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Abstract. The Steiner distance dG(S) of a graph G = (V,E) is the minimum number
of edges needed to connect all the vertices in S ⊆ V (G) where |S| = k. In this paper, we
introduced a generalized version of the Steiner degree distance index of a graph G, obtained the
exact value for some specific families of graphs and established some sharp bounds based on the
diameter of G. Additionally, comparisons are made among the Steiner-related indices.

1 Introduction

In this paper, we consider graphs that are undirected, simple, finite, and connected. The graph
G = (V (G), E(G)) has p-vertices and q-edges. Here, V = V (G) and E = E(G) represent the
collections of vertices and edges, respectively. The degree of vertex vi, denoted dG(vi), is the
number of vertices adjacent to it. We use δ(G) and ∆(G) to denote the minimum and maximum
vertex degree. A vertex with a degree of 1 is called a pendant vertex. The distance between
any two vertices is the number of edges in the shortest path connecting them. This is denoted
as dG(vi, vj). The diameter of a graph diam(G) = max{d(u, v) : u, v ∈ V (G)}, is the largest
distance between any two vertices of a graph G. Please refer to [4, 18] if any notations used in
this paper are undefined.
The Wiener index is a graph theoretical invariant introduced by Harry Wiener [32]. It is a well-
established measure of the distance between all pairs of vertices in a connected graph G.

W (G) =
∑

vi,vj⊆V (G)

dG(vi, vj).

The degree distance index (DD(G)) introduced by Dobrynin [14] is a graph invariant that has
gained significant attention in recent years and is defined as :

DD(G) =
∑

{vi,vj}∈V (G)

(dG(vi) + dG(vj))dG(vi, vj).

The Steiner distance of a graph introduced by Chartrand [7] is an important concept in graph
theory. It is denoted by dG(S), where S ⊆ V (G) and 2 ≤ |S| ≤ p. The Steiner degree distance
index of a graph introduced by Gutman [15] and is defined as

SDDk(G) =
∑

S⊆V (G),|S|=k

(∑
vi∈S

dG(vi)

)
dG(S).

Here, we define the Generalized Steiner degree distance index of G as

SDDk
(a,b)(G) =

∑
S⊆V (G),|S|=k

(∑
vi∈S

dG(vi)

)a

dG(S)
b
,
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where a and b are any real numbers.

Figure 1. Graph G

For example, let’s consider the graph G constructed with 8-vertices. If S = {1, 2, 3}, then( ∑
vi∈S

dG(vi)

)a

dG(S)
b
= 7a2b. Also, for |S| = 3,

SDDk
(a,b)(G) = (6a + 3 × 7a + 3 × 8a + 3 × 9a)2b

+ (4a + 3 × 5a + 6(a+1) + 5 × 7a + 4 × 8a)3b

+ (3 × 4a + 5(a+1) + 5 × 6a + 3 × 7a)4b

+ (5 × 4a + 3 × 5a + 6a)5b + (3a + 4a)6b.

If |S| = 4, then

SDDk
(a,b)(G) = (2 × 8a + 2 × 9a + 4 × 10a + 3 × 11a + 12a)3b

+ (6a + 2 × 7a + 8 × 8a + 8 × 9a + 4 × 10a + 11a)4b

+ (5 × 6a + 10 × 7a + 5 × 8a + 3 × 9a + 10a)5b

+ (2 × 5a + 4 × 6a + 2 × 7a + 9a)6b + 5a7b.

If |S| = 5, then

SDDk
(a,b)(G) = (2 × 11a + 3 × 12a + 13a + 14a)4b

+ (8a + 3 × 9a + 510a + 7 × 11a + 12a + 13a)5a

+ (7a + 2 × 8a + 6 × 9a + 6 × 10a + 2 × 11a)6b

+ (7a + 2 × 8a + 9a + 10a)7b.

