)] > [(y;

Combining the upper and lower bounds, we conclude:

W7Vy24

x[C(Ts,)] = [W=H ] vy > 4,
O

Theorem 3.2. The equitable chromatic number of the central graph associated with an alternate
triangular snake graph, denoted as x—[C(ATS,)|, for y > 3, is determined for all cases and is
given by:
3; y=3
_(ClATS,]) =
x=(ClATS,) {[gJ +ymod2; y>4

Proof. By the definition of an alternate triangular snake graph, we have V(AT'S,) = {u,, | 1 <
m <y} U{wy | 1 <m' < |y/2|}. Applying the central graph operation, the vertex set of
C(ATS,) becomes

V[C(ATS,) = V(ATS,) U{em | 1 <m” <y—1}U

o 1<m” <y-—1, ifyisodd,
€, 1
" 1 <m" <y, if y is even

where e, be the sub divided vertices of upupm11 for 1 < m < y — 1 and €], be the sub-
divided vertices of each edge u,,,w,, respectively. Since the vertices are defined with two cases
for {e/ ., } as odd and even, this leads to two different sizes of vertex sets:

. Ifyisodd: |V(C(ATS,))| =8+ 7k, K =1%2, y>3.

)

2
. Ifyiseven: [V(C(ATS,))| =13+ 7k, k=%* y>3.

The order of the adjacency matrix of C'(AT'S, ), which corresponds to the number of vertices in
the graph, is given by:

(8 4+ 7k') x (8+7k'), if yis odd,

3.1
(134 7k) x (134 7k), ifyiseven. G-

[V(C(ATS,))| = {

Then, the adjacency matrix representation for the first vertex «; for an odd case of y can be
expressed as:

(3] Uy uU3--- Uy w wy v wl_y/ZJ

0O 0 1--- 1 o 1 -- 1
ui I ! !

81 62 ... ey_l 61 62 “ee ey_]

1 0 0 1 0 0

From the adjacency matrix, we systematically derive the neighbourhood set.The neighbour-
hood sets are listed as follows:

N(ul) - {617617 {um+2}7n 17{wm }m 2}
N(UZ) - {617 627 {um+3}m 1 {wm }m’ 1

N(u ) {ey 1 {wm }m/ 17{Um} 1} lfy is odd,
! {ey—1, €y {wm }L, o {um Yo 5 3, if y is even.

L] 3
N(wl) = {61 ) 627 {wm’}mzlzy {um};ln:3
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’ll
N(wy) = {e}, e ur, uz, wy, {wn 1200 {um Y,

N(wiya)) =

{{ey 2, € y 17u1l’{w’m }m’*l 7{um}m 1 lfylS Odd’

(¢ 1€y fwm sy fum

N(er) = {uy,uz}
N(e2) = {uz,us}

N(ey—1) = {uy—1,uy}

,if y is even.

N(e/1> = {ur,wi}
N(ey) = {uz,wi }

N(ey) = {w|y/2), uy},if y is even

N(e;) = {w\_y/gj,uy_]}, lfy is odd

We implement an algorithmic approach using a C++ procedure to assign colors optimally while
satisfying equitable coloring constrains.

Algorithm: Equitable Chromatic Number of Central Graph of Alternate Triangular Snake

Graph ATS,

Require: Integer y > 3
Ensure: Arrays u, w, e, ¢, and equitable chromatic number /

1: repeat

2: Prompt: "Enter the size of Alternate Triangular Snake Graph (y > 3):"
3 Read y

4: untily > 3

5: Define arrays: u[0...y—1], w[0...y—1],¢e[0...y=2],€'[0...y—1]
6: limit < (y > 5Aymod2=0)? y/2 [y/2]

7: for ¢ = 1 to limit do

8: u[2i=2]  i; u[2i—1] < i

9: end for
10: fori =0to |y/2] — 1 do
11: wli] i+ 1
12: end for

13: if y = 4 then

14: fori =0to 3 do

15: €'[i] + 2; wli] + 1; u[2d],
16: end for

17: else if y = 3 then

18: fori =0to2do

u[2i + 1] < 1 efi] < 2

19: €'[i] < 3; wli] < 1;eli] +i+2
20: end for

21: ul0], ull] < Ly u[2] <2

22: else

23: if y > 6 Ay mod 2 = 0 then

24: fori =0toy/2 —2do

25: €'[2i+2],e'[2i + 3]« i+ 1
26: end for

27: e'l0],e'[1] + y/2

28: else if y = 5 then

29: fori =0to 1do

30: e'[2d],e'[2i + 1] « i +2

31: end for

32: else if y = 7 then

33: fori =0to2do

34: €'2i+2],e[2i +3] + i+ 1
35: end for

36: e'[0], ¢'[1] « |y/2]

37: else

38: fori=1to [y/2]| do

39: e'[2i],e'2i + 1] « 1

40: end for

Al: e'0], €'[1] < |y/2]
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42: end if

43: if y = 6 then

44: pattern < [3,3,1,1,2]

45: for i =0to4 do

46: eli] < pattern]i]

