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Abstract Let R be a commutative ring with non-zero identity. The gamma graph of ~-sets
in the zero-divisor graph, I'(R) is the graph, ~.(I'(R)) with vertex set © as the collection of all
~-sets of the zero-divisor graph, T'(R) and two distinct vertices D and ©, are adjacent if and
only if |D1ND;,|=y(I'(R)) — 1, where v(I'(R)) denotes the cardinality of v-set. In this work, we
explore the gamma graph of the zero-divisor graph of Zyn X Zpn X Zipn X ... X Zpn, Where the
number p is prime and n is a non-zero whole number. Additionally, we classify the graphs that
are planar and toroidal.

1 Introduction

To explore the relationship between algebraic form of the object supplied and the graph
theoretic aspects of the graph associated with it, various graphs were allocated to rings. Beck
(1998) defined a graph where the elements of the ring R are represented by vertices, and an edge
connects two different vertices if and only if their product is zero, i.e., xy=0. [1] By focusing
solely on the non-zero zero-divisors of a ring as the graphs’ vertices, Anderson and Livingston
(1999) slightly altered this idea. After defining the same adjacency criterion, they called this
graph the zero-divisor graph which is represented as I'(R). [2] A dominating set S is a set that
is a subset of V' of vertices and regarding each vertex v in V, either v exists in S or there exists
a vertex u in S such that v and v are adjacent. A dominating set S is considered minimal when
there is no proper subset of S that can also be a dominating set. The least number of vertices
needed to create a dominating set in a graph G is its domination number «(G). In a graph G, a
dominating set of cardinality v(G) is known as y-set. Let © indicate the collection of all ~y-sets
within the graph G. [2] The gamma graph of a graph G, denoted as .G, is a graph whose vertex
set is the set ® of all dominating sets of G and two vertices ®, and D, in .G are adjacent if and
only if the intersection of ®, and D, contains exactly v(G) — Ivertices. [7] Let Sy represent an
oriented surface of genus &, where k indicates a non-negative integer. This surface is commonly
referred to as a sphere with k handles. [7, 8]The graph’s genus, denoted by g(G), is the smallest
integer n that allows the graph to be embedded on a genus n surface, denoted by S,,. In other
words, it is the smallest number of "handles" or "holes" needed in a surface such that the graph
should be embedded without any edge crossings. Basically, a graph G is said to be embedded in
a surface if it can be drawn so that edges intersect only at those vertices which are in common. A
toroidal graph is a graph with genus 1, whereas a planar graph is a graph with genus 0. [7] If H
is a subgraph of G, then the genus of H, g(H ), is at most the genus of G, g(G). Throughout this
paper, G denotes the zero-divisor graph of R and .G denotes the corresponding gamma graph.

2 Prelimnaries

Lemma 2.1. /7] g(K,,) = [W] ifn > 3. In particular, g(K,)) = 1ifn=15,6,7.

Lemma 2.2. [7] g(K.n) = [W] if m,n > 2. In particular, (K4 4) = g(K3,) = 1 if
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n = 3,4, 5, 6. Also Q(KSA) = g(K6’4) = g(Km,3) =2 lfm = 77 8,97 10.

Lemma 2.3. [3] If G is a finite connected graph with n vertices and m edges, then,
n—m+ f =2 — 2g, where the graph is embedded upon a surface Sy, with genus k and f is the
number of faces created when G is embedded on Sy,.

Lemma 2.4. [3] If G is a triangle-free graph with n vertices and m edges, then
9(G) = [F -3 +1].

Lemma 2.5. [6] Let G be a connected graph with n. > 3 vertices, q edges and genus g. Then
9(G) = [¢ -5 +1].

