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Abstract Recently, we have considered inverse applications of the generalized Littlewood
theorem about integrals of the logarithm of analytic functions, and using it proved and re-
proved a number of transformation and n-tuple product rules for different elliptic functions.
Here we continue this approach, and apply it to the g-gamma function I'j(z). Among others,
we prove (or reprove) a few n-tuple rules expressing I'y(nz) via the products of I'yn (z + %)

or I'y (z + % + %) where 7 = —]2niqi, and present systematic relations between the product

I',(2)T'y(1 — z) and elliptic theta-functions.

1 Introduction

The g-gamma function I';(z) was introduced by rev. Jackson at the beginning of the XX-th
century [1], and nowadays it is a well-known important g-analogue of the usual gamma function
I'(z). For real positive 0 < g < 1, it is defined as (see e.g., [1, 2, 3, 4, 5] for the main definitions
and properties of this function and other related g-functions):

- O l_qk+1
Fo(z) =(1—q) "~ T (1.1)
k=0
o0
In the terminology of g-series, H(l — x¢’) can be written as (x;q), provided that this limit
=0

exists, we have [, (2) = (1 — Q)liz((fi.q)-

Immediately from the definition it is clear that this function has no zeroes and has simple
. 27il .
poles at the points z;,; = —k + o where, unless specifically stated to the contrary, here and
q
below in this paper, k,[ are non-negative integers. The writing In z always implies the main
branch of the logarithm function.

Correspondingly, F;l(z) is an entire function having simple zeroes at the aforementioned
z,1- This regularity of zeroes location makes this function quite resembling the elliptic theta-
functions, or Weiersstrass sigma-function, and, in particular, enables to establish a few n-tuple
product rules, some of which are well known, see e.g. [3]. In this paper we study this question

systematically and, in particular, present a couple of apparently new n-tuple product rules.

2 n-tuple product rules

Our main ingredient is the following simple Lemma which recently have been applied to elliptic
functions [6, 7].

Lemma 2.1. Let C' denote the rectangle bounded by the lines x = X, = X5, y = Y1, y = Y3,
where z = x + iy, v and y real, X| < X,, Y1 < Ya. Let the functions f(z) and g(z) be analytic
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and meromorphic on the complex plane, and let for some integer n there exist a sequence of
contours C; tending to infinity, that is X| and Y] tend to minus infinity while X, and Y, tend to

plus infinity, such that
/ In f(z nfz) g / Ing(z
c, (z—a n+l Z_an+l

tend to zero. Here a is an arbitrary complex number not coinciding with any zero or pole of the
functions f(z) and g(z). Let also the poles and zeroes of these functions, taking into account
their multiplicities, coincide. Then

dar dar
—In =
dzm
Here we do not discuss the connection of this Lemma with the generalized Littlewood theo-
rem about the contour integrals of analytic functions (for this Theorem and its applications see

e.g. [8, 9, 10]), this material and easy proof of the Lemma can be found in [6].
To begin with, recall, see e.g. [2]:

d 1—¢q Ing
- InT, (1+ fyq—i—Z(l_qk q_(z%)_l), 2.1
where
. 1-¢ 1-¢ 1—q"
vq:nlggo 1+1—q+l—q+'"+l—q —Inn |, 2.2)
and the functional equation
1 —¢?
T,(z41)= li_qqrq(z). 2.3)
Thus for small z |
—q
r =— 1 24
/&) = a0 2.4
and
1—
Fq(z)rq(l—z)z—zln;]+0(l). 2.5)
Also,

1fq—|—qklnq

g (2.6)

d
$lnr( + 2)|am0 = ’yqz

Our first aim is the proof of the following known Proposition, see [3]:

Proposition 2.2. For real 0 < g < 1 and n =2,3,4,..., we have:

1—qgn nz—1n—1
Fq(nz):C’<l_qq> Hn( ) 2.7)

7=0

with
n—1 .
=TT (J) . 2.8)
n
j=1

Proof. First, repeating the easily anticipated hint of rev. Jackson [1], we introduce the “exponent
free” modified functions

~ 1—
Ly(2) == (1 - q)* " 'Ty( H 1_;’k+z 2.9)