47: end for

48: elseif y > 6 A y mod 2 = O then
49: el0] < y/2;val < 3

50: fori=1toy/2—1do

51: e[2i] 1

52: end for

53: fori =1toy/2 —2do

54: e[2i — 1] « val; val < val + 1
55: end for

56: ely—5] < y/2;ely—3] 1
57: else if y = 7 then

58: for i =0to4 do

59: eli] + 4

60: end for

61: e[5] + 1

62: else if y = 5 then

63: el0..1] + 3;e[2.3] + 1

64: elseif y =9V y = 11 then

65: for i = 0toy—2 step 2 do

66: eli] « (y+1)/2

67: end for

68: e[l] « (y+1)/2 — Ly val 1
69: for i =3 toy—2 step 2 do

70: eli] + val; val + val + 1
71: end for

72: else

73: e[0] «+ (y—1)/2;val < 1

74: for i = 2 to y—2 step 2 do

75: eli] < val; val + val + 1
76: end for

77: k< (y+1)/2

78: fori=1to9step2, i <y—1do
79: eli] + k

80: end for

81: val; 1

82: for i = 11 to y—2 step 2 do
83: eli] < valy; valy < val; + 1
84: end for

85: end if

86: end if

87: 1+ (y=3)?3 : |y/2] + (y mod 2)
88: Output: Arrays u, e, w, ¢’ and equitable chromatic number |

A counterexample from the code is provided below:

Example of x_(C[AT Sy])
Input: Enter the size of Alternate Triangular Snake Graph (y > 3): 9
Output: The Equitable Chromatic Number of C[AT S| is =5

A B, C. D,
ull]=1 | w[l]=1 | e[l]=5 | [1]=4
ul2l =1 | w2]=2 | e2]=4 | 2] =4
uBl=2 | w3 =3 e[3] =5 epBl=1
uld] =2 | wd]=4 el4d] =1 4 =1
ul5] =3 — e5]=5 5] =2
ul6] =3 — el6] =2 | €'[6] =2
ull] =4 — e[ll=5 e'[7=3
ul8] = 4 — e8]=3 | €'[8] =3
ul9] =5 — — —
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By the above algorithm, we derive the upper bound:

3; y=3

X:(C[ATSy]) < {L’ZZJJ 4y mod2; y=>4

Upon examining the structural properties of C[AT'S, ], we identify that the vertex set
s Ifyiseven: V. = {wy, : 1 <m/ < | 4]}
« Ifyisodd: Vv = {wpr,uy: 1 <m/ < L%J}

forms maximum induced complete sub-graph of order [%J 4+ ymod2 Vy > 4. Fory = 3,
assume only 2 colors are used. Let all path vertices u,, (1 < m < 3) be colored with color 1.
Since w3 is adjacent to wy, assign color 2 to w;. Next, color all e,,,» (1 < m” < 2) with color
2. Now, each vertex e, is adjacent to both w; (color 2) and u,, (color 1), so neither color 1
nor 2 is valid. Therefore, a third color is required, contradicting the assumption. Thus, the lower
bound for x—(C[AT'S,)]) is at least 3 when y = 3. Since x—(H) > w(H) for any graph H, the
result follows
X=[C(ATS,)] > w[C(ATS,)] = {%J +ymod?2, Yy > 4

Therefore, we obtained the lower bound

y=3

3;
(4] tymod2; y=>4

x=(C[ATS,]) = {

Hence, combing both the bounds,

5w
x=[C(AT'S,)] = {lelJ +ymod?2; y>4
O

Theorem 3.3. The equitable chromatic number of the central graph associated with diamond
triangular snake graph, denoted as x—[C(DT'S,)], for y > 3, is determined for all cases and is
given by:

2
x-[C(DTS,)] =2 | 51| vy = 3

Proof. By the definition of DT'S,, we have V(DT'S) = {u, | l <m <y+1}U{u,, u’, |
1 < m’ < y}, each Cy forms the structure: w,, — ul, — U1 — Ul — U, for 1 < m < y.
Applying the central graph operation, the vertex set of V[C(DST, )] becomes

V[C(DTS,)] = V(DTS,) U{wpr wl, | 1 <m’” <2y}

m'’

where w,,~ be the sub divided vertices of edges u,,u,,, and w,,,, be the sub divided vertices of
edges u,ul,, respectively.

Furthermore, let the vertex cardinality of C(DT'S,) be defined as |V(C(DTSy))| = Ty +
1, Vy > 3. Since the order of the adjacency matrix of C'(DT'S,), which corresponds to the
number of vertices in the graph, is given by: (7y + 1) x (7y +1) Vy > 3. Then, the adjacency
matrix representation for the first vertex u; can be expressed as:

/

Ul Un “ee uerl ul uz “e uy
0 1 1 0 1 1
" " 1

" uy Uy 'I.Ly w; wr Way

0 1 1 1 0 0
/ / /

wy W Way

10 0 |

From the adjacency matrix, we systematically derive the neighbourhood set.The neighbour-
hood sets are listed as follows:
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N(u ) - {w]’wl7{u7"}m 2’{u 41 WUy +1}m’*1
N(u ) - {w27w27w37w37u17{um}m 3 {uﬂ”L”u }m’ '5}