3 Genusof v.(I'(Zpn X Zpn X ... X Zpn (k times)))

Theorem 3.1. Let R = Zyn X Zpn X ... X Lyn (k times), where the number p is prime, k > 1 and
n are positive integers. Then v.G is a regular graph with (¢(p))* vertices of degree (¢(p) — 1)k,
ifp=2n>2k>1L;p=3n=1k>2,p=3n>2k>1;p>3,n>1k>1

Proof. Letp=2,n>2.k > 1. Then R = Zyn X Zyn X ... X Zyn. The zero-divisors of Z,~ are
2,2(2),3(2),...,2"7%(2), ..., (2! — 1)2. Consider the vertices, a;; = (w1, Uy, ..., 2, Uy, ..., u1),
az; = (uz,u2, ..., 2, up, ..., uz), where uj and u; are units in Z-, and

v; = (0,0,...,0,2"~1,0, ..., 0) in the zero-divisor graph G of R. Note that, N (a;) = {v;},
N((qu;) = {Ui}, N[’Ul] = {(ml,mz, ...,mi_l,O, mi+1, ...,mk),

(nn, MN2Ly eeey n(ifl)lv 2, n(i+1)1, ceey ’I’Lkl), (’I’le, 122y ey n(i71)27 22, n(i+l)2a ceey ’I’Lkz), ceey

(n12"—2a Mp(an=2), -5 I(j—1)27 =2 2n717 N(i1)(2n=2)5 oo nk(Z"—z))a

(n1(2"—‘71)7n2(2"—‘71)a ---,n(iq)(zn—'fl)az(zn*l - 1)7”(1‘—0—1)(2"—‘71)7 ---vnk(2"—‘71))|

m; € Zyn, m; cannot be zero simultaneously, n;; € Zyn,i = 1,2, ...k, j = 1,2,...,2"7 1 — 1}.
Therefore {v, vy, ..., v} is the y-set which is unique. Hence .G is a regular graph of degree
(¢(2) — 1)k with ¢(2)* vertices.

Let p = 3,n = 1,k > 2 Then R = Z3 X Z3 X ... X Z3. Clearly 1 and 2 are the
units in Zz. Consider the vertices a;; = (1,1,...,1,0,1,...;1),a; = (2,2,...,2,0,2,...,2)
v; = (0,0,...,0,1,0,...,0),w; = (0,0,...,0,2,0,...,0) in the zero-divisor graph G of R. Also
N(a1:) = {vi,wi}, N(az) = {vi, wi}, N(v;) = N(w;) = {(n1,n2, ..., ni—1,0,n5¢1, ..., nx )|
n; € Z3,j = 1,2, ...,k and n; cannot be zero simultaneously }. The -sets are
Y = {vlvvb ...,’Uk},’}/l = {wlvvb "'7vk}7’72 = {vlaw2a () vk}a o Ve = {’U],’Uz, () wk}v
Y12 = {w1, w2, s Uk}, Y13 = {W1, 02, W3, Vgeey Ve fy oy Y1k = {W1,02, 000y W}y oons
Va3 = {01, Wa, W3, Va.eo, Vi }, Yoa = {V1, W2, V3, W4, U5y Uk }y ovey Yok = {01, W2y evey V1, Wi }y ooy
V(k=2)(k—1) = {v1, 02, ~~-awk—bwk—lavk}a'y(k—z)k = {v1,v2, o, W2, V1, W },

'Y(kfl)k == {1}1,1}2, ...,wk,l,wk}, ey Y123,k — {wl, wy, ,wk}

Total no. of y-sets = kCo + kC} + ... + kC}, = 2F. Let us analyse the degree of each
v-sets in 7.G,N (790) = {71,725 - Wby N (Vi) = {705 V1is V2 -3 Y 1)is V(i 1) -+ Vi
YYiriyn i1 < i}, N (Vi) = {Vins Viz> Viyins V2iria s oo V(i =1)irias Vig (i +1)d0 ==+ Vig (ia—1)in>
Vivia(in41) s Viriak [V Virinis» 11 < G2 < 13 and V5,65, 51 < 02 },N (Viyigis) = {Viria» Viriss Vinis
Vlirigizs -+ V(iy—1)irintzs Vi (i14+1)iad3s ==+ Vg (ia—1)iniss Viyia(ia4+1)iss ==+s Viyia(ia—1)izs Vigigiz(is+1)s -+
Vivizisk |V Virizizigr 11 < G2 < 13 < Q4 Viyigis, i1 < 12 < i3 and Voyg, 45,11 < 42}, .0y
N(’yiliz---ik—l) = {711i2~~~1k—25 Yivig.ip—zig_15 o> Viziz...ig_1» Viriz...ip—1ix |v71112---ik—2’

1 <ty < ..<1lp_2 and V’Yiliz...ik;il < <. < ik},

N (Vivin.sin) = {Viviaein1s Yiviaein_sins o Vizinesin | VYirin.in_1, 01 < %2 < ... < ix_1} Hence 7.G
is a regular graph of degree (¢(3) — 1)k with ¢(3)* vertices.