. . . . k 27l k  2mil
The entire function I'; !(nz) has simple zeroes at the points z = —— =+ LA ki
4 n  nlng n  Ingm

again k,[ are non-negative integers, from which it immediately follows that this function and
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n—1 .
the entire function H Fqi} (z + i) have the same simple zeroes. The same is valid for the
j=0
n—1 .
functions f;l(nz) and H f;nl (z + i) Thus we can apply our Lemma 2.1 with certain n,
3=0
and to determine the value of this n we need to know the asymptotic of the g-gamma function at
large |z|, or order of this function. For large by module and negative Re(z), from the definition
we see that the order of magnitude of InT,(2) is O(C|z|*) with some constant C' (asymptotic for
Re(z) > 0 is smaller and well established in Moak’s paper [11]), so that the integrals

In'y(2) InT,(z)
/Ci(za) dz — 0, /Ci(za) dz —0

for n > 3. Thus,

Fy(n2) = Clg,m) exp(Ci (g, ) + Calg, Hr ( )

To show that exponential factor in the right hand side here is identically 1, we use Moak’s
asymptotic of the g-gamma function for real positive Re(z) tending to plus infinity, see Theorem
2 in [11]. (This is not cyclic: Moak’s proof does not use any kind of the n-tuple rules). WE
prioritize the first term:

InI'y(z) ~ (2 —1/2)In

(2),
that is, even more roughly,
InT'y(z) ~ —zIn(1 — q) + o(2).

We have with o(z) precision:
InT'y(nz) ~ —nzIn(1 — q)

and

lnrqn (Z + J) ~ _Zln(l — qn),
n

that is

InT'y(nz) = o(z)

and similarly
In quL(Z) =o(z),

from what C}(¢,n) = 0 as well as C>(q,n) = 0 immediately follow. Returning to the ¢g-gamma
functions, we have that I';(nz) is equal to :

Cn,q)(1—q)' "™ (1—¢")* (1—q")" = (1—g")" 7~ (1—¢") 1H1n< >

which is equal to

ot (28 v (-+).

(Constants C' and Cly,oq are different). Comparing the values when z tends to zero using (2.4),
we get:

]_q n” 1
- C Fn
nzlng moa(n nzlan (Z+ >

hence finally we obtain the “standard form” (2.7). O
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Remark 2.3. Remind that the Stirling asymptotic formula InT'(z) = zInz — z + o(z) contains
also the O(z1n z) term lacking in the asymptotic of the g-gamma function. Thus InI'(nz) =
nzlnz — nz + nzlnn + o(z) , which explains the origin of the e~"#!"" exponential term in
n—1

k
[ITGE+=) =)
k=0 "

n

T pie n? nnP(nz) [5].

Remark 2.4. Actually, rev. Jackson [1] showed that the ratio

n—I1

o(z): = fq(lm) g Iy (z + i)

1— qk-‘rnz

- kl:[()f(q’ k) (1 _ anJrnz)(l _ anJranrl) (1 _ anJranr(nfl))7
where the function f(q, k) does not depend on z, is not only (evidently) 12:; -periodic but also
1-periodic. The latter can be seen as follows. If we consider the function ¢(z + 1), we observe
that in comparison with the function ¢(z), in the nominator we miss the product (1 — ¢"#)(1 —
¢ t1)...(1 — ¢"**(»=1) _ and this is exactly the factor which becomes missing also in the de-
nominator (it corresponds to the case k = 0 there), that is ¢(z + 1) = (z). Thus this function,

. Tz + 1) L . . . .

i.e. the ratio H ﬁ, is a double-periodic analytic function and, having no poles, it is a
o Dgn(nz

constant. !

The proof via manipulation of the g-series (more precisely, the statement that the proof is “the
same as given for I'2 (22)T2(1/2) = T2 (2)T 2 (z 4+ 1/2)(1 + ¢)** ™1} in the author’s opinion,
however, this is quite difficult to pass in this way) can be found in [2].

Applying (2.1) to the logarithmical derivative of (2.7) with the notation ¥, (z) =

we obtain

dInly(z)
dz ’

1—q+4~ n—1
—nvq—l—nz T lnq—( 5 >lnq

n—1 . %) k
_ J 1 —q" 1 —q"+ng""Ing
—Z‘Pq” <n)+”ln <1_q>w2 1—ghn ~

k=1

1

When ¢ — 1—, the sums over & tend to zero and nIn ( T q;') tends to nlnn so that the Gauss

identity for the digamma function [5]

§‘P (i) = —n(y+1Inn)

is retrieved.