If |S| = 6, then

SDDk
(a,b)(G) = (12a + 4 × 13a + 2 × 14a + 15a)5b

+ (10a + 4 × 11a + 5 × 12a + 3 × 13a + 14a)6b

+ (9a + 2 × 10a + 2 × 11a + 12a)7b.

If |S| = 7, then

SDDk
(a,b)(G) = (2 × 14a + 2 × 15a)6b + (12a + 13a + 2 × 14a)7b.

Overall, these graph invariants have proven to be highly effective in various applications of graph
theory. For more details on graphical indices, we refer to [5, 6, 8–13, 17, 24, 25, 27, 29–31].
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2 The particular values of a, b and k in SDDk
(a,b)(G)

Many such graphical indices are special cases of the Generalized Steiner degree distance index
with specific a, b and k values.

(i) SDD2
(0,1)(G)=W (G), the Wiener index, [32].

(ii) SDD2
(0,1)(G) + SDD2

(0,2)(G)=HW (G), the hyper-Wiener index, [22].

(iii) SDD2
(0,λ)(G)=Wλ(G), the general Wiener index, [21].

(iv) SDD2
(0,−2)(G)=H2(G), the squared Harary index, [28].

(v) SDD2
(0,−1)(G)=H(G), the Harary index, [20].

(vi) SDD2
(1,−1)(G)=HA(G), the additively weighted Harary index, [1].

(vii) SDD2
(1,1)(G)=DD(G), the degree distance index, [14].

(viii) SDDk
(0,1)(G)=SW k(G), the Steiner Wiener index, [33].

(ix) SDDk
(1,1)(G)=SDDk(G), the Steiner degree distance index, [15].

(x) SDDk
(0,1)(G) + SDDk

(0,2)(G)=SWW k(G), the Steiner hyper-Wiener index, [2].

(xi) SDDk
(0,−1)(G)=SHk(G), the Steiner Harary index, [23].

(xii) SDDk
(1,−1)(G)=SRDDk(G), the Steiner reciprocal degree, [34].

3 Specific families of graphs

Proposition 3.1. Let Kp be a complete graph with p ≥ 2. Then

SDDk
(a,b)(Kp) =

(
p

k

)
(k(p− 1))a(k − 1)b.

Proof. Let Kp be a complete graph with p ≥ 2. The degree of an arbitrary vertex vi is p − 1,
and every pair of vertices is adjacent. Hence, each set S corresponding a spanning tree of size
(k − 1), which implies

SDDk
(a,b)(Kp) =

∑
S⊆V (Kp),|S|=k

[∑
vi∈S

(p− 1)

]a
k − 1b.

SDDk
(a,b)(Kp) =

(
p

k

)
(k(p− 1))a (k − 1)b.

Proposition 3.2. Let Pp be a path with p ≥ 4. Then

SDDk
(a,b)(Pp) = (2k)a

p−k−2∑
s=0

(
k + s− 2
k − 2

)
(p− k − s− 1)(k + s− 1)b

+ 2
p−k−2∑
s=0

(
k + s− 2
k − 2

)
(2k − 1)a(k + s− 1)b

+ (2k − 2)a
(
p− 2
k − 2

)
(p− 1)b.
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Proof. Let Pp be a path with p ≥ 3. We have
Case 1. If the vertices of a set S are of degree 2, then

θ1 =
∑

S⊆V (Pp),
dPp (vi)=2

[∑
vi∈S

dPp
(vi)

]a
dPp

(S)b.

= (2k)a
p−k−2∑
s=0

(
k + s− 2
k − 2

)
(p− k − s− 1)(k + s− 1)b.

Case 2. If the set S contains at least one pendent vertex, then

θ2 =
∑

S⊆V (Pp),
exists dPp (vi )̸=2

[∑
vi∈S

dPp(vi)

]a
dPp(S)

b.

= 2
p−k−2∑
s=0

(
k + s− 2
k − 2

)
(2k − 1)a(k + s− 1)b

+ (2k − 2)a
(
p− 2
k − 2

)
(p− 1)b.

