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Abstract
The concept of r - dynamic k coloring of a graph G refers to a proper vertex k coloring where

the number of colors assigned to the vertices in the neighborhood of each vertex v is greater than
or equal to the min{r,∆(G)}. This study focuses on the r - dynamic coloring on Central graphs
of various types of Ladder Graphs, which are derived from the Cartesian product of P2 and Pn.

1 Introduction

Let r and k be positive integers. In 2001[4], Montgomery introduced a profound extension
to the classical graph coloring problem, termed the ’r - dynamic proper k - coloring’. For a
given graph G, we utilize the notations δ(G) and ∆(G) to respectively represent the minimum
and maximum degrees present within G. In essence, an r - dynamic coloring of a graph involves
a mapping function c that assigns colors from a predefined set to each vertex in V (G). This
mapping follows two essential rules:

• If u, v ∈ V (G) are adjacent vertices in G, then c(u) = c(v) and

• for any v ∈ V (G), |c(N(G(v)))|min|N(G(v))|, r.

These conditions can be broken down into the proper coloring condition and the r - adjacency
condition. Consequently, the r - dynamic chromatic number of a graph G, denoted as χr(G), is
defined as the smallest positive integer k for which G can be appropriately colored according to
these conditions. Furthermore, it’s important to note that the 1 - dynamic chromatic number is
equivalent to the graph’s chromatic number.

Additionally, we delve into the study of the 2 - dynamic chromatic number, also known as the
dynamic chromatic number within references[7, 8, 9, 10, 14, 20, 21]. Extensive exploration has
been conducted to establish upper and lower bounds for χd(G), where d represents the dynamic
chromatic number. For instances where the maximum degree ∆(G) of a graph G exceeds or
equals 3, Lai et al. have demonstrated that χd(G) is bounded above by ∆(G) + 1, with the
exception of the cycle graph C5.

In, an upper bound has been proposed for the dynamic chromatic number of a regular
graph G in relation to the graph’s independence number (α(G))[1]. The bound is expressed as
χ2(G) ≤ χ(G) + 2log2α(G) + O(1). Furthermore, Taherkhani[2] has contributed an upper
bound for χ2(G) by considering the chromatic number, maximum degree (∆), and minimum de-
gree (δ) of graph G. Specifically, the bound is represented as χ2(G)−χ(G) ≤ [∆e/δlog(2e(∆2+
1))], where G is a d - regular graph.



86 A. Irin Feno, M. Venkatachalam, Dafik and I. H. Augustin

Recent researchers focus more on r - dynamic coloring[6, 7, 13, 16, 17, 19, 22, 23, 24, 25]
where the range of r varies from 2 to ∆(G) and also central graph on various graph and coloring
are studied by many. In order to explore more on the variants of ladder graph[3, 15] this paper
focuses on the study of central graph[11, 12, 18] of ladder graph families.

2 Preliminaries

To lay a groundwork for this paper, this section immerses itself in pivotal concepts and conse-
quential outcomes of Graph Theory. These concepts will be referenced throughout the paper,
and for an in-depth understanding of the topic, we recommend referring to[5].

Any Graph G = (V (G), E(G)) is formed by a set V (G) of vertices and a set E(G) of edges
so that each edge contains two vertices, which are called adjacent. The subset of vertices in
V (G) that are adjacent to a vertex v ∈ V (G) is its Neighborhood N(v). The complete graph
of order n is denoted Kn. A Path Pn between two distinct vertices v, w ∈ V (G) is any ordered
sequence of n adjacent and pairwise distinct vertices v0 = v, v1, . . . , vn−2, vn−1 = wi in V (G),
with n > 2. A Ladder graph Ln is defined by Ln = Pn ×K2 where Pn is a path with n vertices
and × denotes the Cartesian product and K2 is a complete graph with two vertices.

A Diagonal ladder graph DLn[15], is a ladder graph with 2n vertices and 5n−4 edges and is
got from a closed ladder graph Ln with the additional edges uivi+1 and ui+1vi for 1 ≤ i ≤ n−1.
A Open Diagonal ladder graph ODLn[15], is a ladder graph with 2n vertices and 5n − 2
edges and is got from a open ladder graph OLn with the additional edges uivi+1 and ui+1vi for
1 ≤ i ≤ n − 1. A Triangular ladder TLn[15], is a ladder graph with 2n vertices and is got
from a closed ladder graph Ln with the additional edges uivi+1 for 1 ≤ i ≤ n − 1. A Open
Triangular ladder OTLn[15], is a ladder graph with 2n vertices and is got from an open ladder
OLn with the additional edges uivi+1 for 1 ≤ i ≤ n − 1. A Slanting ladder graph SLn[15], is
a ladder graph with 2n vertices and is obtained from two paths of length n − 1 with additional
edges uivi+1 for 1 ≤ i ≤ n−1. The central graph C(G)[11] of a graph G is obtained from G by
adding an extra vertex on each edge of G, and then joining each pair of vertices of the original
graph which were previously non-adjacent.

Lemma 2.1. [8] χr(G) ≥ min{r,∆(G)}+ 1

Lemma 2.2. [9] Let n and r be two positive integers such that n > 2. Then,

(i) χr(Pn) =

{
2, if r = 1,
3, otherwise.