Next we, being inspired by the corresponding n-tuple rule for the first elliptic theta-functions
[6], prove the following Theorem.

Theorem 2.5. For all integer n = 2,3,4..., and real 0 < q < 1 the following n-tuple product
rule holds:

n—1n—1 .
I gr
r — _ g)(n*—n)z — — .
,(nz) = C(1—q) II Hrq (z—i—n—l— n) (2.10)
1=0 j=0
with | |
_ i I g7
1 _ 2oyt
c'=n]] H rq(n+n). (2.11)
1=0 =0
[2]+15]#0
Here 7 = —@.
Inq
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Proof. In a close analogy with the first theta-function [6], this is straightforward to see that the

n—1ln—1

!
functions I';(nz) and double product H H Iy (z + =+ ) both have no zeroes and the
1=0 j=0

same simple poles lying at zj,, = —% «+ 24 The same is valid for the “exponent-free”

n—1n—1

l .

modified functions, see (2.9), Fq (nz) and H H I, (z + -+ > Thus Lemma 2.1 gives

1=0 j=0

n—ln—1 .
~ ~ l
Fq(nz) = C’exp(Clz + 0222) | I I | Fq (Z+ -+ ‘77—) .

The exponent in the right hand side here is identically one as can be shown by the same approach
as above implying the Moak’s asymptotic [11]: for large real positive Re(z), InT'y(nz) ~ o(z)
and InTy(z + L + 2Z™) ~ o(2). Thus we have for the g-gamma functions:

n—1n—1 n—1n—1
Ey(02) = Clna)t -0 [T [0 - =55 LT (54 5+ 20).

1=0 j=0 1=0 j=0
ie. -
n—1ln— T
FQ(nz) = Cimod(n,¢)(1 — q H HF <Z+ + J >
1=0 j=0

(constants C' and Ci,oq are different), and equating the values when z tends to zero, we get
2.11). O

Now remind one more Theorem from [7], viz. the Theorem 1 there. We noted that the

n—1
functions 0;(z | 7) and H 0,(z + krt | nT) are both entire and have the same zeroes which
k=0

leads to the n-tuple product rule relating them. The same is valid for the functions I'y(z) and
n—1 n—1 .

2mik ~ 2mik
H LCyim(z + ﬁ) as well as for the modified functions I, (z) and H LCpm(z+ ;Zq ). And
k=0 k=0

again, Moak’s asymptotic excludes the exponential factors in

n—1

- - ik
[,(2) = Cexp(Cyz + Cr2%) H Ly (z + 1?(] ) .

Thus we have

n—1
2mik

v ik
Ty(z) = C(1—q)'~* [[(1 = )" 5 'L, (z+ - )

n
k=0 q

and, finally

n—1 .
~ s 2mik
Ty(2) = C(1 =)= T[ Tyn <z+ mq).

k=0

At zero, we have in the leading O(1/z) term:

1-q =~ 1—g'/n" ik
_ = On—2 TIr.,. (222
zlngq Cn zlngq IE a"/ Ingq

~ 1—q¢'/n o] ik
1
= —_— r n e .
¢ S ,I[lql/(hl()

so that

Thus we have proven the following Theorem.
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Theorem 2.6. For all integer n = 2,3,4, ... and real 0 < q < 1, the following equation holds:

n—1 .
~ 2mik
_ n—1)z
Ty(2) = C(1 — )" V= T] Tpum (z+ Ing ) , (2.12)
k=0
with |
~ 1 — ¢/ H 2mik
1 - - 1/n - . .
Cl=n —, grq/ (mq) (2.13)

To finish this Section, for completeness let us present two more elementary “transformation
rules”. For ¢ > 1, the ¢g-gamma function is defined as [2]

- —1) /2 1 — g~ (D)
n= ()

It certainly has the same simple poles as I'; /,(z) function (and both have no zeroes), but already

in the definition the factor exp(Cz?), viz. qzz/ 2, is present — and this leads to qualitatively

different asymptotic. Finally, we obtain I'; /,(2) = ¢~ = I',(z), see e.g. again Moak’s

paper [11].