In view of the above cases, we have SDDk
(a,b)(Pp) = θ1 + θ2.

On simplification, we have the desired result.

Proposition 3.3. Let Wp be a wheel with p ≥ 5. Then

SDDk
(a,b)(Wp) =

((
p− 1
k − 1

)
(p+ 3k − 4)a + (p− k − 1)(3k)a

)
(k − 1)b

+

((
p− 1
k

)
− (p− k − 1)

)
(3k)akb.

Proof. Let Wp be a wheel with p ≥ 5. Then the set S has two possibilities: the central vertex is
an element in the set S, or the central vertex is not in the set S, this implies that

SDDk
(a,b)(Wp) =

∑
S⊆V (Wp),

exists dWp (vi )̸=3

[∑
vi∈S

dWp(vi)

]a
dWpS)

b

+
∑

S⊆V (Wp),
dWp (vi)=3

[∑
vi∈S

dWp(vi)

]a
dWp(S)

b.

By the above facts, the desired result follows.

Proposition 3.4. Let Km,n be a complete bipartite graph with k ≤ m ≤ n. Then

SDDk
(a,b)(Km,n) =

((
m

k

)
(mk)a +

(
n

k

)
(nk)a

)
kb

+
m−1∑
s=1

(
m

s

)(
n

k − s

)
(sn+ (k − s)m)

a
(k − 1)b.

Proof. Let Km,n be a complete bipartite graph with V (G) = V1 ∪ V2 and k ≤ m ≤ n. If S is
selected from either V1 or from V2, then the size of a minimum spanning tree that spans S is k.
However, if S is not a subset of either partition, then the size of a minimum spanning tree that
spans S is k − 1, with two real numbers a and b. We have

SDDk
(a,b)(Km,n) =

∑
S⊆V1 or S⊆V2,

|S|=k

[∑
vi∈S

dKm,n
(vi)

]a
dG(S)

b
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+
∑

S⊈V1 and S⊈V2,

|S|=k

[∑
vi∈S

dKm,n(vi)

]a
dG(S)

b.

By the above facts, the desired result follows.

By Proposition 3.4, we state the next Proposition without proof.

Proposition 3.5. Let Sp be a star with p ≥ 2. Then

SDDk
(a,b)(Sp) =

(
p− 1
k − 1

)
(p+ k − 2)a(k − 1)b +

(
p− 1
k

)
ka+b.

4 Bounds and Charactirization

Theorem 4.1. If G be a graph with S = V (G). Then

SDDp
(a,b)(G) = (2q)a(p− 1)b.

Proof. Let G be a graph with S = V (G). Then dG(S) = p− 1 and
∑

vi∈S

dG(vi) = 2q.

SDDp
(a,b)(G) =

∑
S=V (G)

(∑
vi∈S

dG(vi)

)a

dG(S)
b

= (2q)a(p− 1)b.

Theorem 4.2. Let G be a graph with |S| = p− 1 and a ≥ 0 , b ≥ 0. Then

p(2q − ∆(G))a(p− 2)b ≤ SDD
(p−1)
(a,b) (G) ≤ p(2q − δ(G))a(p− 1)b.

Proof. Let G be a graph and |S| = p− 1. Implies that

2q − ∆(G) ≤
∑
vi∈S

dG(vi) ≤ 2q − δ(G).

This inequality remains the same if we raise a positive power a:

(2q − ∆(G))a ≤

[∑
vi∈S

dG(vi)

]a
≤ (2q − δ(G))a. (4.1)

The value of dG(S) is either (p− 2) or (p− 1) and b ≥ 0, we have

(p− 2)b ≤ dG(S)
b ≤ (p− 1)b. (4.2)

Taking the product of equations (4.1) and (4.2) with respect to set S:∑
S⊂V (G),
|S|=p−1

(2q − ∆(G))a(p− 2)b ≤ SDDp−1
(a,b)(G)

≤
∑

S⊂V (G),
|S|=p−1

(2q − δ(G))a(p− 1)b,

p(2q − ∆(G))a(p− 2)b ≤ SDDp−1
(a,b)(G) ≤ p(2q − δ(G))a(p− 1)b.