(ii) χr(Cn) =



2, if r = 1 and n is even,

3, if

{
r = 1 and n is odd,
r > 1 and n ≡ 0 mod 3,

4, if r > 1 and n ̸= 5,
5, otherwise.

(iii) χr(Kn) = n.

3 Main Results

Lemma 3.1. The lower bound of r - Dynamic Chromatic number of Central graph of Diagonal
Ladder Graph C(DLn) is,

χrC(DLn) ≥

{
∆(G) + 1, 2 ≤ r ≤ ∆(G)− 2
r + 4, for r = ∆(G)− 1,∆(G).

Proof. The vertex and edge set of Central graph of Diagonal Ladder graph is represented as
follows,

V (C(DLn)) = {ui : 1 ≤ i ≤ n}∪{vi : 1 ≤ i ≤ n}∪{ai : 1 ≤ i ≤ n−1}∪{bi : 1 ≤ i ≤ n−1}
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∪{di : 1 ≤ i ≤ n} ∪ {ei : 1 ≤ i ≤ n+ k, k ∈ N}

E(C(DLn)) = {uiuj , uivj , vivj , viuj : 1 ≤ i ≤ n, i+ 2 ≤ j ≤ n}

∪{uiaj , vibj : 1 ≤ i ≤ n, j = i− 1, i} ∪ {uidj , vidj : 1 ≤ i ≤ n, 1 ≤ j ≤ n}

∪{uie⌈ j+2
2 ⌉, uie⌈ j+3

2 ⌉, vie⌈ j+2
2 ⌉, vie⌈ j+3

2 ⌉ : 1 ≤ i ≤ n, 1 ≤ j ≤ n+ k, k ∈ N}

When 2 ≤ r ≤ ∆(G)− 2
It can be observed that the original vertices of the given graph ui, vi are of same degree.

(i.e., )d(ui) = d(vi) = ∆(G)

Moreover from the edge set

E(C(DLn)) = {uiuj , uivj , vivj , vi, uj : 1 ≤ i ≤ n, i+ 2 ≤ j ≤ n}

it can be observed that the vertices are directly connected to each other. So, in order to obtain
the proper coloring we are in need of more colors. We prove this case using the method of
contradiction. Let us assume that the coloring is done using ∆(G) colors. Consider C(DL4) the
vertices ui are colored as 1, 5, 7, 4 and let the vertices vi be colored as 2, 6, 5, 3 but by the above
coloring we can see that the edge u2v3 are colored by the same color 5 which is a contradicition.
Therefore we are in need of ∆(G) + 1 colors to satisfy the condition. When r ≥ ∆(G)− 1

This case is also proved using the technique of contradicition. In this case the vertices ai, bi
are introduced with a new color r+3, r+4. Suppose if the vertices ai, bi are not colored with the
new color it can be observed the vertices ui, vi does not satisfy the r - adjacency. For example,
in C(DL4) if the vertices of ai, bi are colored as 3, 2, 1 it can be seen that the vertex u1 has
r - adjacency less than ∆(G) − 1. This is a contradiction, so we need r + 4 colors to satisfy the
r - adjacency.

Theorem 3.2. The r - dynamic Chromatic number of Central graph of Diagonal Ladder Graph
C(DLn) is,

χrC(DLn) =

{
∆(G) + 1, 2 ≤ r ≤ ∆(G)− 2
r + 4, for r = ∆(G)− 1,∆(G).

Proof. The cardinality of the vertex set and the edge set of the Cental graph of Diagonal Ladder
Graph is 6n+ k, where k = {−1, 0, 1, 2, . . .} and (∆(G) × l) +m, where l = {5, 6, 7, . . .} and
m ∈ R respectively. The Adjacency matrix is of order (6n+ k)× (6n+ k). Let us consider the
first row of the adjacency matrix which corresponds to the vertex u1 which comprises of 6n+ k
columns.

ccccccccccccc

c(cccccccccccc) u1u2 · · ·unv1v2 · · · vna1a2 · · · an−1
00 · · · 100 · · · 110 · · · 0
u1b1b2 · · · bn−1d1d2 · · · dne1e2 · · · en+k

00 · · · 010 · · · 010 · · · 0

From the adjacency matrix we derive the neighbourhood set of each and every vertices such as

N(u1) = {a1, d1, e1, u3, u4, . . . , un, v3, v4, . . . , vn}
N(u2) = {a1, a2, d2, e2, e3, u4, u5, . . . , un, v4, v5, . . . , vn}

...
N(un) = {an−1, dn, en+k, u1, u2, . . . , un−2, v1, v2, . . . , vn−2}

N(v1) = {b1, d1, e2, v3, v4, . . . , vn, u3, u4, . . . , un}
N(v2) = {b1, b2, d2, e1, e4, v4, v5, . . . , vn, u4, u5, . . . , un}

...
N(vn) = {bn−1, dn, en+(k−1), v1, v2, . . . , vn−2, u1, u2, . . . , un−2}
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N(a1) = {u1, u2} N(b1) = {v1, v2}
N(a2) = {u2, u3} N(b2) = {v2, v3}

...
...