Next we note that simple poles of sinh(zIng/2)I";(z) and I';(z + 1) are the same. We might
use the generalized Littlewood theorem to deal with this circumstance and move further, but the
relation between the aforementioned functions is established by elementary means. From

l1—g¢
Le(z+1) = l_qrq(z)

and
1—¢* = ¢*2(¢*/* = ¢*/*) = —2¢*/%sinh(z1n ¢/2),

it trivially follows that

2 . In
Ly(z+1) = —1—_(1(12/2 sinh (z2q> I,(z).

Further, from

1— qz+1

Ly(z+1),

we get

Fq(z +2)=

4 1 1)1
i )zqz/Zqz/ZJrl/Z sinh (Z;q) sinh <(Z+2>nq> T,(2),

and so forth:

Ly(z4+n)= quzﬂ n(n=1)/ (H sinh (

lnq>> I,(2). (2.15)

(I—q
Putting here (2.4), we have forn =2,3.4, ...
2n71(_1)n71 n(n—1)/4 . 1 : n—1
Ly(n) = Wg sinh (2 lnq> ...sinh < 3 lnq> . (2.16)

3 Representation of I, (z) via double gamma-function

Let us now demonstrate the representation of the g-gamma function via the double Gamma
function, see [12, 13, 14] for the properties of the latter. Double Gamma function may be defined

as )
G(Z;T) = 24+8(7 27— H H e_m+<mT+ﬂ,)z’
mT +n

m>0n>0
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and it is an analytic function if 7 € C/(—00,0]. Alternatively, one can use the “symmetric
version”, see e.g. Proposition 8.3 in Spreafico paper [14],

22

1 7;4‘,
Fz(z | a, b) ea a,b)z +3(a,b) & H H e @mibn " (amtbn)? ,
z am + bn

m>0n>0

and here we will follow this; definitions of «, g also can be found in [13, 14]. For us only
I'>(z | 1,b) with purely imaginary b is sufficient, so that the difference between the definitions is
minimal.

We have the following theorem (despite the widespread claim of the close connection be-
tween g-gamma function and double gamma function, the author was unable to find exact rela-
tion of this type in the literature).

Theorem 3.1. For real 0 < q < I, we have

(1-¢)' T, (zl 1512£”>F2 (Z | 1’_1277@

Ly(z) = . (3.1
! In(1/q)T(2)

Proof. From the definition, it immediately follows that the double gamma function I';(z |
) ﬁf{;) has no zeroes and has simple poles at z,; = —k + Zl;rjll where k, [ are non-negative
integers. The function I2(z | 1, 12;”) has no zeroes and has simple poles at z;,; = —k — 2”” , and
the product [ (= | 1, 3E)Ta(z | 1, —lzni;) has no zeroes and simple poles at z;,; = —k & 21:” for
[ # 0, and has double poles at z;; = —k. The latter can be converted into single poles by division
on the gamma function I'(z), and we see that the functions I';(z | 1, fni;)l“z(z | 1, —ﬁli;)/l"(z)

and T';(z) have the same simple poles and (no) zeroes. Thus the inverse application of the
generalized Littlewood theorem to them would be possible provided we know the asymptotic
of the logarithms of these functions at large |z|. For the double gamma-function, we have by
Proposition 8.11 in [14]:

2ab
1 1 fa b 3, 1/1 1
—<4+12<b+a)>lnz+4abz—2<a+b>2+0(1)

1
InTL(2 | 1,b) + InTy(2 | 1,-b) ~ zlnz — ElanrO(l).

Inly(2 | a,b) ~— Lzzlnz—l- ; (1 + ) zlnz
a

Thus

(Spreafico works under the condition that Rea, Reb > 0 but this asymptotic holds for our case
as well). Thus we use n = 3 in the conditions of our Lemma 2.1. Then we need also the
aforementioned Moak’s asymptotic [11] InI'y(z) ~ —zIn(1l — ¢), and classic Stirling’s result
InI'(z) ~ (z = 1/2)Inz — z 4+ O(1). Thus for the relation

2mi

27
[,(2) = Cexp(Cz + 22°)T (z | 1, lnq> I, (z \ 17_lnq> /T(2),

we immediately get C; = 0 and C; = —In(1 — ¢) whence

T,(z) = C(1 - q) T, <z 1, 1211”;) I, <z 1, 12:;) JT(z).