’ —1
N (uy 1) = {way, why, {um by fur s w2y

N(" ) - {’LU1, w2, {u }m/ 2 {U/]/ }m/*l’ {“m}fnﬂﬁ

N(U'Z) - {’LU3, W4, Uy, U’l ’ {um};/,j:m {um }nL’ 3 {UN ; /*l}

N(u;) = {way—1, way, {um}‘:jnjp {u;n/}gnjLU {up, yo 1}

N(uf) = {w/lvwév{u;;z’}i!n/:b{u/ A {um

N(U’IZ/) = {wga wz/lvulvullla {u'rn}m 4> {U” }m’ 3 {Um/ i]n/:l}

’ —1 —1

N(uy) = {w’zyfl,wéy, {um A Y Al Y}
N(wr) = {ur,u}} N(w)) = {ur,uf}
N(w2) = {uz,uy} N(w)) = {ug, uf

N(way) = {uy1,uy} | N(wy,) = {uy1, uy}

We implement an algorithmic approach using a C++ procedure to assign colors optimally
while satisfying equitable coloring constrains.

Algorithm: Equitable Chromatic Number of Diamond Triangular Snake Graph DT'S,

Require: Integer y > 3
Ensure: Equitable color assignments for vertex sets A, B.,, C./, D, E., and chromatic number
- (CIDTS,)
1: repeat
2 Prompt user: “Enter the size of Diamond Triangular Snake Graph (y > 3):”
3 Read y
4: until y > 3
5: Define arrays: u[0...y],u'[0...y — 1],u”[0...y — 1], w[0...2y — 1], w'[0...2y — 1]
6: fori =0toydo
7: uli) «— 1+ 1
8: end for
9: fori =0toy — 1 do
10w« i+1

12: val + V”ZJ—H)J X 2

13: fori =0toy — 1 do

14: u'[i] + val — —

15: end for

16: fori =0toy — 1 do

17: w2i] —y+i+ Lwi+ 1]~ y+i+1
18: end for

19: w'[0] + y; w'[l] <y

20: fori =0toy — 2 do

21: w2 +2] i+ Lw[2i+3]«i+1
22: end for

23: Compute £ < { Y “)J x 2

24: Output: Print arrays u[0. ..y}, v'[0...y — 1], 4”[0...y — 1], w[0...2y — 1], w’[0...2y — 1]
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Equitable Chromatic Number of C[DTS_12]
Input: Enter the size of Diamond Triangular Snake Graph (y > 3): 12
Output: The Equitable Chromatic Number of C[DT'S),] is = 24

Ay ’ cy Dy i
u[l] =1 u/[1] =1 u'[1] =24 wll] =13 w'[1] = 12
upl=2 | W2l=2 | u2]=23 | w2]=13 | w'[2]=12
ul3] =3 W3] =3 u[3] =22 w3 =14 w3 =1
ul4] =4 u'[4] =4 u'[4] =21 wd] = 14 w'[4] =1
uls|=5 | W/[5]=5 | w’'[5|=20 | w[s|=15 | w'[5]=2
ul6] =6 u/'[6] =6 u[6] =19 wl6] = 15 w'[6] =2
ul7] =17 W7 =7 u'[7] = 18 w[7] = 16 w'[7] =3
u8]=8 | W/[8]=8 | w'[8=17 | w§=16 | w'[8=3
ul9] =9 u'[9] =9 u[9] = 16 wl9] =17 w'[9] =4

w10 =10 | «/[10] = 10 | w”[10] =15 | w[10] =17 | w/[10] =4
W] =11 | /1] =11 | «/[11] =14 | w[i1] =18 | w/[11] =5
w2 =12 | W12 =12 | «/[12] = 13 | w[12] =18 | w/[12] =5
ul13] = 13 — — w[13] =19 | w'[13] =6

— — — w(l4] =19 | w'[14] =6

— — — w(l5] =20 | w'[15] =

— — — wll6] =20 | w'[16] =7

— — — w17] =21 | w/[17]=8

— — — w(l8] =21 | w'[18] =

— — — wl19] =22 | w[19] =

— — — w20] =22 | w'[20] =

— — — w(21] =23 | w’[21] =10

— — — w22] =23 | w22 = 10

— — — w23] =24 | w/23] = 11

— — — w24] =24 | w'24] = 11

By the above programming algorithm, we obtain the upper bound

y?+ 1

wlowrs) <2 T vy 23

Upon examining the structural properties of C'(DT'S, ), we identify the vertex set V,, = {u/,,, u!!

m’» ¥m’

1 <m’ <y} forms a clique of order 2 {%J ,Vy > 3. Since, x—(H) > w(H) for any graph H.
Hence, x-[C(DT'S,)] > w[C(DTS,)] =2 {%J ,Vy > 3. Therefore, lower bound becomes

x_[C(DTS,)] > 2 H“J Wy >3

Y

Hence, by combining both bounds,

2
X[C(DTS,)] =2 [ | vy > 4
O
Theorem 3.4. The equitable chromatic number of the central graph associated with alternate
quadrilateral snake graph, denoted as
x=[C(AQS,)],y > 4 is determined for all cases and is given by

X=[C(AQSy)] = y,Vy = 4
Proof. By the definition of alternate quadrilateral snake graph, we have

1<m' <y—1, ifyisodd
V(AQS,) = {um |1 <m <ylUiul, | =m=y=h %y%so DY
: 1<m <y, if y is even.