N(an−1) = {un−1, un} N(bn−1) = {vn−1, vn}
N(e1) = {u1, v2} N(d1) = {u1, v1}
N(e2) = {u2, v1} N(d2) = {u2, v2}

...
...

N(en+(k−1)) = {un−1, vn} N(dn−1) = {un−1, vn−1}
N(en+k) = {un, vn−1} N(dn) = {un, vn}

When 2 ≤ r ≤ ∆(G)− 2 In order to obtain a proper r - dynamic coloring the mapping of the color set to the vertex set of
C(DLn). Consider the mapping f1,
f1 : V (C(DLn)) 7→ {1, 2, . . . ,∆(G) + 1}

f1(ui) =


1, when i = 1
4, when i = n

5, 7, 9, . . . ,∆(G), otherwise.

, f1(vi) =


2, when i = 1
3, when i = n

6, 8, 10, . . . ,∆(G) + 1, otherwise.

f1(di) =

{
∆(G) + 1, when i = 1
1, 5, 7, . . . otherwise.

Since each di has only two neighbours ui, vi the color of ui is applied to the vertex di+1 except the color 3 because the
cardinality of the vertices ui, di is n, there is no n + 1 and the vertex d1 is colored with last color.

f1(ai, bi) =



4, when i = 1
3, when i = 2
2, when i = 3
1, when i = 4
i, for i ≥ 5

A special case exist for n = 4 as there is only three vertices of ai, bi exist and so the vertices are colored with the colors
3, 2, 1.

f1(ei) =


i + 4, for 1 ≤ i ≤ n + k − 2
4, when i = n + k − 1
3, when i = n + k

Thus the color assigned using the above mentioned mapping yields ∆(G)+1 independent color classes namely C1, C2, . . . C∆(G)+1.

C1 = {u1, a4, b4, d2}

C2 = {v1, a3, b3}

C3 = {vn, a2, b2, en+k}

...

C∆(G)+1 = {vn−1, d1, en+k−2}
By correlating the vertices in the coloring set with the neighbourhood set we can observe that every vertex have r or r+1

variant colors of adjacent vertices. When r ≥ ∆(G)− 1
The coloring of the vertices ui, vi and ei remains the same. Only the vertices of ai, bi and di are colored with new

colors.
When r = ∆(G)− 1, the vertices ai, bi are colored with new colors

∆(G) + 2, for i = odd

∆(G) + 3, for i = even

When r = ∆(G) adjacency of u1, v1 remains r− 1 since it has two neighbours with the color ∆(G) + 1 and so the vertex d1
is colored with new color r + 4.

Thus the color assigned using the above mentioned mapping yields r+4 independent color classes namely C1, C2, . . . , Cr+3, Cr+4.

C1 = {u1, d2}

C2 = {v1}

C3 = {vn, en+k}

...

Cr+3 = {a2, a4, . . . , an−2, b2, b4, . . . , bn−2}

Cr+4 = {d1}
By correlating the vertices in the coloring set with the neighbourhood set we can observe that every vertex have r or r+1

variant colors of adjacent vertices.
It can be observed that Case 1 and Case 2 deals with the upper bound,

χrC(DLn) ≤
{

∆(G) + 1, 2 ≤ r ≤ ∆(G)− 2
r + 4, for r = ∆(G)− 1,∆(G).



Central graph of Ladder Graph Families 89

The lower bound has been discussed through the lemma 3.1 which leads to acqiure the

χrC(DLn) =

{
∆(G) + 1, 2 ≤ r ≤ ∆(G)− 2
r + 4, for r = ∆(G)− 1,∆(G).

Lemma 3.3. The lower bound of r - Dynamic Chromatic number of Central graph of Open Diagonal Ladder Graph C(ODLn)
is,

χrC(ODLn) ≥
{

∆(G) + 1, 2 ≤ r ≤ ∆(G)− 2
r + 4, for r = ∆(G)− 1,∆(G).

Proof. The vertex and edge set of Central graph of Open Diagonal Ladder graph is represented as follows,

V (C(ODLn)) = {ui : 1 ≤ i ≤ n} ∪ {vi : 1 ≤ i ≤ n} ∪ {ai : 1 ≤ i ≤ n− 1} ∪ {bi : 1 ≤ i ≤ n− 1}

∪{di : 1 ≤ i ≤ n− 2} ∪ {ei : 1 ≤ i ≤ n + k, k ∈ N}
E(C(ODLn)) = {u1v1, unvn, uiuj , uivj , vivj , viuj : 1 ≤ i ≤ n, i + 2 ≤ j ≤ n}

∪{uiaj , vibj : 1 ≤ i ≤ n, j = i− 1, i} ∪ {uidj , vidj : 2 ≤ i ≤ n− 1, 1 ≤ j ≤ n− 2}
∪{uie⌈ j+2

2 ⌉, uie⌈ j+3
2 ⌉, vie⌈ j+2

2 ⌉, vie⌈ j+3
2 ⌉ : 1 ≤ i ≤ n, 1 ≤ j ≤ n + k, k ∈ N}

The proof follows the same as lemma 3.1

Theorem 3.4. The r - dynamic Chromatic number of Central graph of Open Diagonal Ladder Graph C(ODLn) is,

χrC(ODLn) =

{
∆(G) + 1, 2 ≤ r ≤ ∆(G)− 2
r + 4, for r = ∆(G)− 1,∆(G).