Coefficient C' is determined comparing asymptotic at z tending to zero. From the definition we
have I';(z | a,b) = L + O(1) thus 1 = —Clln;; and (3.1) follows. i

4 Representation of I';(2)I'y (1 — z) via elliptic theta-functions

The product I'; '(2)I';'(1 — 2) is an entire function having simple zeroes at z = +k + 2];“—21.

Thus, it has exactly the same zeroes and (no) poles as the elliptic theta function 6, (72 | 7) with

po 2w 4.1)
Ing
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For the definition and discussion of the main properties of theta-functions, see e.g. [15, 16, 17];

see also [6, 7]. Note, that the formula (4.1) is different from the standard relation between ¢ and

7 in the theory of elliptic theta-functions, which is ¢ = e'™. We believe that this cannot lead to

confusion because in the paper we will not use the g-representation of the elliptic theta-functions.
The following Theorem holds.

Theorem 4.1. For real 0 < q < | and with T = — 22

“ing
O (=2 = o (-5F4-5) e
or
T, ()0 (1-2) = 't 720, (—izmq | —“nq>; (4.3)
T30 (5 | ) R
and
()0 (1= 2) = In(l/a) =7y, <m—2m>, (4.4)
m(1—q)01(0 | —5%2) Ing
or
()0 (1 - 2) = 't =ty <m—2m>. 4.5)
2 (06(0] -2) ing

Proof. Let us first try a standard “brute force” approach. Given the aforementioned asymptotic
of the g-gamma function and that of the theta-function for large |z|, see [6], we have from Lemma
2.1: [T,(2)T,(1 = 2)] 7! = Cexp(Cr2® + C12)01 (72 | 7), that is

[Tq(2)Tg(1 — 2)z 7! = Cexp(Cr2® + C12)0, (2 | 7)) 2. (4.6)

Unfortunately, z-periods of the product of g-gamma functions and 6, (7= | 7) are incommensu-
rable (see below), so that we have no other option than to analyze the Taylor expressions of the
logarithms of both sides of eq. (4.6) to find the exponential factor. We know

In[0; (72 | 7)/(w207(0 | T) Z 52J )s 4.7)
where
o0 o0 1
IMIHHI#O

the order of summation is important for j = 1 [15]. We establish the Taylor expansion of the
Lh.s exploiting the relations (2.3), (2.4) supplemented with the elementary
1 2
In(1 —¢*) =Inz + In(— lnq)—i—zzlnq—l—ﬂln q+0(h). 4.9)

We have first, from (2.1) by differentiation

d? 2 o
wlnl"q(l +2)]:=0 = In q; =g
and also
In(2y(2)Iy(1 —2)) =lnz+In(T,(1+ 2)I((1 —2)) +1n 11_ qqz
=1Inz+In(1 —¢) —In(1 —qz)+221n2q2(1_q}€qk)2
k=1

=In(1 —¢) —In(In(1/g)) — h%qz +271In g (Z (l_ql;k)z - 214>
k=1

+0(2Y).
(4.10)
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Equating the Taylor coefficients of logarithms in the both sides of (4.6), we get

In(1 —g) +In(In(1/9)) = InC + In(x0} (0| 7)), 3Ing=Cx,

> 1 5
—In? q(; l—q 2 24> Cz+2

therefore n(1/q)
n(l/q
C = , “4.11)
(1 —q)m0;(0]7)
and
0 2 = qk 1
= =1 —_— 4.12
Cr=> “q<;(1_qk)z 1) (4.12)
so that

| In(1/q)q*"?
L0 (1 - 2) = (l_q)ﬂgf(oq\ —27i/Ingq)

. exp(C22)0; (nz | —2mi/Ing).