Letp=3,n>2,k>1. Then R = Z3n X Zzn X ... X Z3n. The Zero-divisors of Z3~ are
3,2(3),3(3),...,3"72(3), (3" 2+ 1)3, ..., (2(3"72))3, ..., (3"~ = 2)3, (3"~ — 1)3. Consider the
vertices aj; = (’U,l, ULy eeey Uy 3y ULy veey ul), az; = (’U,z, Uy eeey U,y 3, UD, e, u2),

v; = (0,0, ...,0,37710,...,0),w; = (0,0, ...,0,2(3"~1),0,...,0) in the zero-divisor graph G of
R, where w; and u; are units in Z3». Also N(ay;) = {vi, w;}, N(az;) = {vi, w;},

N[Uq] = N[wq] = {(ml,mz, ...,mi,l,O, Mgl ey mk), (711177121, ceey n(i_1)1,3, ’I’L(7;+1)1, ...,nkl),
(n12, n22, ---an(i71)272(3)an(i+1)2a ey TR )5 ey

(n1(3n71_1), n2(3n71_1), ceey n(i_])(}nfl_]), (3n—l - 1)3, n(i+l)(3’n71_l)7 ceey nk(3n71_1))|mi S Z3n
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=1,2,.,3" 1 — 1}. As
#(3))* Vertlces

and m; cannot be zero simultaneously, n;; € Zszn,i = 1,2,...,k,j
ZLpn X ... X Lpn. The zero-
2

Lk

discussed above, .G is a regular graph of degree (¢(3) — 1)k with

Let p > 3,k > 1,n are natural numbers. Then R = Z,» X Zpn
divisors of Zyn are p, 2(p), 3(p). - " 2(p), ("2 + D), . ( ( " ))p S (=1 )p,
e (P — 2)p, (p™~! — 1)p. Consider the vertices a;; = (1,1 s 10,10 1),
a = (2,2,.,2,0,2,..,2), a3 = (3,3,..,3,0,3, ..., 3), ...,
ap-1i=@—-Lp—1,.,p=1,0,p—1,..,p—1),ifn=Tlanda;,; = (1,1,..,1,p,1,..., 1),
ay =(2,2,..,2,p,2,..,2),a3, = (3,3,...,3,p,3,...,3), -,
ap-1i=@—-Lp—1,..,p=Lpp—1,.,p—1),ifn>2u;y =(0,0,.., 1(p"1),0,...,0),
up = (0,0,...,2(p"1),0,...,0), ..., u;(p_1) = (0,0, ..., (p—1)(p"~"),0, .., 0) in the zero-divisor
graph G of R. Also N(aﬁ) = {u“,uiz, ...,ui<p,1)},j = 1,2, D — 1, N(u“) = N(’u,iz) =
= N(ui(p_l)) = {(ml,mz, ...,mi,l,O, M1y ey mk), ("1117”21; ceey ’I’L(i_l)l,p, n(7;+1)1, ...,nkl),
(nlz, N2y eeey n(i_1>2,2(p),n(7;+1)2, ...,nkz), ceny
(nl( n—1_1), Mo (pn— 1—1) "'an(i—l)(p"*]—l)a(pn_l - 1)pan(i+l)(p"*1—l)7"'7nk(p"*]—l))|
m; € Zypn,1 = 1,2,...,k and m; cannot be zero simultaneously, n;; € Zyn,i = 1,2, ..., k,
jo= 12 ..,p~ ! - l}. The ~-sets are {uy;,, u2j,, ..., Uk, }» Where j;, = 1,2,...,p — 1 and
i = 1,2,...,k. The total no. of y-sets= (p — 1)* = ¢(p)* and N({u1j,, uzjy, s Unjy }) =
{{u1117u2j27 "'7uk7jk}’ {uljnu%zv "'7ukjk}ﬂ ) {uljnuzjzv "'7u(k—1)j(k_])7ukik}”n 7é Jns
Vn=12,.,ki,=12,...,p—1,j, =12,...,p—land |N({u1j,, uj,, ..., urj, })| = (p—2)k =
(¢(p) — 1)k. Hence 7.G is a regular graph of degree (¢(p) — 1)k with ¢(p)* vertices.

