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Abstract. The Steiner distance d(S) of a graph G = (V. E) is the minimum number
of edges needed to connect all the vertices in S C V(G) where |S| = k. In this paper, we
introduced a generalized version of the Steiner degree distance index of a graph G, obtained the
exact value for some specific families of graphs and established some sharp bounds based on the
diameter of G. Additionally, comparisons are made among the Steiner-related indices.

1 Introduction

In this paper, we consider graphs that are undirected, simple, finite, and connected. The graph
G = (V(G), E(Q)) has p-vertices and g-edges. Here, V = V(G) and E = E(G) represent the
collections of vertices and edges, respectively. The degree of vertex v;, denoted dg(v;), is the
number of vertices adjacent to it. We use 6(G) and A(G) to denote the minimum and maximum
vertex degree. A vertex with a degree of 1 is called a pendant vertex. The distance between
any two vertices is the number of edges in the shortest path connecting them. This is denoted
as dg(v;, v;). The diameter of a graph diam(G) = maz{d(u,v) : u,v € V(G)}, is the largest
distance between any two vertices of a graph G. Please refer to [4, 18] if any notations used in
this paper are undefined.

The Wiener index is a graph theoretical invariant introduced by Harry Wiener [32]. It is a well-
established measure of the distance between all pairs of vertices in a connected graph G.

W(G) = Z d(;(v,;,vj).
vi,v; CV(G)

The degree distance index (DD(G)) introduced by Dobrynin [14] is a graph invariant that has
gained significant attention in recent years and is defined as :

DD(G) = Z (dg(vl) + dG(Uj))d(;(’Ui, ’Uj).
{vi,v;}EV(G)

The Steiner distance of a graph introduced by Chartrand [7] is an important concept in graph
theory. It is denoted by dg(S), where S C V(G) and 2 < |S| < p. The Steiner degree distance
index of a graph introduced by Gutman [15] and is defined as

SDDMG) = ) (Z dG(Uz')) de(S).

SCV(G),|S|=k \vieS

Here, we define the Generalized Steiner degree distance index of G as

SDDfa’w(G) = Z <Z dc(%‘)) dG(S)ba

SCV(@),|S|=k \vi€S
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where a and b are any real numbers.
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Figure 1. Graph ¢

For example, let’s consider the graph G constructed with 8-vertices. If S = {1,2,3}, then

( S dg(vi)> de(S)” =7%2b. Also, for |S| = 3,
v, €S

SDD{, ) (G) = (6° +3 x 7% +3 x 8" 43 x 9)2°
+ (4943 x 5% + 60D £ 5 7% 1 4 x 8)3°
+(3x 4% 450 15 x 6% +3 x 7%)4°
+ (5 x 4% +3 x 5% +6%)5° + (3% + 47)6".
If |S| = 4, then
SDD, ) (G) = (2 x 8" +2x 9% +4x 10° 43 x 11¢ 4 12%)3
+ (6% +2x 7"+ 8 x 8" +8x 9% +4 x 10* + 11%)4°
+(5x 6%+ 10 x 7% +5 x 8" +3 x 9% + 10%)5°
+(2x5%+4 %6742 x 7 +9%)6" + 57°.
If |S| =5, then
SDDf, ;,(G) = (2 x 11% 43 x 12% + 13% + 14%)4°
+ (8% +3x 9% +5'0%+7 x 1%+ 12% + 13%)5°
+ (7" +2x 8 +6x9%+6x10°+2 x 114)6°
+ (7% +2 x 84 + 9% +10%)7°
If |S| = 6, then
SDDF, ) (G) = (129 +4 x 137 +2 x 14 4 159)5"
+(10% +4 x 11¢ 45 x 129 43 x 13% 4 142)6
+ (9% +2 x 107 +2 x 11 + 12%)7°.
If |S| =7, then
SDDE, ) (G) = (2 x 14% +2 x 159)6" + (12 + 13% 42 x 14*)7".

Overall, these graph invariants have proven to be highly effective in various applications of graph
theory. For more details on graphical indices, we refer to [5,6,8-13,17,24,25,27,29-31].
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2 The particular values of a, b and k in SDD w.b) (G)

Many such graphical indices are special cases of the Generalized Steiner degree distance index
with specific a, b and k values.