By Theorem 4.2, the following Theorem can be obtained, and we omit their proof.
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Theorem 4.3. Let G be a graph and S ⊂ V (G).

(i) If a ≤ 0 and b ≥ 0, then

p(2q − δ(G))a(p− 2)b ≤ SDDp−1
(a,b)(G)

≤ p(2q − ∆(G))a(p− 1)b.

(ii) If a ≤ 0 and b ≤ 0, then

p(2q − δ(G))a(p− 1)b ≤ SDDp−1
(a,b)(G)

≤ p(2q − ∆(G))a(p− 2)b.

(iii) If a ≥ 0 and b ≤ 0, then

p(2q − ∆(G))a(p− 1)b ≤ SDDp−1
(a,b)(G)

≤ p(2q − δ(G))a(p− 2)b.

Theorem 4.4. Let G be a graph with a ≥ 0 and b ≥ 0. Then(
p

k

)
[kδ(G)]a(k − 1)b ≤ SDDk

(a,b)(G) ≤
(
p

k

)
[k∆(G)]a(p− 1)b.

Proof. Let G be a graph. Then the set S with a, b ≥ 0, satisfies

[kδ(G)]a ≤

[∑
vi∈S

dG(G)

]a
≤ [k∆(G)]a,

and
(k − 1)b ≤ dG(S)

b ≤ (p− 1)b.

Therefore, (
p

k

)
[kδ(G)]a(k − 1)b ≤ SDDk

(a,b)(G) ≤
(
p

k

)
[k∆(G)]a(p− 1)b.

Hence the proof.

Corollary 4.1. Let G be a graph.

(i) If a ≥ 0 and b ≤ 0, then(
p

k

)
[kδ(G)]a(p− 1)b ≤ SDDk

(a,b)(G) ≤
(
p

k

)
[k∆(G)]a(k − 1)b.

(ii) If a ≤ 0 and b ≥ 0, then(
p

k

)
[k∆(G)]a(k − 1)b ≤ SDDk

(a,b)(G) ≤
(
p

k

)
[kδ(G)]a(p− 1)b.

(iii) If a, b ≤ 0, then(
p

k

)
[k∆(G)]a(p− 1)b ≤ SDDk

(a,b)(G) ≤
(
p

k

)
[kδ(G)]a(k − 1)b.

Theorem 4.5. Let G be a graph with diam(G) = 2, k ≥ 3, p ≥ 6 and a ≥ 0, b ≤ 0. Then(
p− 1
k − 1

)
(p+ k − 2)a(k − 1)b +

(
p− 1
k

)
ka+b



272 B. Sarveshkumar and B. Chaluvaraju

≤ SDDk
(a,b)(G)

≤
(
p− 2
k

)
(k(p− 1))a(k − 1)b

+ 2
(
p− 2
k − 1

)
(k(p− 1)− 1)a(k − 1)b

+

(
p− 2
k − 2

)
(k(p− 1)− 2)a(k − 1)b.

Proof. Let G be a graph with diam(G) = 2. If a ≥ 0, then removing an edge from G will not
increase the values of dG(vi) and (dG(vi))a.
The lower bound attains for a tree with a ≥ 0 and b ≤ 0. The star is a tree with a diam(G) = 2,
which leads to the lower bound.
By Proposition (3.5), we have

SDDk
(a,b)(G) ≥

(
p− 1
k − 1

)
(p+ k − 2)a(k − 1)b +

(
p− 1
k

)
ka+b. (4.3)

On deleting one edge in a complete graph, we get the graph with the maximum possible number
of edges with diam(G) = 2, giving us the upper bound.