O

Corollary 3.2. Let R = Zsn X Zzn X ... X Zan(k times), k > 1,n € N, the graph ~.G is triangle
free, ifk=2n>1;,k>2neN

Proof. Assume k =2,n > 1. Then R = Z3» X Z3~». By theorem 3.1, .G is a regular graph of
degree 2 with 4 vertices, which is nothing but Cy. Hence ~.G is triangle free.
Assume k > 2,n € N. From theorem 3.1, Let us divide the vertices of v.G as

- {’70; ’71112; Viiioizigo ’Yiliziginsi(,v ) ’Yilizig...ik }7

= {705 771125 7711212747 %17'27'31'47'51'67 ) %Mzh din=11s Y = {Virs Viriain» YViriiziaiss - Virinis...ix >
k is odd. Since the indices of the vertices belongs to X differ by atleast two variables with each
other, no two vertices in X are adjacent and hence for Y. Also, by theorem 3.1, .G is a regular
graph of degree (¢(3) — 1)k with ¢(3)* vertices, 7.G is connected. Hence every edge of .G has
two ends: one in X and one in Y. Therefore, .G is bipartite. Thus, .G contains no odd cycle
and hence it is triangle free. O

Corollary 3.3. Let R = Zpn X Zpn X ... X Lpn(k times), n > 1,k > 2,p > 3 and p is prime, G
and G' be the zero-divisor graphs of R and Z,, x Z,, respectively. Then v.G' is always a subgraph
of v.G

Proof. From theorem 3.1, the y—sets of .G are {u,,, u2,, ..., Ukj, }» where j; = 1,2,....,p— 1
and ¢ = 1,2,...,k. Consider the ring Z, x Z,, by theorem 3.1, v.G’ is a regular graph with
(p — 1)? vertices of degree 2p — 4. In order to prove .G is a subgraph of .G, it is enough to
show that .G contains a regular graph with (p— 1)? vertices of degree 2p — 4. From theorem 3.1,
consider the (p — 1)? vertices from .G, v;; = {uy;, uz;, u31, ..., ug1 }, where s = 1,2,...,p — 1
andj=1,2,....,p—1
Now, N[U]j] = {1}11,1]12, s Ul(p—1)5 V255 U3js ooy ’U(pfl)j}7

N[”Zj] = {’l}z],’l]zz, = U2(p—1)5 V155 V355 -ooy v(p—l)j}a ()
N['U(p—l)j} = {'U(p—l)h U(p—1)25 3 V(p—1)(p—1)1 V155 V255 -5 U<p,2)j},j =1,2,..,p—1land
|N(vij)| = 2(p —2) = 2p — 4. Hence .G’ is a subgraph of +.G.

O

Theorem 3.4. Let R = Zpn X Zpn X ... X Lpn(k times), where the number p is prime, k > 1,n
are positive integers. Then g(v.G) = 0 if and only if R is isomorphic to one of the rings listed
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below, Zon X Zipn X ... X Lon(k times),Ziyn X Lin , Lizn X Lign X Lign

Proof. Assume g(v.G) =0
Claim: p < 5
x
Suppose p > 5, by theorem 3.1, |V (7.G)| = é(p)*, |E(7.G)| = M. By Lemma 2.5,

g> [W(”)_Bk(b(mk - (¢(§)>k + 1] > 1, which refutes our supposition. Hence p < 5. Thus p=2,3

For p =3, Claim: k <3
Suppose k > 3, we have R = Z3n X Z3n X ... X Z3n(k times), by corollary 3.2 and Lemma 2.4,

g > [% — % + 1] > 1, which disagrees with our assumption. Hence k£ < 3. Therefore R is

isomorphic to Zyn X Zpn X ... X Zopn(k times),Zan X Z3n, Lizn X Lizn X Lign
Converse of the result is from the following graphs:

TN

Figure 1. v.G of Z3 x Z3

O
»

Figure 2. v.G of Zy x Zy x 7

>

Figure 3. v.G of Zzn X Zzn X Z3n
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U1 U2

U3 U4

Figure 4. 7.G of Zzn X Zzn(n > 1)

u

U1 U2 Vk
Figure 5. v.G of Zy X Zy X ... X Z(k times, k > 4)

v

Figure 6. .G of Zon X Zpn X ... X Zon (k times, k > 1,n > 2)

v )

Figure 7. v.G of Z, x Z,

Theorem 3.5. Let R = Zypn X Zpn X ... X Lpn(k times), where p is a prime number, k > 1,n are
positive integers. Then g(~.G) = 1 if and only if R is isomorphic to one of the following rings,
Z3n X Z3n X Z3n X Z3n

Proof. Assume g(v7.G) =1

Claim: p <7
Suppose p > 7, by theorem 3.1 and Lemma 2.5, g > [Wp)*ll%k‘b(p)k — (¢(§>>k + 1] > 13, arrived
a refutation. Hence p < 7. Thus p =2,3,5

If p=2,R = Zn X Zyn X ... X Ly~ and by theorem 3.4, g(v.G) = 0, arrived a refutation.
Thus p cannot be 2.

For p= 3 Claim: k£ < 4, Suppose k > 4, then by corollary 3.2 and lemma 2.4,

g > [@ -5 —|— 1] > 5, refutes our supposition. Hence k¥ <4 and so k = 2,3,4

Ifp= 3 k=3, R Zan X Zzn X Zzn and by theorem 3.4, g(v.G) = 0, which violates
our supposition. Thus k& cannot be 3. Therefore, k = 2,4

Forp = 3,k = 2, R = Z3n» X Z3~» and by theorem 3.4, g(v.G) = 0, which violates our
supposition. Thus k cannot be 2.

Claim: p # 5, Suppose p = 5, R = Zsn X Zsn X ... X Zsn(k times). Let G and G’ be the
zero-divisor graphs of R and Zs x Zs respectively. By Corollary 3.3, v.G’ is a subgraph of .G
and by theorem 3.1, v.G’ is a regular graph with 16 vertices of degree 6. Hence |V (7.G")| = 16
and |E(v.G")| = 48. Suppose g(7.G') = 1, By Lemma 2.3, f = 32. Hence while embedding
~.G' on the torus there must be 32 faces and all such faces are triangular. Thus, for any graph H
with n = 16, m = 48, f = 32, we have the following such embedding on Torus.
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w

52 S3 S4

|

! 813 S15

Figure 8. Planar embedding of H in torus

In +.G’, we will have four vertices say ry, r2, 3, 74 such that N(r1) 2 {ry, 73,74},
N(r2) 2 {r1,r3,74}, N(r3) 2 {r1,r2,m4}, N(r4) 2 {r1,72,73}. The following structure will be
there in v.G’

Tl

&) v\u T4
Figure 9. Structure contained iny.G’

Similarly, there exists three more vertex sets {rs, 76, 77,78}, {79, 710, 711, 712 }
{r13, 714,715,716} consequently three more such structures, which is not in figure 8. Hence .G’
cannot be embedded on Torus, which implies g(y.G’) > 1. Hence g(v.G) > g(v.G’) > 1, which
is a contradiction. Thus p # 5. Consequently, R is isomorphic to one of the rings listed below,
Z3n X Z3n X Z3n X Z3n.
Converse of the result is from the following figures:

r === r-"0-°r .- _I
|

1 4 tr t3 ta :
L

[ i
: ts te 17 tg :
! 1
! I
: ty t1o t11 tiz
' i
|

RAE t15 :
| t1a 16 :
! |
I_ — o e o o o = — — — ]

Figure 10. Planar embedding of 7.G of Z3n X Zzn X Zzn X Z3zn On torus
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4 Conclusion remarks

Through this paper, we have analysed gamma graph of the zero-divisor graph of the ring
Lpn X Lipn X ... X Lipn(k times). Also, we have dealt with its embedding nature and found for
those rings the gamma graph of zero-divisor graph is planar and toroidal.
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