Proof. The cardinality of the vertex set and the edge set of the Central graph of Open Diagonal Ladder Graph is 6n+k, where
k = {−3,−2,−1, 0, 1, 2, . . .} and (∆(G)× l) +m, where l = {5, 6, 7, . . .} and m = {−1, 0, 1, 2, . . .} respectively. The
Adjacency matrix is of order (6n+ k)× (6n+ k) . Let us consider the first row of the adjacency matrix which corresponds
to the vertex u1 which comprises of 6n + k columns.

ccccccccccccc

c(cccccccccccc) u1u2 · · ·unv1v2 · · · vna1a2 · · · an−1
00 · · · 110 · · · 110 · · · 0
u1b1b2 · · · bn−1d1d2 · · · dn−2e1e2 · · · en+k

00 · · · 000 · · · 010 · · · 0

From the adjacency matrix we derive the neighbourhood set of each and every vertices such as

N(u1) = {a1, e1, u3, u4, . . . , un, v1, v3, . . . , vn}
N(u2) = {a1, a2, d1, e2, e3, u4, u5, . . . , un, v4, v5, . . . , vn}

...
N(un) = {an−1, en+k, u1, u2, . . . , un−2, v1, v2, . . . , vn−2, vn}

N(v1) = {b1, e2, v3, v4, . . . , vn, u1, u3, . . . , un}
N(v2) = {b1, b2, d1, e1, e4, v4, v5, . . . , vn, u4, u5, . . . , un}

...
N(vn) = {bn−1, en+(k−1), v1, v2, . . . , vn−2, u1, u2, . . . , un−2, un}

N(a1) = {u1, u2} N(b1) = {v1, v2}
N(a2) = {u2, u3} N(b2) = {v2, v3}

...
...

N(an−1) = {un−1, un} N(bn−1) = {vn−1, vn}

N(e1) = {u1, v2} N(d1) = {u2, v2}
N(e2) = {u2, v1} N(d2) = {u3, v3}

...
...

N(en+(k−1)) = {un−1, vn} N(dn−3) = {un−2, vn−2}
N(en+k) = {un, vn−1} N(dn−2) = {un−1, vn−1}

When 2 ≤ r ≤ ∆(G)− 2 In order to obtain a proper r - dynamic coloring the mapping of the color set to the vertex set of
C(ODLn). Consider the mapping f1,
f1 : V (C(ODLn)) 7→ {1, 2, . . . ,∆(G) + 1}

f1(ui) =


1, when i = 1
4, when i = n

5, 7, 9, . . . ,∆(G), otherwise.

, f1(vi) =


2, when i = 1
3, when i = n

6, 8, 10, . . . ,∆(G) + 1, otherwise.
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f1(di) = 1, 5, 7, . . .
Since each di has only two neighbours ui+1, vi+1 the color of ui is applied to the vertex di except the color 3 because

3 is mapped to vn.

f1(ai, bi) =



4, when i = 1
3, when i = 2
2, when i = 3
1, when i = 4
i, for i ≥ 5

A special case exist for n = 4 as there is only three vertices of ai, bi exist and so the vertices are colored with the colors
3, 2, 1.

f1(ei) =


i + 4, for 1 ≤ i ≤ n + k − 2
4, when i = n + k − 1
3, when i = n + k

Thus the color assigned using the above mentioned mapping yields ∆(G)+1 independent color classes namely C1, C2, . . . C∆(G)+1.

C1 = {u1, a4, b4, d1}

C2 = {v1, a3, b3}

C3 = {vn, a2, b2, en+k}

...

C∆(G)+1 = {vn−1, d1, en+k−2}

By correlating the vertices in the coloring set with the neighbourhood set we can observe that every vertex have r or r+1
variant colors of adjacent vertices. When r ≥ ∆(G)− 1

The coloring of the vertices ui, vi and di remains the same. Only the vertices of ai, bi and ei are colored with new
colors.
When r = ∆(G)− 1, the vertices ai, bi are colored with new colors

∆(G) + 2, for i = odd

∆(G) + 3, for i = even

When r = ∆(G) adjacency of un, vn remains r − 1 since it has two neighbours with the color 3, 4 respectively and so the
vertices en+k, en+k−1 is colored with new color r + 4.

Thus the color assigned using the above mentioned mapping yields r+4 independent color classes namely C1, C2, . . . , Cr+3, Cr+4.

C1 = {u1, d1}

C2 = {v1}

C3 = {vn}

...

Cr+3 = {a2, a4, . . . , an−2, b2, b4, . . . , bn−2}

Cr+4 = {en+k, en+k−1}
By correlating the vertices in the coloring set with the neighbourhood set we can observe that every vertex have r or r+1

variant colors of adjacent vertices.
It can be observed that Case 1 and Case 2 deals with the upper bound,

χrC(ODLn) ≤
{

∆(G) + 1, 2 ≤ r ≤ ∆(G)− 2
r + 4, for r = ∆(G)− 1,∆(G).