As we see, these formulae do not look easy to use (how to calculate explicitly the value of
C,? — but see below), so we prefer a different approach. From the definition we have

LEE0 -2 = (-0 [ st
n=0

and this function is clearly - 27” -perlodlc (i.e. 7 - and hence also 27-periodic) in z . At the same

time, the function 0; (7z | 7—) is 2 periodic, and this already mentioned above incommensurability
of the periods complicates the situation. To make it easier, it is convenient to consider, being
inspired by the first fundamental modular transformation of the theta-functions [15, 16, 17, 6],
the transformed function 6, (rz/7 | —1/7). It has the same zeroes as 6 (72 | 7) but is 27-periodic
in z. This helps us to answer the question concerning the coefficient C, in the formula

Cq(2)g(1 — z)]*1 = Cexp(Cr2? + 012)01(7%2 | ,%)

(this one we can immediately write): only C; = 0 is compatible with the aforementioned 27-
periodicity in z of both sides; cf. similar reasoning in [6, 7].

To find C| and C we again use the same Taylor expansions of the logarithms of the functions
involved, eq. (4.10), and obtain

Tlng
71— )00 —1/7)"

Ly, (1 -] = Po (),

that is
4.13)

4 2 =/29 (_izlnq ilng

O (12 = e

q

Now we explicitly use the first transformation rule [15]

imz?
Oi(z|7)= —i(—i7)71/2 exp <—T> O(—z/7 | —1/7),

that is .
01(—2/7 | —1/r) = i(—ir) " exp (”) 01| ),
T

to write

2 .
1 _1 z2Ing\ ., 2mi
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This determines the coefficient C, in (4.6): C, = —l"Tq , and also explicitly determines the

coefficient C' there. But to find the latter, actually this is easier to proceed by directly equating
expressions in both sides of (4.6) at z = 0: —z =% h‘q = C7z0,(0 | 7), thus

1 1 . ln(l/q) z%zz _@
O 1= 2) = e ey a ™ O (m mq).

Ing

Certainly, other than z = 0 values can be used to find the value of the constant C'. For
example, we can use z = 1/2 in (4.14) and get

(1 ilng ilng
r 2 (= _ 1/49 _ _
! <2) Ca 0 7 7 )

thus
_ S (1N  _ i1n iln
C:q 1/41—*12<2>911(_ 4q‘_ 27TQ)
and
1/4 izlng ilng
L (1 2) = d oo (<551,
q q iln 7ln
7 (3) 0, (_Tq | —T,rq) 2 2m
Also
T2(1/2) = Cexp — B4 g1/ag, (T | 2
q - p ] q 1 D) 1nq )
thus
_ _ A 21
C=T,2(1/2)¢ /%0, (2 lnq>
and
F_l( )F_l(l ) q—l/S Z;zze ‘ 27
. (2, —2) = —q 2 1<7rz —).
r3(3)6, (01 -%) Ing
(Weused 0 (5| 7) =62(0]7)). O

Note that in a few cases, the values of the I'2(1/2) are known [18], as, for example,

677‘“—/8‘ /6277—1

2 —

Let us discuss some corollaries of this Theorem.

Corollary 4.2. For real 0 < q < 1 and with T = _lzﬂ
ng
2 - q* 1
5 () =21n’ ¢ ;m 53 ) ~Ina (4.15)

Proof. During the proof of the previous theorem, we have established
%3 > q* 1 Ing
2= <Z —ghE 24) M= 77

k=1

For example, for 6, (i) = m [15], we get
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Or we can rewrite

1 & 1 1
52(T)=—1nq+1n2q< .—>,
2 Z:l sinh?(klng/2) 12

where we used

8

; (1—¢*) Z k/z qk/?)? ‘lzsmh2 (klng/2)’

k=1
and hence
i S SR S
prt sinh?(7k) 6 271

which is the Liang equality [19].
A number of other equalities for similar sums over powers of inverse hyperbolic functions
are known, see [19, 20] and references therein. In particular,

i I S B R 7S
P sinh?(v3rk) 6 6m 8

where s
G
and
f: _1 V3 3
! sinh? (wk/f) 6 2 8
where

vy = [3556(2'/\@)]1/3,

for the definition of d6(7) see eq. (4.8). Similarly, for ¢ = ez‘ﬁ”, thatis 7 =i/ V3, the following
not-without-the-interest relations between d, and d¢ can be obtained:

5 (i/V3) =2mv3 + 127 (1 _Y3 3w 1) ,

12 1270 1672 12

5 (z/\/g) =27V3 - V3 + %v%

and 9 23
5 (i/\/§) -2 [3556 (i/ﬂ)] = V3.
Also . B 472 [ 1 V3 V1 1
52(2\/5) —27T/\/§+T (12_127r+ 16,2 —12>,
thus
0 (V3) = 2n/V3 ~ 7+—
and