Applying the central graph operation, the vertex set of V[C'(AQS, )] becomes
VIC(AQS,)] = V(AQS,) U {emr | 1 <m" <y —1}

1<m/'<y-—1, ifyisodd
Ufel . | 1 <m™ < |y/2]}ulel, B ’ 7
{emm [ 1 <m™ < |y/2]} {em |{1§m’§y, ifyiseven.}
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where e, represents the sub divided vertices of base path graph w,,; e/ ,, represents the sub
divided vertices of upper vertices u;,,u, ., of cycle Cy and e, represents the sub divided
vertices of vertical edges w,,u,,, respectively. Since the vertices are defined with two cases for

er.,ur,» as odd and even, this leads to two different sizes of vertex sets:

- If yis odd: [V(C(AQS,))| = 21, y >4
- Ifyis even: [V(C(AQS,))| = 252, y>4

The order of the adjacency matrix of C(AQ.S, ), which corresponds to the number of vertices in
the graph, is given by:
9y—7 9y—17

-l % , ifyisodd,
[V(C(AQS,))| = {gyzz 02

3.2
= x ==, ifyiseven. (3-2)

Then, the adjacency matrix representation for the first vertex u; for an odd case of y can be
expressed as:

Uy Uy U3 - Uy uyouy, uy - u;_l
o o 1 --- 1 o 1 1 - 1
” el ey ez - ey € ey e - 6;/_1
1 0 0 --- 0 1 0 0 -- 0
ef e e - 6’[’;,/2 |
|10 0 0 --- 0 |

From the adjacency matrix, we systematically derive the neighbourhood set.The neighbourhood
sets are listed as follows:

2<m/<y—1, 2<m' <y

N(uy) =< el €, um, u, : 3<m<y, e .
() {1 1 tm tm Y if y is odd if y is even

{6],62,6’2,um,u:n,} 4 <m <y,
N(up)=<m'=1,3<m' <y— 1,if yis odd,
m' =1, 3<m' <y,if yiseven

( )_{ey L {um ],{u }m, 1}(lfyls odd)
y) = {ey—1, ya{um}m 1,{u . 1}(1fy1seven)

{el e um,ul, } :2 <m <y,

3<m/ <y-—1,ifyisodd,

3<m <y,ifyiseven

{ef,e), um,ul,} m=1land3 <m <y,
3<m/ <y—1 (ifyisodd),

3<m' <y (ifyiseven)

{ey—1s €y oy Ums g }
N, _)=<m=y,1<m<y-3,1<m <y-3,ifyisodd

y—1
1 <m,m <y-2,ifyiseven
N(er) = {ur,ur} N(ey) = {ur,ui} N(ef) = {uj, up}

N(ez) = {uz, u2} N(ep) = {uz,uz} N(e5) = {uz, uj}

N(ey—1) = {uy—1,uy} | Ney_y) = {uy—1,uy_} N(elLly/ZJ) = {uy 5 uy}
if y is odd if y is odd

N(eg;) = {uy,uy} N(elfy/zJ) = {ug,f]vu;}
if y is even if y is even
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We implement an algorithmic approach using a C++ procedure to assign colors optimally
while satisfying equitable coloring constrains.

Algorithm: Equitable Chromatic Number of Alternate Quadrilateral Snake Graph AQ.S,

Require: Integer y > 4
Ensure: Equitable coloring sets Ay, B/, Ce, D¢/, E.rr and chromatic number x—(C[AQSy])
1: repeat
2: Prompt user: “Enter the size of Alternate Quadrilateral Triangular Snake Graph (y > 4):”
3 Read y
4: untily > 4
50 k<« |y/2]
6: Initialize arrays: u[0...y—1],u/'[0...y—2],e[0...y—2],€'[0...y—1],€e”[0... k—1]
7: if y is even then
8

: val <2
9: fori =0to (y/2) — 1do
10: u[24] < ¢ + val; u[2i + 1] < i + val; val < val + 1
11: end for
12: val; < 2
13: fori =0to (y/2) — 1do
14: uw'[28] « valy — 150/ [2i + 1] < val; — 1, val; + valy +2
15: end for
16: else
17: val + 2
18:  fori=0to(y—1)/2—1do
19: ul24] < ¢ + val; u[2i + 1] < i + val; val < val + L uly — 1] +y
20: end for
21: val] + 1
22: fori =0to(y—1)/2—1do
23: u'[24] < valy + 24; W/ [2¢ + 1] « valy + 21
24: end for
25: end if