6 SDD(ZOJ)(G):W(G), the Wiener index, [32].

(ii) SDD%O)I)(G) + SDD(QOJ)(G)=HW(G), the hyper-Wiener index, [22].

(iii) SDD(ZO’ )\)(G):WA(G), the general Wiener index, [21].

(iv) SDD(0 )(G)=H (@), the squared Harary index, [28].

(v) SDD}, _,)(G)=H(G), the Harary index, [20].

(vi) SDD(Zl -1 (G)=H (@), the additively weighted Harary index, [1].
(vii) SDD(ZU)(G)=DD(G), the degree distance index, [14].
(viii) SDD(, (G)=SW*(G), the Steiner Wiener index, [33].
(ix) SDDf ,(G)=SDD*(G), the Steiner degree distance index, [15].
(x) SDDf; ,,(G) + SDDf; , (G)=SWW*(G), the Steiner hyper-Wiener index, [2].
(xi) SDDf, | (G)=SH"(G), the Steiner Harary index, [23].

(xii) SDD{; _,,(G)=SRDD"(G), the Steiner reciprocal degree, [34].

3 Specific families of graphs

Proposition 3.1. Let K, be a complete graph with p > 2. Then

SDDf, () = (1) (o= 1) - 1

Proof. Let K, be a complete graph with p > 2. The degree of an arbitrary vertex v; is p — 1,
and every pair of vertices is adjacent. Hence, each set S corresponding a spanning tree of size
(k — 1), which implies

SDD{, ) (K,) = > [Z(p— 1)] k—1°

SCV(K,),|S|=k Lv;es

SDDf, () = (}) (hto = 1) (k= 1" :

Proposition 3.2. Let P, be a path with p > 4. Then

p—k—2 k—i—S*
SDDE, (P, )y < )(pksl)(k+sl)b
s=0
p—k—2
k+s—2 b
2 2k — 1 —1
+ ZZ:O ( o )(k ) (k+5—1)

+ (2k—2)a(z_§)(p— 1)



(4, 4, k)- Steiner Degree Distance 269

Proof. Let P, be a path with p > 3. We have
Case 1. If the vertices of a set S are of degree 2, then

o= > ldep(vi)l dp, (S)°.

SCV( p)7 v €S
dp, (vi)=2

p—k—2
=(2k)" Y (k;_i;z)(p—k—s—l)(k+s—l)b.

s=0

Case 2. If the set .S contains at least one pendent vertex, then

= > lz dpp(ui)] dp, (S)°.
)

scv(p,), Lves
exists dp, (vi)#2

zzp ~ Z(k“ >(2k1)a(k+sl)b

+ (2k —2)* (k ;)(pl)b.

In view of the above cases, we have SDDfa b (Pp) =61 + 0s.
On simplification, we have the desired result. O

Proposition 3.3. Let IV, be a wheel with p > 5. Then

500t ) = (27 1) 4384+ 0~ D68 ) G- 1)

+ ((p; 1) —(p—k— 1)) (3k)k"

Proof. Let W, be a wheel with p > 5. Then the set S has two possibilities: the central vertex is
an element in the set S, or the central vertex is not in the set S, this implies that

SDD[, ,y(Wp) = > [Z dw, (Ui)] dw, S)"

SCV(Wp), v €S
exists dwp(vi);ﬂ

+ Z [Z de (Ul)] de (S)b
I’>7

SCV( v €S
de (U'L):3

By the above facts, the desired result follows. O

Proposition 3.4. Let K, ,, be a complete bipartite graph with £ < m < n. Then

SDDG, ) (Kmn) = ((7;:) (mk)® + (Z) (nk)“) kb

Proof. Let K, ,, be a complete bipartite graph with V(G) = ViUV, and k < m < n. If S is
selected from either V) or from V5, then the size of a minimum spanning tree that spans S is k.
However, if S is not a subset of either partition, then the size of a minimum spanning tree that
spans S is k — 1, with two real numbers a and b. We have

SDD, y(Kmn) = Y lz de(vi)] da(S)®

SCVior SCV;,, Lv; €S
|S|=k
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+ Y [Z dx,, . (Ui)] de(9)°.
S¢Viand SV, LvieS
|S|=k
By the above facts, the desired result follows.