SDDk
(a,b)(G) ≤

∑
S⊆V (G),

dG(vi)=p−1 for all vi

 ∑
vi∈V (G)

(p− 1)

a

dG(S)
b

+
∑

S⊆V (G),
exists vi:dG(vi )̸=p−1

 ∑
vi∈V (G)

dG(vi)

a

dG(S)
b.

SDDk
(a,b)(G) ≤

[(
p− 2
k

)
(k(p− 1))a + 2

(
p− 2
k − 1

)
(k(p− 1)− 1)a

]
(k − 1)b (4.4)

+

(
p− 2
k − 2

)
(k(p− 1)− 2)a(k − 1)b.

The desired result can be obtained by simplifying equation (4.3) and equation (4.4).

Lemma 4.6. Let G be a graph with the maximum possible number of edges and diam(G) = 3.
Then

SDDk
(a,b)(G) =

(
p− 2
k

)
(k(p− 3))a(k − 1)b

+

(
dG(v1)

k − 1

)
(dG(v1) + (k − 1)(p− 3))a(k − 1)b

+

(
dG(v2)

k − 1

)
(dG(v1) + (k − 1)(p− 3))akb

+

(
dG(v2)

k − 1

)
(dG(v2) + (k − 1)(p− 3))a(k − 1)b

+

(
dG(v1)

k − 1

)
(dG(v2) + (k − 1)(p− 3))akb

+

(
dG(v1)

k − 2

)
((k − 1)(p− 3) + 1)a(kb − (k − 1)b)

+

(
dG(v2)

k − 2

)
((k − 1)(p− 3) + 1)a(kb − (k − 1)b)
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+

(
p− 2
k − 2

)
((k − 1)(p− 3) + 1)a(k − 1)b,

where dG(v1) + dG(v2) = p− 2.

Proof. Let G be a graph with diam(G) = 3 and the maximum possible number of edges. Since
diam(G) = 3, a pair of vertices (v1, v2) must exist such that the distance between them is 3. The
remaining (p − 2)-vertices are adjacent to each other, and these (p − 2)-vertices are connected
to either v1 or v2. Now (p − 2)-vertices are partitions into two sets V1 and V2, such that the set
V1 contains the vertices which are adjacent to v1 with |V1| = dG(v1) and the set V2 contains the
vertices which are adjacent to v2 with |V2| = dG(v2). The degree of (p − 2)-vertices is (p − 3)
and dG(v1) + dG(v4) = p− 2.
The value of dG(S) is (k − 1) for S ⊆ V (G) with |S| = k, if any of the following conditions
hold

(i) the vertices in S are chosen from (p− 2)-vertices, excluding v1 and v2.

(ii) the vertices in S include v1 and v2, along with at least one vertex from the partitions V1 and
V2.

(iii) the vertices in S include v1 but not v2, and at least one vertex from V1, and vice versa.

In all other cases, dG(S) = k.

If dG(v1) ≥ dG(v2) ≥ k = |S|, then we have

SDDk
(a,b)(G) =

∑
S⊆V1∪V2

[∑
vi∈S

dG(vi)

]a
dG(S)

b

+
∑

S⊆V1∪{v1},
v1∈S

[∑
vi∈S

dG(vi)

]a
dG(S)

b

+
∑

S⊆V2∪{v1},
v1∈S

[∑
vi∈S

dG(vi)

]a
dG(S)

b

+
∑

S⊆V1∪{v2},
v1∈S

[∑
vi∈S

dG(vi)

]a
dG(S)

b

+
∑

S⊆V2∪{v2},
v1∈S

[∑
vi∈S

dG(vi)

]a
dG(S)

b

+
∑

S⊆{v1,v2}∪V1∪V2,
v1,v2∈S

[∑
vi∈S

dG(vi)

]a
dG(S)

b.

On simplification, we have the desired result.