26: if y is even then
27: fori =0toy — 2 do

28: eli] « (imod 2 =0)? (i +4) V“J

2
29: end for
30: ely—2]«2
31: elseif y = 5 then
32: Assign: e[0] < 4, e[l] < 5, ¢e2] < 2,¢[3] « 1
33: elseif y = 7 or 9 then
34: ely—2] 2, ely—3]«+vy
35: fori =0toy —4do

36: eli] < (imod2=0)?i+4 :y
37: end for

38: else

39: fori =1toy — 6step2do

40: eli—1]+:1+3

41: end for

42: ely—5]«y—1lely—3]«2
43: for i = 2 to 8 step 2 do

44: eli—1]«y

45: end for

46: val 1

47: fori =10toy — 1 step 2 do

438: e[i — 1] + val; val < val + 1
49: end for

50: end if

51: if y is even then

52: val < 3

53: fori =0to (y/2) —2do

54: €'[2i] + i +val; €' [2i + 1] « i + val; val < val + 1
55: end for

56: ely—2l«+ Lely—1+1

57: else if y = 5 then

58: val < 3

59: fori =0to 1do

60: €'[2i] < i +val; €/ [2i + 1] « i + val; val < val + 1
61: end for

62: else

63: e'ly—2]« 1L,ely—3] «+ l;val + 3
64: fori=0to(y—1)/2—2do
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65: €'[2i] + i +val; €/ [2i + 1] « i + val; val < val + 1
66: end for
67: end if

68: val + 3,e""lk— 1]« 2

69: fori =0tok — 2 do

70: e''[i] + i+ wval + 1;val < val + 1

71: end for

72: Output: “The Equitable Chromatic Number of C[AQSy] = y”

73: Output: Print arrays u[0...y—1],v/[0...y—2],€[0...y—=2],€'[0...y—1],€”[0...k—1]

Example of x—(C[AQS11])
Input: Enter the size of Alternate Quadrilateral Triangular Snake Graph (y > 4): 11
Output: The Equitable Chromatic Number of C[AQS);] is =11

Ay B, Ce D/ En
u[l] =2 u[1] =1 e[ll] =4 e'l]=3 el =4
ul2] =2 u2l=1 | e2]=11 | €2]=3 e’2] =6
ul3] =4 u'[3]=3 e3]=6 | €B]=5 e’[3] =8
uld] =4 w4 =3 | ed]=11 | €[4 =5 | ’[4 =10
ul5] =6 u/'[5] =5 e[5] =38 5] =7 e"’5] =2
ul6] =6 6] =5 | el6]=11 | €6]=7 —
ul[7] =8 W[ =7 | e[7l=10 | €7]=9 —
ul8] =8 W[8]=7 | eB]=11 | €8] =9 —
ul[9] = 10 u'[9] =9 el9] =2 e'9] =1 —
u[l0] =10 | ¥/'[10]=9 | e[l0]=1 | €'[10] =1 —

ulll] = 11 — — — —

By the above programming algorithm, we obtain the upper bound,
X=[C(AQSy)] < y,Vy > 4

Upon examining the structural properties of the central graph of the alternate quadrilateral snake
graph C(AQS,), suppose, for contradiction, that its equitable chromatic number is x—(C(AQS,)) =
y— 1.
Case 1: When y is odd

Consider the vertex sets {u,,, u;n/}f;rln,:l. In each quadrilateral Cy of AQS,, the diagonal
vertices are adjacent in the central graph C'(AQS,). Odd-indexed vertices in u,, are adjacent
to even-indexed vertices in u/ ., necessitating distinct colors. However, even-indexed vertices in
U, inherit colors from preceding odd-indexed vertices in u,,, and similarly, odd-indexed vertices
in w),, inherit colors from subsequent even-indexed vertices in u/,,. Now, consider the vertex
uy. It is adjacent to all vertices in {u,, : 1 <m <y —2}U{u,, : 1 <m' <y— 1}, each of
which is assigned a unique color from the set {1,2,...,y — 1}. As aresult, u,, must be assigned
a new color, y, which contradicts the assumption that C(AQS,) is equitably (y — 1)-colorable.

Case 2: If y is even: For 1 < m,m’ <y — 2, in each quadrilateral Cy, the diagonal vertices
are adjacent. Odd vertices of u,, and even vertices of u/ , are assigned distinct colors, using
y — 2 colors. Even vertices of u,, inherit colors from preceding odd vertices in u,,, and odd
vertices of «/ , inherit colors from subsequent even vertices in u/,,. The last two vertices of ,y,
are non-adjacent, so they receive color y — 1. For the last two vertices of u/ ,, color y — 1 cannot
be used, as they are adjacent to all vertices colored 1 through y — 1. Therefore, a new color must
be introduced, contradicting the assumption of y — 1 coloring.