By Proposition 3.4, we state the next Proposition without proof.

Proposition 3.5. Let S, be a star with p > 2. Then
p—1 @ p—1\ ,

4 Bounds and Charactirization
Theorem 4.1. If G be a graph with S = V(G). Then
SDDY, ,(G) = (29)*(p — 1)".

Proof. Let G be a graph with S = V(G). Then dg(S) =p—1land Y dg(v;) = 2q.
v, €S

SDDY, , (G) = ) (Z dG(“i)) da(9)"

5=V(G) \v;eS
= (29)"(p—1)".

Theorem 4.2. Let G be a graph with |S| =p—1anda >0, b > 0. Then

p(2q— A(G))*(p —2)" < SDD ) (G) < p(2g — 5(G))*(p — 1)",

Proof. Let G be a graph and |S| = p — 1. Implies that
20— AG) < > da(vi) <2¢-6(G).
v, €S

This inequality remains the same if we raise a positive power a:

(2¢ - A(G))* < [Z dG(Uz‘)] < (2¢ - 0(G))".

v, €S
The value of d¢/(.S) is either (p — 2) or (p — 1) and b > 0, we have
(p—2)" <dg(S)" < (p—1)"
Taking the product of equations (4.1) and (4.2) with respect to set S:
Y. (2¢—A@G)(p—2)" < SDDY ) (G)
scv(a),
|S|=p—1
< Y (2¢-6G) 1),

ScV(a),
|S|=p—1

p(2q - A(G)*(p - 2)" < SDDY, ) (G) < p(2q - 6(G))"(p — 1)".

By Theorem 4.2, the following Theorem can be obtained, and we omit their proof.

.1

4.2)
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Theorem 4.3. Let G be a graph and S C V(G).
(i) Ifa <0andb > 0, then

p(20 — 5(G))"(p - 2)" < SDDI (G)
< p(29 - A(G))*(p - 1)".
(ii) Ifa < 0andb < 0, then
p(24—5(G))*(p—1)" < SDDY - (G)
< p(2g = A(G))*(p —2)".
(iii) Ifa > 0and b < 0, then

p(2q — A(G))*(p — 1)* < SDD?}(G)

Theorem 4.4. Let G be a graph with a > 0 and b > 0. Then

(Z) [ko(G))*(k —1)b < SDDfa,b)(G) < <i) [kA(G))*(p — 1)".

Proof. Let G be a graph. Then the set S with a, b > 0, satisfies

a

[ko(G)]* < [Z da(G)| < [kAG)]",
v; €S
and
(k—1)" < da(8)" < (p—1)".
Therefore,
()it — 1 < sDDE, ) < (7 ) @) 1"
Hence the proof. O

Corollary 4.1. Let G be a graph.
(i) If a > 0 and b < 0, then

(5}t - 17 < 5005, y() < (7 lraces -1

(i) If a < 0and b > 0, then

(z) [KA(G)](k — 1)" < SDDf, ;) (G) < (Z) 63(G)]“ (p — 1)".

(iii) If a,b < 0, then

(1)@ - 1) < 50Dk, @) < (§ ) ss(@1 - 1

Theorem 4.5. Let G be a graph with diam(G) =2, k>3, p>6anda > 0, b <0. Then

(Z_ D(p+k—2)a(k— D+ (p; l)wb
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< SDDE, ) (G)

< (") k- vy -1y
A [T R i
+ (i - ;) (k(p— 1) — 2)%(k — 1)°.

Proof. Let G be a graph with diam(G) = 2. If a > 0, then removing an edge from G will not
increase the values of dg(v;) and (dg(v;))®.

The lower bound attains for a tree with a > 0 and b < 0. The star is a tree with a diam(G) = 2,
which leads to the lower bound.

By Proposition (3.5), we have

SDD}, ,,(G) > (i B i) (p+k—2)%(k—1)"+ (p; l)ka+b. 4.3)

On deleting one edge in a complete graph, we get the graph with the maximum possible number
of edges with diam(G) = 2, giving us the upper bound.