Lemma 4.7. Let Sm,n be a double star with k ≤ m ≤ n. Then

SDDk
(a,b)(Sm,n) =

(
m− 1
k − 1

)(
(m+ k − 1)a(k − 1)b + (n+ k − 1)akb

)
+

(
n− 1
k − 1

)(
(n+ k − 1)a(k − 1)b + (m+ k − 1)akb

)
+
∑
h=1

k − 1 ((m+ k − 1)a + (n+ k − 1)a) kb
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+

(
p− 2
k − 2

)
(m+ n+ k − 2)a(k − 1)b

+

((
m− 1

k

)
+

(
n− 1
k

))(
kb + (k − 1)b

)
ka

+

(
m+ n− 2

k

)
ka(k + 1)b,

where double star Sm,n is obtained by connecting the centers of two stars Sm and Sn with an
edge v1v2 (i.e., dG(v1) + dG(v2) = p).

Proof. Let Sm,n be a double star with V (Sm) = V1∪{v1} and V (Sn) = V2∪{v2} for k ≤ m ≤ n,
where v1 and v2 are central vertices of Sm and Sn, respectively. Then, for any S ⊆ V (G), the
value of dG(S) is lies between k − 1 and k + 1. We have

SDDk
(a,b)(Sm,n) =

∑
S⊆V1

[∑
vi∈S

dG(vi)

]a
dG(S)

b

+
∑
S⊆V2

[∑
vi∈S

dG(vi)

]a
dG(S)

b

+
∑

S⊆V1∪V2,
S⊈V1,S⊈V2

[∑
vi∈S

dG(vi)

]a
dG(S)

b

+
∑

S⊆V1∪{v1},
v1∈S

[∑
vi∈S

dG(vi)

]a
dG(S)

b

+
∑

S⊆V2∪{v1},
v1∈S

[∑
vi∈S

dG(vi)

]a
dG(S)

b

+
∑

S⊆V (G)−{v2},
v1∈S,

S⊈V1∪{v1},
S⊈V2∪{v1}

[∑
vi∈S

dG(vi)

]a
dG(S)

b

+
∑

S⊆V1∪{v1},
v2∈S

[∑
vi∈S

dG(vi)

]a
dG(S)

b

+
∑

S⊆V2∪{v2},
v2∈S

[∑
vi∈S

dG(vi)

]a
dG(S)

b

+
∑

S⊆V (G)−{v1},
v2∈S,

S⊈V1∪{v2},
S⊈V2∪{v2}

[∑
vi∈S

dG(vi)

]a
dG(S)

b

+
∑

S⊆V (G)
{v1,v2∈}

[∑
vi∈S

dG(vi)

]a
dG(S)

b.

Therefore,

SDDk
(a,b)(Sm,n) =

(
m− 1

k

)
kakb +

(
n− 1
k

)
kakb
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+

[(
m+ n− 2

k

)
−
(
m− 1

k

)
−
(
n− 1
k

)]
(k)a(k + 1)b

+

(
m− 1
k − 1

)
(m+ k − 1)a(k − 1)b

+

(
n− 1
k − 1

)
(m+ k − 1)akb

+
k−1∑
h=1

(
m

h

)(
n

k − h− 1

)
(m+ k − 1)akb

+

(
m− 1
k − 1

)
(n+ k − 1)akb

+

(
n− 1
k − 1

)
(n+ k − 1)a(k − 1)b

+
k−1∑
h=1

(
m

h

)(
n

k − h− 1

)
(n+ k − 1)akb

+

(
p− 2
k − 2

)
(m+ n+ k − 2)a(k − 1)b.

On simplification, we have the required result.

By Lemma 4.7, we have

Corollary 4.2. Let Sm,n be a double star.

(i) If m < k ≤ n, then

SDDk
(a,b)(Sm,n) =

(
n− 1
k − 1

)(
(n+ k − 1)a(k − 1)b + (m+ k − 1)akb

)
+

m−1∑
h=1

((m+ k − 1)a + (n+ k − 1)a) kb

+

(
p− 2
k − 2

)
(m+ n+ k − 2)a(k − 1)b

+

(
n− 1
k

)(
kb + (k − 1)b

)
ka +

(
m+ n− 2

k

)
ka(k + 1)b.