From both the cases, we obtain the lower bound,
x=[C(AQSy)] > y,Vy >3
Therefore, combinig both the bounds,

X=[C(AQS,)]=y,Vy > 4
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Theorem 3.5. The equitable chromatic number of the central graph associated with double tri-
angular snake graph, denoted as x-|C(D,)],y > 3 is determined for all cases and is given
by

v [C(D)] = [(y‘l;“] 1), Vy23

Proof. By the definition of D,,, we have V(Dy) = {un, | 1 <m <y} U{wp,w), |1 <m/ <
y — 1}. Applying the central graph operation, the vertex set of C'(D,)) becomes:

V(C(Dy)) = V(Dy) Ufem |1 < m' <y - 1}

U{enm e | 1 <m” <2y -2},
where e,,, denotes the subdivided vertices along the path edges w,,um+1, €}, are the subdi-
vided vertices along edges ., Wy, um+ Wy, etc., from the upper triangular snake, e/’ ,, are the
subdivided vertices along edges wu,,w,,,, Um+1W,,,, etc., from the lower triangular snake.

Furthermore, let the vertex cardinality of C'(D,) be defined as |V (C'(D,))| =8y—7, Vy >
3. Since the order of adjacency matrix of C'(D,), which corresponds to the numer of vertices in
the graph, is given by: (8y —7) x (8y —7), Vy > 3. Then the adjacency matrix representation
for the first vertex u; can be expressed as:

_ul un us L Uy w1 wy w3 e wy_l_
o o0 1 --- 1 0 1 | 1
/ /
g €1 € €3 €y—1 €1 € 63 62y—2
1 0 O 0 1 0 O 0
wiowhowh e wl el e e e,
0o 1 1 1 1 0 0 0 |

From the adjacency matrix, we derive the neighbourhood set of each and every vertices such
as,

N(U]) —{61,61761,{Um}m 3a{wm’ w }m’ )
N(up) = {617627627637627637{Um}m:m{wm'vw }m’ 3
N(uy) = {e,- 1a62y zaezy 2 {Um = 1’{wm’awm’ m’ 1
N(w ) = {6]7627{um}37{wm }m/ 27{w/ }m/ 1

N(w ) = {63,64,U],w1,{um}m 47{wm/}m/ 37{“)/ }m/ 1

’ 2 -2 -1
N(wy-1) = (CHENCES {um b1 {wme oo 2w Y 21 3

—1

N(wy) = {ef, e, {um}y, 5, {w), y/ 2a{wm =1
y—1
(wIZ) = {637627u1aw17{um}m 4,{11)/ }m’ 37{wm mi=1

N(w)y) = {41y L}V {0 102, {0 Y
N(er) = {u1,ua} N(e}) = {wi,u1} N(ef) = {w}, w1}
N(ez) = {uz,us} N(ey)) = {wi,uz} N(ey) = {wh,us}

N(ey—1) = {uy—1,uy} N(elzyfz) = {wy—1,uy} N(elz/yfz) = {w;ﬁlvuy}

We implement an algorithmic approach using a C++ procedure to assign colors optimally
while satisfying equitable coloring constrains.
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Algorithm: Equitable Chromatic Number of Double Triangular Snake Graph D,

Require: Integer y > 3
Ensure: Equitable coloring sets A,, By, Cy/, D¢, Fe, Fer and chromatic number

v-(C[D,))

1: repeat

2: Prompt user: “Enter the size of Double Triangular Snake Graph (y > 3):”
3: Read y

4: until y > 3

5: Initialize arrays:

6: u[0...y—1],w[0...y—2], w'[0...y—2]

7. €[0...y=2],€'[0...2y=3], ¢"[0...2y—3]
8: U[O] «— 1

9: fori=1toy—1do

10: uli] <@

11: end for

12: for i =0toy—2 do

13: wli] i+ L w'[i], efi] i+ y; €'[2i],e'[2i + 1] + ¢+ 2
14: end for

15: if y > 4 then

16: fori =0toy—3do

17: e’[2i],e"2i + 1]+ i+y+1

18: end for

19: e'2y—4],e"[2y—3] + 1

20: else

21: e'ly=3l,e"[y=2] <y + 1L, e’ [y—1]  2;¢"[y] 1
22: end if

23: Compute equitable chromatic number:

\(C[D,)) = [(y‘l;“] 1)

24: Output: x—(C[D,])
25: Output arrays: u[0...y—1], w[0...y—2], w'[0...y=2], €[0...y=2], €'[0...2y—3],
¢'0...2y-3]

Example of x—(C[D3])
Input: Enter the size of Double Triangular Snake Graph (y > 3): 13
Output: The Equitable Chromatic Number of C[D 3] is =24

Ay Bw C De E_/ E_ i
wll] = 1 wll] = 1 w’[1] = 13 e[l =13 el =2 e =14
ul2] =1 wl2] =2 w2 = 14 el2] = 14 e =2 e =14
uf3] =2 w[3] =3 w’[3] = 15 e8] =15 B =3 e =15
uld] =3 w4 =4 w’[4] = 16 eld] = 16 e'[4 =3 el =15
uls) =4 w(s) =5 w![5] = 17 els| =17 els] =4 e'ls] = 16
ul6] =5 wl6] =6 w’[6] = 18 el6] = 18 ell6] = 4 e'l6] = 16
ull] =6 wl7] =7 w’[7] = 19 el7] =19 el =5 e =17
u§] =7 w(g] = 8 w’[8] = 20 e[8] = 20 e8] =5 e8] =17
uf9) = 8 w9 =9 w’[9] = 21 e9] = 21 e =6 e''9] = 18
u[10] = 9 w(10] = 10 w’[10] = 22 e[10] = 22 e/[10] = 6 e’[10] = 18
w[l1] = 10 wll] = 11 w![11] = 23 e[l1] = 23 el =7 ey =19
wll2] = 11 wl2] = 12 w’[12] = 24 e[12] = 24 el12] =7 e =19
ul13] = 12 — — — e[13] = 8 e’'13] = 20