The lower bound has been discussed through the lemma 3.3 which leads to acqiure the

χrC(ODLn) =

{
∆(G) + 1, 2 ≤ r ≤ ∆(G)− 2
r + 4, for r = ∆(G)− 1,∆(G).

Lemma 3.5. The lower bound of r - Dynamic Chromatic number of Central graph of Triangular Ladder Graph C(TLn) is,

χrC(TLn) ≥
{

∆(G) + 1, 2 ≤ r ≤ ∆(G)− 3
r + 4, ∆(G)− 2 ≤ r ≤ ∆(G).

Proof. The vertex and edge set of Cental graph of Triangular Ladder graph is represented as follows,

V (C(TLn)) = {ui : 1 ≤ i ≤ n} ∪ {vi : 1 ≤ i ≤ n} ∪ {ai : 1 ≤ i ≤ n− 1} ∪ {bi : 1 ≤ i ≤ n− 1}
∪{di : 1 ≤ i ≤ n} ∪ {ei : 1 ≤ i ≤ n− 1}

E(C(TLn)) = {uiuj , uivj , vivj : 1 ≤ i ≤ n, i + 2 ≤ j ≤ n} ∪ {viuj : 1 ≤ i ≤ n, i + 1 ≤ j ≤ n}
{uiaj , vibj : 1 ≤ i ≤ n, j = i− 1, i} ∪ {uidj , vidj : 1 ≤ i ≤ n, 1 ≤ j ≤ n}

∪{uiei, viei−1 : 1 ≤ i ≤ n}
The proof follows the same as lemma 3.1
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Theorem 3.6. The r - dynamic Chromatic number of Central graph of Triangular Ladder Graph C(TLn) is,

χrC(TLn) =

{
∆(G) + 1, 2 ≤ r ≤ ∆(G)− 3
r + 4, ∆(G)− 2 ≤ r ≤ ∆(G).

Proof. The cardinality of the vertex set and the edge set of the Central graph of Triangular Ladder Graph is 6n − 3 and
(∆(G) × l) + m, where l = {4, 5, 6, . . .} and m = {4, 6, 8, . . .} respectively. The Adjacency matrix is of order (6n −
3)× (6n− 3) . Let us consider the first row of the adjacency matrix which corresponds to the vertex u1 which comprises of
6n− 3 columns.

ccccccccccccc

c(cccccccccccc) u1u2 · · ·unv1v2 · · · vna1a2 · · · an−1
00 · · · 100 · · · 110 · · · 0
u1b1b2 · · · bn−1d1d2 · · · dne1e2 · · · en−1
00 · · · 010 · · · 010 · · · 0

From the adjacency matrix we derive the neighbourhood set of each and every vertices such as

N(u1) = {a1, d1, e1, u3, u4, . . . , un, v3, v4, . . . , vn}
N(u2) = {a1, a2, d2, e2, u4, u5, . . . , un, v1, v4, v5, . . . , vn}

...
N(un) = {an−1, dn, u1, u2, . . . , un−2, v1, v2, . . . , vn−1}

N(v1) = {b1, d1, u2, u3, u4, . . . , un, v3, v4, . . . , vn}
N(v2) = {b1, b2, d2, e1, u3, u4, u5, . . . , un, v4, v5, . . . , vn}

...
N(vn) = {bn−1, dn, en−1, u1, u2, . . . , un−2, v1, v2, . . . , vn−2}

N(a1) = {u1, u2} N(b1) = {v1, v2}
N(a2) = {u2, u3} N(b2) = {v2, v3}

...
...

N(an−1) = {un−1, un} N(bn−1) = {vn−1, vn}

N(e1) = {u1, v2} N(d1) = {u1, v1}
N(e2) = {u2, v3} N(d2) = {u2, v2}

...
...

N(en−1) = {un−1, vn} N(dn) = {un, vn}
When 2 ≤ r ≤ ∆(G)− 3

In order to obtain a proper r - dynamic coloring the mapping is taken from the color set to the vertex set ofC(TLn).
Consider the mapping f1,
f1 : V (C(TLn)) 7→ {1, 2, . . . ,∆(G) + 1}

f1(ui) =


1, when i = 1
4, when i = n

5, 7, 9, . . . ,∆(G) otherwise.

, f1(vi) =


2, when i = 1
3, when i = n

6, 8, 10, . . . ,∆(G) otherwise.

f1(di) =

{
6, when i = 1
1, 5, 7, . . . , otherwise.

Since each di has only two neighbours ui, vi the color of ui is applied to the vertex di+1 except the color 3 because the
cardinality of the vertices ui, di is n, there is no n + 1 and so the vertex d1 is colored with the color 6.

f1(ai, bi, ei) =



4, when i = 1
3, when i = 2
2, when i = 3
1, when i = 4
i, for i ≥ 5

A special case exist for n = 4 since order of the vertex set is only three and so they are colored with 3, 2, 1.
Thus the color assigned using the above mentioned mapping yields ∆(G)+1 independent color classes namely C1, C2, . . . C∆(G)+1.