SDD{, ,(G) < > [ > (p—l)] de(S)"

SCV(G), v, EV(G)
dg(vi)=p—1 forall v;

a

+ > > de(w)| da(S)".
SCV(G), v €V(G)
exists v;:dg (vy)F#p—1

spDf (@ < |(72) e - e a2 ([T )= D -1 eo @
+ (Z:i) (k(p— 1) — 2)°(k — 1)°.

The desired result can be obtained by simplifying equation (4.3) and equation (4.4). O

Lemma 4.6. Let G be a graph with the maximum possible number of edges and diam(G) = 3.
Then

SDDE, ,(G) = (p ; 2) (k(p—3))*(k—1)"
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(1 23) =0 -3 4 -

where dg(v1) + dg(v2) =p — 2.

Proof. Let G be a graph with diam(G) = 3 and the maximum possible number of edges. Since
diam(G) = 3, a pair of vertices (vy, v2) must exist such that the distance between them is 3. The
remaining (p — 2)-vertices are adjacent to each other, and these (p — 2)-vertices are connected
to either vy or v,. Now (p — 2)-vertices are partitions into two sets V; and V3, such that the set
V) contains the vertices which are adjacent to v; with |Vj| = dg(v) and the set V5 contains the
vertices which are adjacent to v, with |V5| = dg(v;). The degree of (p — 2)-vertices is (p — 3)
and dg(’Ul) + dg(’U4) =p-—2.

The value of dg(S) is (k — 1) for S C V(G) with |S| = k, if any of the following conditions
hold

(i) the vertices in S are chosen from (p — 2)-vertices, excluding v; and v,.

(ii) the vertices in S include v; and v,, along with at least one vertex from the partitions V; and
Vs.

(iii) the vertices in S include v; but not v,, and at least one vertex from V7, and vice versa.

In all other cases, dg(S) = k.

If dg(v1) > dg(v2) > k =S|, then we have

SDDf, ,(G) = Y lz de (vi ] da(S)"

SCViuV; Lv,eS

+ Y D da(w) dG(S)b

SCViU{ur), Luses
v €S

+ > ch v;) dG(S)b

SCVU{ui), Luses
v ES

+ Z Z dG ’Uz d(;(S)b

SCViu{w}, Lv,esS
v ES

+ Z Z dg(vi) dG(S)b

SCVU{w:}, Lues 1
v ES

+ > [Z de (v, ] dg(S)".

SC{v,vm}UVIUV;,, Luvi€S
vy, €S

On simplification, we have the desired result. O
Lemma 4.7. Let S,, ,, be a double star with k < m < n. Then

m—1

k _
SDDE, , (Smn) = <k o

) ((m‘i‘k’* 1)k - l)b—|— (n+k— l)akb)
+ (Z_ i) ((n+k— 1)%(k — 1)b+(m—|—k— l)akb)

A k=1((m+k=1)"+(n+k-1)")k"
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+<i:90n+n+k—MWk—

;4>+(n;v>@?+%—lﬁk“

2>k%k+1y,

("

m-4+n—
+( :

)b

where double star S, ,, is obtained by connecting the centers of two stars Sy, and S,, with an

edge viv; (i.e., dg(v1) + dg(v2) = p).
Proof. Let S, ,, be adouble star with V(S,,,) =

ViU{v1} and V (S,,) =

VaU{vy } fork <m <mn,

where v; and v, are central vertices of S,,, and S, respectively. Then, for any S C V(G), the
value of dg(S) is lies between k& — 1 and k + 1. We have

a

a

a

1%‘)

da(S)°

[ s

dG(S)b

dg(S)®

[

DDl (50) = 3 | - et
SCVi Lv; €S
+zbwwﬂ%>
SCV, Lv;eS
£ S ket
SCViuVy, Lv;es
SEVI,S¢V;
+ ch v:)
SCViu{u}, Lv;es
v €S
+ > ch vi)
SCV,U{v }, Lvies
v €S
> [Z%w
SCV(G)—{w}, LvieS
v ES
S,@_vlu{u,}
S,¢_V2U{U1}
oD |2 de(w)
SCViu{v;}, Lv;eS
vmES
f Y [Tt
SCVU{v,}, Lv;€S
vES
RN
SCV(G)—{u}, LvieS
v ES,
nglu{vz},
Sg‘/zu{vz}

p>

{v1,m2€}

Therefore,

SDDE, 4 (Sm.n)

Zd@ V;

5CV(G) Lfes

m—=1\ .5 n
(k )kk+<

—1
kKb
2

]dG>.
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(7)) e

On simplification, we have the required result.