e'[14]=38 e[14]=20
e151=9 e[15]=21
e'[16]=9 e[16] =21
e171=10 e171=22
e'[18]= 10 e[18]=22
e[19]=11 e[19] =23
e'[20] = 11 (201 =23
e21]=12 e[21]=24
e’[22]=12 e[22] =24
e'[23]=13 e[23]=1
e'[24] = 13 e[24] = 1
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By the above algorithm, we derive the upper bound:

v [C(D,)] < [(y‘ly)“] -1y 23

Upon examining the structural properties of C'(D,), we observe that the vertex subset V, =

%1 + (y — 1). Tt is well-known

that for any graph H, the equitable chromatic number satisfies x—(H) > w(H). Therefore, we
obtain the lower bound as

{wpr,wh,, : 1 <m’ < y— 1} forms a clique of order [

x=[C(Dy)] =

{(y—1)2+1

Combining the upper and lower bounds, we conclude:

(y—1)2+1

low,) = [ L=

-‘+(y_l)7vy>3
O

Theorem 3.6. The equitable chromatic number of the central graph associated with double al-
ternate triangular snake graph, denoted as x—-[C(DA,)|,Vy > 3 is determined for all cases and
is given by

x=[C(DAy)] =2 %] + (ymod2), Vy >3

Proof. By the definition of the double alternate triangular snake graph DA,, the vertex set is
given by V(DAy) = {um | 1 <m < y} U{wpy,w,, | 1 <m’' < |4]}. Applying the central
graph operation, the vertex set of the central graph C' (DA, ) becomes

V[C(DA,)] =V (DAy)) U{epm |1 <m" <y—1}

UA{enm emm | 1<m" <24},

where u,, are the vertices of the path graph, e,,~» are the subdivided vertices corresponding
to edges U U1, Wy are the vertices of the upper triangular snake graph and e ., are the
subdivided vertices of edges such as ;W , Um+1Wn, etc.; w,, are the vertices of the lower
triangular snake graph and e/ ,,, are the subdivided vertices of edges such as w,, w.,,,, Um+1W,,/,
etc.

Furthermore, let the vertex cardinality of C(DA,) be defined as |V (C(DA,))| = Sy —4 +
3((y—3) mod 2),y > 3. Since the order of adjacency matrix of C'(D A, ), which corresponds to
the number of vertices in the graph, is given by: 5y —4+3((y—3) mod 2) x (5y—4+3((y—3)
mod 2),y > 3. Then the adjacency matrix representation for the first vertex u; can be expressed
as:

U1 Uun us cee Uy wp w2 w3z o Wy—|
o o 1 - 1 0 1 | 1
u |€1o€ e ey e € ey ey,
1
1 0 0 - 0 1 0 0 - 0
/ / / ! " " " "
wyp Wy wy o W, €7 & E3 o 6y
|0 1 1 - 1 1 0 0 --- 0 |

From the adjacency matrix, let us derive the neighbourhood set of each and every vertices as,
Yy
N(ur) = {er, e}, ef, {2 s, fwme, il } D,

Yy
N(ua) = {ex, e2, €5, {um}’,_y, {wmr, wty } 1L}

N(uy) = {ey—1. {tm =2 {w w12 Y GE g is odd)

- -1 .. .
N(uy) - {ey—l ) egp eg’ {um}qujla {wm’a w;n/}l'n%J 1 } (if y is even)
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N(wi) = {€}, e, {um ¥y {wm I3, {u), }L 2
N(w ) = {63,64,u1,uz,w1,{um}m 59 {wm }m/ 37{ }L '71}

J) = { 2/ 1/*1’u1/’{um}m—l7{wm }m/—l 7{ }m/—]} (lfylS Odd)
y— —1
{ 2/ ’l/’ {um}‘r/n 21’ {U)m }m/J—] ’ { }m’—]} (lfy 18 even)

) {61 ’ 62 ’ {um}m =3» {wm/}m’ =2 {wm }m’—l

/
1
wlz) {637647u17u27w17{um}m s;{wnL/ / 3,{wm }L ,_1}

=z
g\
i

{eg 2,€ H—] » Uy, {um}nzfl ) {w }m/:l ) {wm }m/*l} (lfy 18 Odd)

N(w/ﬂ J) ={e)_ 1.y, {um};‘ﬁ;l,{ }m,:1 ,{wm }m/:l} (if y is even)

N(er) = {ur,uz} N(ey) = {ur,wi} N(ef) = {wj,ui}
N(e2) = {ua, us} N(ey) = {uz,wi} N(ey) = {wy, ua}

Ney—1) = {uy—1,uy} N(e;—l) = {Uy—lthyj} N( )= {wt

2

K yUy—1}

e

if y is odd if y is odd
N(@Q) = {waL%J} N(e;’) = {U/L%J,uy}
if y is even if y is even

We implement an algorithmic approach using a C++ procedure to assign colors optimally
while satisfying equitable coloring constrains.