(ii) If m ≤ n < k, then

SDDk
(a,b)(Sm,n) =

m−1∑
h=1

((m+ k − 1)a + (n+ k − 1)a) kb

+

(
p− 2
k − 2

)
(m+ n+ k − 2)a(k − 1)b

+

(
m+ n− 2

k

)
ka(k + 1)b.

Observation 4.1. Let G be a graph with a ≤ 0, b ≥ 0, k ≥ 4, p ≥ 8 and diam(G) = 3. Then, the
lower bound is attained when there is only one pair of vertices with diameter 3, while the upper
bound is attained for the double star.

5 Comparison among degree distance indices

If f(x, y) =
(∑k

i=1 ai

)x
by is a function in two variables, where ai ∈ {1, 2, . . . , p − 1}, b ∈

{k − 1, k, . . . , p− 1} and x and y are real numbers, then f(x, y) is a strictly increasing function.
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We have the following inequalities among the existing indices for a fixed value of a, b, and k.
For fixing a = 0 and k = 2,

SDD2
(0,−2)(G) < SDD2

(0,−1)(G) < SDD2
(0,1)(G)

∑
{vi,vj}⊆V (G)

1
d(vi, vj)2 <

∑
{vi,vj}⊆V (G)

1
d(vi, vj)

<
∑

{vi,vj}⊆V (G)

d(vi, vj)

H2(G) < H(G) < W (G).

For fixing k = 2.
SDD2

(1,−1)(G) < SDD2
(1,1)(G)∑

{vi,vj}⊆V (G)

(dG(vi) + dG(vj))

d(vi, vj)2 <
∑

{vi,vJ}⊆V (G)

(dG(vi) + dG(vj))d(vi, vj)
2

HA(G) < DD(G).

For fixed values a and b.
SDDk

(0,−1)(G) < SDDk
(0,1)(G)∑

S⊆V (G),|S|=k

1
dG(S)

<
∑

S⊆V (G),|S|=k

dG(S)

SHk(G) < SW k(G),

and
SDDk

(1,−1)(G) < SDDk
(1,1)(G)

∑
S⊆V (G),|S|=k

(∑
vi∈S

dG(vi)

)
1

dG(S)
<

∑
S⊆V (G),|S|=k

(∑
vi∈S

dG(vi)

)
dG(S)

SRDDk(G) < SDDk(G)

Theorem 5.1. Let G be a connected graph and S ⊆ V (G) with 2 ≤ k ≤ p− 2, a ≥ 1 and b ≥ 1.
Then

DDk(G) ≤ SDDk
(a,b)(G).

Proof. Let G be a connected graph and S ⊆ V (G) with 2 ≤ k ≤ p − 2. If there exist each
pair of vertices vi and vj in S (i.e., {vi, vj} ⊆ S) such that dG(vi) + dG(vj) ≤

∑
vi∈S

dG(vi), then

dG(vi, vj) ≤ dG(S). Therefore,

∑
vi,vj∈V (G)

(dG(vi) + dG(vj)) dG(vi, vj) ≤
∑

S⊆V (G)

(∑
vi∈S

dG(vi)

)
dG(S)

DDk(G) ≤ SDDk
(a,b)(G).

6 Conclusion

The Generalized Steiner degree distance index of a graph lies on the claim that their special cases,
for pertinently chosen values of the parameters a, b, and k, with the vast majority of previously
considered vertex degree distance-based topological indices. Here are some key observations:
The complete graph achieves the upper bound for any fixed k and a ≥ b ≥ 0. However, the lower
bound is reached by either path or star, depending on the value of a. The function corresponding
to SDDk

(a,b)(G) strictly increases with the independent variables a and b. For a tree G with
diameter d, the number of pendent vertices ranges from

⌈
p
d

⌉
to (p− d+ 1).
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