By Lemma 4.7, we have
Corollary 4.2. Let S;,, ,, be a double star.
(i) If m < k < n, then

n—1

k _
SDDE, ;) (Sn) = (k_ |

) (n+k—1)%k—1)"+ (m+k— 1))

) ((m+k=1)"+(n+k—1))k

|
)

)(m—l—n-l—k—Z)“(k—l)b

—_—

m+n-—2

@i1) If m < n < k, then

m—1
SDDE, 4 (Sm.n) = (m+k—=1D%4+n+k—-1)%)kb
h=1
p_z a b
+ (m+n+k—-2)%k—-1)
k-2
<m+: - 2>k“(k+ 1),

)(kb+(k—l)b)k“+< ) )k“(k—l—l)b.

Observation 4.1. Let G be a graph witha < 0,0 > 0,k > 4, p > 8 and diam(G) = 3. Then, the
lower bound is attained when there is only one pair of vertices with diameter 3, while the upper

bound is attained for the double star.

5 Comparison among degree distance indices

If f(z,y) = (Zle ai>zby is a function in two variables, where a; € {1,2,...,p — 1}, b €

{k—1,k,...,p— 1} and z and y are real numbers, then f(z,y) is a strictly increasing function.
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We have the following inequalities among the existing indices for a fixed value of a, b, and k.
For fixinga =0 and k = 2,

SDDf, _,)(G) < SDD}, ,1(G) < SDD, 1)(G)

1 1
2 IR 2 (o, 0;) > dwiy)

{vi,v;}CV(G) {vi,v;}CV(G) {vi,v; }CV(G)

H*(G) < H(G) < W(Q).

For fixing k = 2.
SDD}, _)(G) < SDD}, 1(G)

Z (da(vi) + da(v))) < Z (de(v) + dG(Uj))d(’Ui,'Uj)z

d(’Ui, Uj)z
{viw; }EV(G) {viwJ}CV(G)

H(G) < DD(G).

For fixed values a and b.
SDDf, 1) (G) < SDDf 1(G)

1
Z o (S) < Z da(S)

SCV(G),|S|=k SCV(G),|S|=k

SH*(G) < SW*(@),

and
SDDf _)(G) < SDDf y(G)

> <Z dG(Uz')> dGl(S) < > (Z dG(Uz')> dg(S)

SCV(G),|S|=k \v;€S SCV(G),|S|=k \vieS
SRDD*(G) < SDD*(G)

Theorem 5.1. Let G be a connected graph and S CV(G) with2 <k <p—2,a>landb > 1.
Then
DD*(G) < SDD, ) (G).

— 2. If there exist each

<p
+da(v;) < Y de(vi), then
v, €S

Proof. Let G be a connected graph and S C V(G) with 2 < k
pair of vertices v; and v; in S (i.e., {v;,v;} C S) such that dg( i)

de(vi,v;) < de(S). Therefore,

> (da(vi) + da(vy)) da(viv) <Y (Z de(vi > (S)

’Ui,’UjEV(G) SQV(G) v; €S

DD*(G) < SDD, ;) (G). o

6 Conclusion

The Generalized Steiner degree distance index of a graph lies on the claim that their special cases,
for pertinently chosen values of the parameters a, b, and k, with the vast majority of previously
considered vertex degree distance-based topological indices. Here are some key observations:
The complete graph achieves the upper bound for any fixed k£ and a > b > 0. However, the lower
bound is reached by either path or star, depending on the value of a. The function corresponding
to SDD’“ )(G) strictly increases with the independent variables a and b. For a tree G with

dlameter d the number of pendent vertices ranges from [5] to (p — d + 1).
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