Algorithm: Equitable Chromatic Number of Double Alternate Triangular Snake Graph

Require: Integery > 4

Ensure: Equitable coloring sets Ay, Bw, Cy, De, E,r, Forr and chromatic number x—(C[DA,])
1: repeat

2 Prompt user: “Enter the size of Double Alternate Triangular Snake Graph (y > 4):”

3 Read y

4: untily > 4

50 k<« |y/2]

6: Initialize arrays:

7: u[0...y—1],w[0...k—1],w'[0... k—1]

8: el0...y—2],€'[0...2k—1],€"”[0...2k—1]

9: if y is even then

10: val < 1,val; <1

11: fori =0toy — 1do

12: if ¢ mod 2 = 0 then

13: uli] < val; val < val + 1

14: else

15: uli]  val; + %; valy < valy + 1
16: end if

17: end for

18: else

19: val < 1;valy <1

20: fori =0toy —2do

21: if ¢ mod 2 = 0 then

22: uli] < val; val < val + 1

23: else

24: uli] — val; + k; valy < valy + 1
25: end if

26: end for

270 wfy—1]

28: end if

29: fori =0tok — 1do
30: wii] i+ Lwi]«i+k+1
31: end for
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32: if y is odd then

33: e+ y—Le[l]l+y—1

34: else

35: 0]« y e[l +y

36: end if

37: val <1

38: fori =0tok —2do

39: €'[2i + 2] + val; €'[2i + 3] + val; val < val + 1
40: end for

41: m +y/2

42: fori =0tok — 1 do

43: e”’[2i] «— m; e’ 2i + 1] <~ m;m < m + 1
44: end for

45: if y is even then

46: val + y/2

47: fori =0toy —2do

48: if ¢ mod 2 = 1 then

49: eli] + &1

50: else

51: eli] + val; val < val + 1
52: end if

53: end for

54: else if y = 5 then
55: e[0] + y, e[l] < y, e[2] + y,e[3] + 1

56: else

57: fori=1toy —2step2do
58: eli] « &L

59: end for

60: val + e[y — 2]
61: fori =0toy — 2 step2do

62: if i < 7 then

63: eli] <y

64: else

65: val < val + 1, e[i] + val
66: end if

67: end for

68: end if

69: Compute chromatic number: x—(C[DAy]) <y
70: Output: Equitable Chromatic Number x—(C[DAy])
[

71: Output: Print arrays u[0...y—1], w[0...k—1],w’[0... k—1],€[0...y—2],€/[0...2k—1],€"”[0...2k—1]

Output: The Equitable Chromatic Number of C[D A;s] is = 15

Example of x_(C[DA,s]) Input: Enter the size of Double Alternate Triangular Snake Graph (y > 4): 15

A, B, Cor D, E./ F.i
ull] =1 wl] =1 w'[l] =8 e[l] =15 e'll] = 14 el =7
u2] =8 w2] =2 w'[2] =9 el2] =1 e'2] = 14 e'’2] =7
u3] =2 w3 =3 | w'[3] =10 e3] =15 '3 =1 e'’3] =8
ul4] =9 w4 =4 | w4 =11 eld] =2 e'[4 =1 e'[4] =8
ul5] =3 w5 =5 | w'[5] =12 e[5] =15 e'f5] =2 e’5]=9
ul6] = 10 wl6] =6 | w’'[6] =13 el6] =3 e'l6] =2 e'’l6) =9
ul7] =4 w7 =7 | w[l]=14 | 7] =15 e'[7=3 e’[71=10
ul8] =11 — — e8] =4 e8] =3 e’’[8] =10
u9] =5 — — e9] =8 e'l9] =4 e”[9] = 11
u[10] = 12 — — e[l0] =5 | €'[10]=4 | €”[10] =11
ulll] =6 — — elll]]=9 | [11]=5 | "[11]=12
ul12] = 13 — — e[12l =6 | €'[12] =5 | e’[12] =12
ul13] =17 — — e[13]=10 | '[13]=6 | ’[13] =13
u[l4] = 14 — — e[ld) =7 | €14 =6 | &’[14] =13
u[15] = 15 — — — — —

By the above programming algorithm, we obtain the upper bound,

X_[C(DA,)] <2 [%J + (y mod 2),Vy >3

Upon examining the structural properties of C'(DA, ), we observe that the vertex subset V, =
{wm,wl, 11 <m’ < | 4]} forms a clique of order 2 | 4| + (y mod 2). It is well-known that
for any graph H, the equitable chromatic number satisfies x—(H) > w(H ). Therefore, we obtain
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the lower bound as y
-[C(DA)] =2 | 4| + (ymod 2), vy > 3

Combining the upper and lower bounds, we conclude:

x_[C(DA,)] =2 {%J + (y mod 2),¥y >3
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