C1 = {u1, a4, b4, d2}

C2 = {v1, a3, b3}

C3 = {vn, a2, b2, en+k}

...

C∆(G)+1 = {vn−1, d1, en+k−2}
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By correlating the vertices in the coloring set with the neighbourhood set we can observe that every vertex have r or r+1
variant colors of adjacent vertices. When r ≥ ∆(G)− 2

The coloring of the vertices ui and vi remains the same. According to the r - adjacency new colors are included to meet
out the condition of r - dynamic coloring. When r = ∆(G)− 2, the vertices of ei , r = ∆(G)− 1, the odd vertices of ai, bi
and when r = ∆, the even vertices are colored with the color r + 4.

Thus the color assigned using the above mentioned mapping yields r+4 independent color classes namely C1, C2, . . . Cr+4.

C1 = {u1, d2}

C2 = {v1}

C3 = {vn}

...

Cr+4 = {a2, a4, . . . , an−2, b2, b4, . . . , bn−2}

By correlating the vertices in the coloring set with the neighbourhood set we can observe that every vertex have r or r+1
variant colors of adjacent vertices. It can be observed that Case 1 and Case 2 deals with the upper bound,

χrC(TLn) ≤
{

∆(G) + 1, 2 ≤ r ≤ ∆(G)− 3
r + 4, ∆(G)− 2 ≤ r ≤ ∆(G).

The lower bound has been discussed through the lemma 3.5 which leads to acqiure the

χrC(TLn) =

{
∆(G) + 1, 2 ≤ r ≤ ∆(G)− 3
r + 4, ∆(G)− 2 ≤ r ≤ ∆(G).

Lemma 3.7. The lower bound of r - Dynamic Chromatic number of Central graph of Open Triangular Ladder Graph
C(OTLn) is,

χrC(OTLn) ≥
{

∆(G) + 1, 2 ≤ r ≤ ∆(G)− 3
r + 4, ∆(G)− 2 ≤ r ≤ ∆(G).

Proof. The vertex and edge set of Central graph of Open Triangular Ladder graph is represented as follows,

V (C(OTLn)) = {ui : 1 ≤ i ≤ n} ∪ {vi : 1 ≤ i ≤ n} ∪ {ai : 1 ≤ i ≤ n− 1} ∪ {bi : 1 ≤ i ≤ n− 1}

∪{di : 1 ≤ i ≤ n− 2} ∪ {ei : 1 ≤ i ≤ n− 1}
E(C(OTLn)) = {u1v1, unvn, uiuj , uivj , vivj : 1 ≤ i ≤ n, i + 2 ≤ j ≤ n} ∪ {viuj : 1 ≤ i ≤ n, i + 1 ≤ j ≤ n}

{uiaj , vibj : 1 ≤ i ≤ n, j = i− 1, i} ∪ {uidj , vidj : 2 ≤ i ≤ n− 2, 1 ≤ j ≤ n− 2}
∪{uiei, viei−1 : 1 ≤ i ≤ n}

The proof follows the same as lemma 3.1

Theorem 3.8. The r - dynamic Chromatic number of Central graph of Open Triangular Ladder Graph C(OTLn) is,

χrC(OTLn) =

{
∆(G) + 1, 2 ≤ r ≤ ∆(G)− 3
r + 4, ∆(G)− 2 ≤ r ≤ ∆(G).

Proof. The cardinality of the vertex set and the edge set of the Central graph of Open Triangular Ladder Graph is 6n− 5 and
(∆(G)× (n+ 1)) + l, where l = {2, 4, 6, . . .} respectively. The Adjacency matrix is of order (6n− 5)× (6n− 5) . Let us
consider the first row of the adjacency matrix which corresponds to the vertex u1 which comprises of 6n− 5 columns.

ccccccccccccc

c(cccccccccccc) u1u2 · · ·unv1v2 · · · vna1a2 · · · an−1
00 · · · 110 · · · 110 · · · 0
u1b1b2 · · · bn−1d1d2 · · · dne1e2 · · · en+k

00 · · · 000 · · · 010 · · · 0

From the adjacency matrix we derive the neighbourhood set of each and every vertices such as

N(u1) = {a1, e1, u3, u4, . . . , un, v1, v3, v4, . . . , vn}
N(u2) = {a1, a2, d1, e2, u4, u5, . . . , un, v1, v4, v5, . . . , vn}

...
N(un) = {an−1, u1, u2, . . . , un−2, v1, v2, . . . , vn−1}

N(v1) = {b1, u1, u2, u3, . . . , un, v3, v4, . . . , vn}
N(v2) = {b1, b2, d1, e1, u3, u4, . . . , un, v4, v5, . . . , vn}

...
N(vn) = {bn−1, en−1, u1, u2, . . . , un−2, v1, v2, . . . , vn−2}
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N(a1) = u1, u2 N(b1) = v1, v2

N(a2) = u2, u3 N(b2) = v2, v3
...

...
N(an−1) = un−1, un N(bn−1) = vn−1, vn

N(e1) = {u1, v2} N(d1) = {u2, v2}
N(e2) = {u2, v3} N(d2) = {u3, v3}

...
...