0 (iV3) - é[%éﬁwﬁ)]m = 95;5

For completeness, let us present here one more known related equality [21]:

1 1
—27mn
Eﬁ (o] (’I’L)@ = 72 — 78 .
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Here, as usual, oy (n) = ZZOZI kin k is the sum of positive divisors of n. From the general relation
SI% M — S g, (n)q", where g, (n) = 307, ki k¢ [22], it follows also that

n=1 1—qn»
e ne—ZTrn 1 1 e e—27rn
I E— 4.16
) LTI DD (1= c2mn) (4.16)
n=1 n=1

Remark 4.3. It seems that the above representations of the product I'; ' (z)T', '(1 — z) via the
first theta-functions, albeit their existence looks evident, somehow are not well known. Still their
analogues appeared at certain instances. Cf., for example, Mezo paper [23], where for g > 1 it
is shown that

Fo A1 = 2] = Claa 42004 (5,01 - 29)ma. )

with -
194(2’(1) — Z (_1>nqn e2niz
and
" Loj\ 3
C(Q):qul <l_q ) .
j=1

Moreover, remind [15]

o(2,7) = exp (22252(7)) W

(o, ¢ and g here and below are the corresponding Weierstrass elliptic functions), and write:

. Ing 224 1
L (1= 27! = g™ exp (=302 a(aor)

= - 11n_qq exp (é[((;Z(T) +1Ing)z* —zIn Q]> 7l& )

Logarithmical derivative of this expression is

L In(T, ()T, (1= 2)) = ~C(2,7) + (52(7) +Ing)z + 3 Ing,
and further: )
(L, ()T, (1 - 2)) = (. 7) + 6a(r) + Ing,
3
% In(T, ()T, (1 - 2)) = pa(2.7).

In essence, similar relations have been established already by rev. Jackson [1] - so that his results
actually can be used as a starting point.

4.1 Proof of Gosper’s theorem

Now, mainly to illustrate the utility of the inverse applications of the generalized Littlewood
theorem, we prove the following statement concerning the so-called Gosper’s g-sine and cosine
functions, which he defined, again for real 0 < g < 1 and in the notation of ¢-series, as [24]

s ()@ )
(¢:¢%)

sing (7z) = ¢

and
(072 ) (@ )
(:¢%)

cosy(mz) =¢q
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Gosper showed that

. _ 0i(2p) _ ba(z,p)
sing(z) = 5:(0.p) and cosy(z) = 520.p)"

where Inp - Ing = 2. Thus p = e /Ina and, reminding the relation between 7 and g-(p-)

representation of the elliptical theta functions p = €'™", we write

91(2 | 7')

. _ 92(2 | 7') i
sing(z) = O]

Il S th _
6,00[7) 7T Ting

and cosg(z) =
Then he gave very convincing numerical evidences, but not rigorous proofs, of the relations
sing(2z) = Const(q) sin2(z) cos,2(z) and  cosy(2z) = COSéz(Z) — sinéz(z).

The first of these two was afterwards proven by Mezo in rather lengthy way [25] while the second
apparently rests formally unproven.

Proposition 4.4. For 0 < q < 1, with the definitions given above

26,0 | 7/2)61(0 ] 7) sing (2) cos 2 (2)
001 7)7(0 [ 7/2) "%

sing(2z) = (4.17)
and
cos,(2z2) = COSéz(Z) - sinéz(z). (4.18)

Here T = le

Ing
Proof. As for the first Gosper’s formula sing(2z) = Const(q) sin,(z)cos,(z), in the theta-
function parlance this is 61(2z | 7) = C0;(z | 7/2)62(z | 7/2) which is extremely well known
Landen transformation: for arbitrary 7 with Im7 > 0,

01(z | 7)ba(2 | 7)

01(22’|27’): 94(0‘27) s

see e.g. [15]. It is, of course, a particular case of the relation [6]

0’ n—1
e | (1
01(0 [ 7) [Ix=y O1(km/n | 7) n

together with the relation 6, (z +7/2 | 7) = 62(z | 7/2). Thus for n = 2:

2010 27)01 (2 | 7)02(2 | 7)

01(2z | 27) = 61(0,7)6,(0 | ) 7

and by the way this is also a proof of

200(0(2r) 1
01(0,7)02(0 [ 7)  64(0 ] 27)
Reminding the formula cos,(z) = g%m, we have

20,(0 | 7/2)6;(0 | 7)

sing(2z) = 501700 7/2) sin (z) cos2(z),
" 301 7/2)
050 | 7/2 .
Slnq(ZZ) m Slan(Z) COSqZ(Z),
where 7 = —é—”q. In Mez6’s Theorem 3 [25], the value of the constant is given as C' =
1/t ()i

(¢:4%)%,
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2
e

2

Second Gosper’s formula cos, (2z) = cos,

of theta-functions, it reads

(z) —sin;z (z) requires a bit more efforts. In terms

62z |71) 1
n017) = BT D17/ =0 | 7/2) Bn(z [ 7/2) + sl 7/2).

Let us transform 7 — 27 to handle

0.(2z127) 1 s . o
50120 = a0 OCEID - BEIT) @I + 6] 7).

Let 7 be arbitrary with Imr > 0. We first see that zeroes of 6,(2z | 7) lye at
22=(m+1/24+2n7)7r = 2= (m/2+ 1/4 4+ n7)7,

that is at (k £ 1/4 + n7)m; here k,m,n € Z. Zeroes of the (61(z | 7) —602(z | 7)) (61(= |
7) + 62(z | 7)) are the solutions of equations g;gil:; = +1 (certainly, 2 such that 6,(z | 7) = 0

are not zeroes of the product at hand). From the definitions [15],

01(2,q) =2 (~1)"q" VD sin[(2n +1)2],  0x(z,q) =2 ¢/ cos[(2n + 1)z],
n=0

n=0
it is trivial to see that for any ¢, and hence for any related , z;gﬁm =1and % =—1.

Then the periodicity and quasiperiodicity conditions (translation by 7) [15] immediately show

that in the fundamental parallelogram P we have as the roots of equation g;gj:;

z =n/4and 2z = w/4 + 77 and as the roots of Z;Eim = —1 equation the values z = 37 /4 and
z = 3mw/4 + wr. There are no more roots of these equations in this parallelogram because for
g;gi I:; = a has exactly two roots. Namely, the function ZLEE m is
double-periodic (actually it is a rescaling of the quite known (but not such famous as its sn, cn
and dn analogues) Jacobi function sc(z, q) [15]), and has in the fundamental parallelogram two

simple poles. Thus this statement is the immediate consequence of the argument principle, viz.

the application of the
_ !/
/ (=1 7)/0x(2|7) =d]' ,~_
p 01(z|7)/62(z|T) —a

SUET = 1 lyeat (m 1/4+nr)m whence

coincide with those of 6,(2z | 27). Our Lemma 2.1 is applicable and gives

= 1 the values

any complex a, the equation

We have proven that all zeroes of the equations

02(22 | 27) = Cexp(Ciz + C222) (03 (2 | T) — 07 (2 | 7)).

Exponential factors are excluded by the same reasoning as (almost) always takes place for theta-
function equalities (periodicity condition and impossibility to obtain purely imaginary C value
from the Taylor expansions of logarithms), and the constant C is calculated by comparison at
z=0:

02(0127) 2
0222 | 27) = ———(0 -0 .
222 27) = S 0 | 7) - iz )
This is valid for all 7 with Im7 > 0. Reminding sin,(z) = gl((f)::; and cos,(z) = Z%m , we
get cos,(22) = cosl(z) — sins(2).
O

5 Conclusion

Thus, in the present paper we apply inverse Littlewood theorem concern contour integrals of the
logarithm of an analytic function to the 1-gamma function. A number of n-tuple product rules
and representations of this function were proven. The case how the function I'y(2)[';(1 — z) is
represented via elliptical theta-function is also systematically studied.
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Certainly, other applications of this type can be found. For example numerous transformation
laws for the double gamma-function, as for instance,

(z+1/n;7)
Gnz;n) HG (1 +1/m7)

see [13] can be without difficulties proven by our method, but this lies out of the scope of the
paper.
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