N(en−1) = {un−1, vn} N(dn−2) = {un−1, vn−1}
When 2 ≤ r ≤ ∆(G)− 3

In order to obtain a proper r - dynamic coloring the mapping is taken from the color set to the vertex set ofC(OTLn).
Consider the mapping f1,
f1 : V (C(OTLn)) 7→ {1, 2, . . . ,∆(G) + 1}

f1(ui) =


1, when i = 1
4, when i = n

5, 7, 9, . . . ,∆(G) otherwise.

, f1(vi) =


2, when i = 1
3, when i = n

6, 8, 10, . . . ,∆(G) + 1 otherwise.

f1(di) =

{
1, when i = 1
5, 7, 9, . . . , otherwise.

Since each di has only two neighbours ui, vi the color of ui is applied to the vertex di except the color 3 because the
color is applied to the vertex vn.

f1(ai, bi, ei) =



4, when i = 1
3, when i = 2
2, when i = 3
1, when i = 4
i, for i ≥ 5

A special case exist for n = 4 since order of the vertex set is only three and so they are colored with 3, 2, 1.
Thus the color assigned using the above mentioned mapping yields ∆(G)+1 independent color classes namely C1, C2, . . . C∆(G)+1.

C1 = {u1, a4, b4, d2}

C2 = {v1, a3, b3}

C3 = {vn, a2, b2, en+k}

...

C∆(G)+1 = {vn−1, d1, en+k−2}

By correlating the vertices in the coloring set with the neighbourhood set we can observe that every vertex have r or r+1
variant colors of adjacent vertices. When r ≥ ∆(G)− 2

The coloring of the vertices ui and vi remains the same. According to the r - adjacency new colors are included to meet
out the condition of r - dynamic coloring. When r = ∆(G)− 2, the vertices of ei , r = ∆(G)− 1, the odd vertices of ai, bi
and when r = ∆, the even vertices are colored with the color r + 4.

Thus the color assigned using the above mentioned mapping yields r+4 independent color classes namely C1, C2, . . . Cr+4.

C1 = {u1, d1}

C2 = {un}

C3 = {vn}

...

Cr+4 = {a2, a4, . . . , an−2, b2, b4, . . . , bn−2}
By correlating the vertices in the coloring set with the neighbourhood set we can observe that every vertex have r or r+1

variant colors of adjacent vertices. It can be observed that Case 1 and Case 2 deals with the upper bound,

χrC(OTLn) ≤
{

∆(G) + 1, 2 ≤ r ≤ ∆(G)− 3
r + 4, ∆(G)− 2 ≤ r ≤ ∆(G).

The lower bound has been discussed through the lemma 3.7 which leads to acqiure the

χrC(OTLn) =

{
∆(G) + 1, 2 ≤ r ≤ ∆(G)− 3
r + 4, ∆(G)− 2 ≤ r ≤ ∆(G).

Lemma 3.9. The lower bound of r - Dynamic Chromatic number of Central graph of Slanting Ladder Graph C(SLn) is,

χrC(SLn) ≥


∆(G) + 1, 2 ≤ r ≤ ∆(G)− 3
∆(G) + 3, r = ∆(G)− 2,∆(G)− 1
r + 4, r = ∆(G).
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Proof. The vertex and edge set of Central graph of Slanting Ladder graph is represented as follows,

V (C(SLn)) = {ui : 1 ≤ i ≤ n} ∪ {vi : 1 ≤ i ≤ n} ∪ {ai : 1 ≤ i ≤ n− 1} ∪ {bi : 1 ≤ i ≤ n− 1}

∪{di : 1 ≤ i ≤ n− 1}
E(C(SLn)) = {uiuj , uivj , vivj : 1 ≤ i ≤ n, i + 2 ≤ j ≤ n} ∪ {viuj : 1 ≤ i ≤ n, i + 1 ≤ j ≤ n}

∪{uivi : 1 ≤ i ≤ n} ∪ {uiaj , vibj : 1 ≤ i ≤ n, j = i− 1, i}
∪{uidj , vidj : 2 ≤ i ≤ n− 2, 1 ≤ j ≤ n− 2}

When 2 ≤ r ≤ ∆(G)− 3
Let us consider C(SL4), here the maximun degree is seven and according to the statement we need at least a minimum

of eight colors. Suppose if we use seven colors, color the first and last vertices of ui, vi as 1, 2, 3, 4 and the rest of the vertices
as 5, 6, 7, 5 it can be seen that the vertex d2 has only one color 5 in its neighbours which is a contradiction. Hence, a minimum
of ∆(G) + 1 colors are required. When r = ∆(G)− 2,∆(G)− 1

Considering the same example, to complete the r - adjacency we color the vertices of ai, bi with new colors. Suppose if
not we can see that the vertex u2 has two neighbours with color 2, 3 respectively and the r - adjacency only upto 4 has been
obtained which is a contradiction. Hence, a minimum of ∆(G) + 3 colors are required. When r = ∆(G)

Considering the same example, to complete the r - adjacency we color the vertices of di with new colors. Suppose if not
we can see that the vertices ui has two neighbours with same color and the r - adjacency has not been obtained which is a
contradiction. Hence, a minimum of r + 4 colors are required.

Theorem 3.10. The r - dynamic Chromatic number of Central graph of Slanting Ladder Graph C(SLn) is,

χrC(SLn) =


∆(G) + 1, 2 ≤ r ≤ ∆(G)− 3
∆(G) + 3, r = ∆(G)− 2,∆(G)− 1
r + 4, r = ∆(G).

Proof. The cardinality of the vertex set and the edge set of the Central graph of Slanting Ladder Graph is 5n − 3 and
(∆(G)× (n + 1)) respectively. The Adjacency matrix is of order (5n− 3)× (5n− 3) . Let us consider the first row of the
adjacency matrix which corresponds to the vertex u1 which comprises of 5n− 3 columns.

ccccccccccccc

c(cccccccccccc) u1u2 · · ·unv1v2 · · · vna1a2 · · · an−1
00 · · · 110 · · · 110 · · · 0
u1b1b2 · · · bn−1d1d2 · · · dn
00 · · · 010 · · · 0

From the adjacency matrix we derive the neighbourhood set of each and every vertices such as

N(u1) = {a1, d1, u3, u4, . . . , un, v1, v3, . . . , vn}
N(u2) = {a1, a2, d2, u4, u5, . . . , un, v1, v2, v4, v5, . . . , vn}

...
N(un) = {an−1, u1, u2, . . . , un−2, v1, v2, . . . , vn}

N(v1) = {b1, v3, v4, . . . , vn, u1, u2, . . . , un}
N(v2) = {b1, b2, d1, v4, v5, . . . , vn, u2, u3, . . . , un}

...
N(vn) = {bn−1, dn−1, v1, v2, . . . , vn−2, u1, u2, . . . , un−2, un}

N(a1) = u1, u2 N(b1) = v1, v2 N(d1) = {u1, v2}
N(a2) = u2, u3 N(b2) = v2, v3 N(d2) = {u2, v3}

...
...

...
N(an−1) = un−1, un N(bn−1) = vn−1, vn N(dn−1) = {un−1, vn}

When 2 ≤ r ≤ ∆(G)− 3
In order to obtain a proper r - dynamic coloring the mapping is taken from the color set to the vertex set of C(SLn).

Consider the mapping f1,
f1 : V (C(SLn)) 7→ 1, 2, . . . ,∆(G) + 1

f1(ui) =

{
1, 4, when i = 1, n
5, 7, 9, . . . otherwise.

, f1(vi) =

{
2, 3, when i = 1, n
6, 8, 10, . . . otherwise.

f1(ai, bi, di) =



4, when i = 1
3, when i = 2
2, when i = 3
1, when i = 4
i, fori ≥ 5

A special case exist for n = 4 as there is only three vertices of ai, bi, di exist and so the vertices are colored with the
color 3, 2, 1.
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Thus the color assigned using the above mentioned mapping yields ∆(G)+1 independent color classes namely C1, C2, . . . C∆(G)+1.

C1 = {u1, a4, b4, d4}

C2 = {v1, a3, b3, d3}

C3 = {vn, a2, b2, d2}

...

C∆(G)+1 = {vn−1}

By correlating the vertices in the coloring set with the neighbourhood set we can observe that every vertex have r or r+1
variant colors of adjacent vertices. When r = ∆(G)− 2,∆(G)− 1

The coloring of all the vertices except the vertices a′is, b
′
is remains the same.

f1(ui, vi, di) = f2(ui, vi, di)

f2(ai, bi) =

{
∆(G) + 2, when i is odd

∆(G) + 3, when i is even

Thus the color assigned using the above mentioned mapping yields ∆(G)+3 independent color classes namely C1, C2, . . . C∆(G)+3.

C1 = {u1}

C2 = {v1}

C3 = {vn}

...

C∆(G)+3 = {a2, a4, . . . , an−2, b2, b4, . . . , bn−2}

By correlating the vertices in the coloring set with the neighbourhood set we can observe that every vertex have r or r+1
variant colors of adjacent vertices. When r = ∆(G)

Atlast to obtain the r - adjacency equal to ∆(G) only the vertices of di are recolored with the color r + 4.
Thus the color assigned using the above mentioned mapping yields r+4 independent color classes namely C1, C2, . . . Cr+4.

C1 = {u1}

C2 = {v1}

C3 = {vn}

...

Cr+4 = {d1, d2, . . . , dn−1}

By correlating the vertices in the coloring set with the neighbourhood set we can observe that every vertex have r or r+1
variant colors of adjacent vertices.

4 Conclusion Remarks
This paper presents a explorative study of the r - dynamic graph coloring problem, with a specific focus on the central

graph of Ladder graph families. Our work is on types of ladder graphs, including the Diagonal Ladder Graph, Open Diagonal
Ladder Graph, Triangular Ladder Graph, Open Triangular Ladder Graph, and Slanting Ladder Graph. We establish lower
bounds using the coloring conditions and determined the exact r - dynamic chromatic number for these ladder graph families
using color set and neighbourhood set. The significance of our study lies in the fact that the research on the r - dynamic
chromatic number of ladder graph families and product ladder graph families is relatively limited within the existing literature.
Therefore, by pursuing these research directions, we make a notable contribution to the field of graph theory.
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