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Abstract. We discuss some aspects of indivisibility by a fixed prime number p of values of
L-functions L(xq, .) associated to the non-trivial character of real quadratic fields Q(+/d) at odd
negative integers. These values are closely related to the orders of certain cohomology groups.
For an even integer i > 2, we use the Cohen-Eisenstein series to show how to prove the existence
of infinitely many real quadratic fields such that L(x4, 1 — i) # 0 mod p and Q(v/d) satisfies
splitting conditions at a finite set of primes.

1 Introduction and Statement of Results

In algebraic number theory, special values of L-functions at integers contain rich arithmetic
information. The first example is Riemann’s zeta function defined by the series

-y =1
n>1 p prime

for R(s) > 1. For a number field K, Dedekind zeta function (x (s) is a generalization of the
Riemann zeta function. By definition,

) =2 <NK/Q -1l NK/Q OI5

where I ranges over non-zero ideals of the ring of integers O, p ranges over prime ideals of
Ok and Nk ,q(I) = [Ok : I] is the norm of I.

Let ry (resp. ) denote the number of real embeddings (resp. the number of complex em-
beddings) of K. The function ( (s) converges absolutely for #(s) > 1 and extends to a mero-
morphic function defined for s € C\ {—1} with only one simple pole at s = 1. Furthermore,
the order of vanishing of (x (s) at s = O is equal r; + 7, — 1 = dimq Ux ® Q, where Uk is the
units group of K. The quantity ¢ (0) := lims_,o Sflff,f),l is the first non-zero term in the Taylor
expansion of (f (s) around 0. It is named the special value of (x (s) at s = 0.

The following well-known analytic class number formula is an illustrated example that the
special values of L-functions contain global arithmetic information:

Gie(0) =~

Wk

where hy is the class number of K, R is the regulator of K and wg is the number of roots of
unity contained in K.

Lichtenbaum’s conjecture [13] is a generalization of the class number formula. It asserts that
there is a relation between special values of (i (s) at negative integers and the orders of certain
cohomology groups. Borel shows that the order of vanishing of (i (s) at 1 —i, ¢ > 2, is precisely
the Z-rank of the odd K-group K,;_1Ok. When K is a totally real field and ¢ > 2 is an even
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integer, the Lichtenbaum conjecture holds as a consequence of the Main Conjecture in Iwasawa
theory, proved by Wiles [21]. In this case, the value (x (1 — ) does not vanish and we have

wi(K)Ci (1 =) ~p |H, (specOx [1/p], Zy (i), (1.1)

where w;(K) = |H°(K,Q,/Z,(i))| and ~, means having the same p-adic valuation. No-
tice that the étale cohomology group Hét(spec(’) K [1/p], Zy (7)) is isomorphic to the p-primary

part of the K-theory group K»; Oy and H(K, Q,/Z,(i)) is isomorphic to the Z,-torsion of
K5;_1Ok. Our interest is on the indivisibility by an odd prime number p of the special values of
the Dedekind zeta functions of real quadratic fields at odd negative integers.

Hereafter, for a number field K and an odd prime number p, denote by Gy the Galois group
over K of the maximal algebraic extension of K, which is unramified outside p-adic and infinite
places of K. The p-adic cohomology groups H?(Gx, Z,(i)), i € Z, coincide with the étale co-
homology groups Hét(speCO x[1/p], Z,(7)). These cohomological invariants reflect arithmetic

properties of K at the prime number p. The number field K is called (p,:)-regular if the co-
homology group H?(Gr,Z/pZ(i)) vanishes [1]. In Section 2, we give a characterization of
(p, 7)-regularity in terms of indivisibility by p of special values of the Dedekind zeta function if
K is totally real (Proposition 2.1).

For a given odd prime number p, Wiles proved in [22] that there exists an imaginary quadratic
field K such that p ¥ hg, and K satisfies some splitting conditions at a finite set of primes.
O. Beckwith quantifies in [4] the theorem of Wiles by proving an estimate for the number of
imaginary quadratic fields K = Q(v/—d), d < X, X > 0, satisfying Wiles’ conditions. The
methods used in [4] follow partially [17] which provide a quantitative result for the number of

(p, 51 )-regular quadratic fields K = Q(4/(—1) 7" d) (but without any local conditions [17,

Theorem 1]). We would be interested to prove an analogue result of [4] for (p, 7)-regular number
fields. We fix some notations that will be used in the text:

For a disjoint union of finite sets of odd primes S = S, U SoU.S_, we denote by F, s the set
of real quadratic fields F = Q(+/d) such that primes of Sy ramify in F, primes of S, split in F
and primes of S_ are inert in F.

Theorem 1.1. Let i > 2 be an even integer and let p be an odd prime number such that p—11 2i.
Suppose that there exists a square-free positive integer dy such that Q(v/dy) € Fo.s is (p,i)-
regular.
Then there are infinitely many real quadratic fields F = Q(+/d) satisfying
(i) Fis (p,i)-regular;
(ii) F € Fog.
In fact, we have

X
#{0 < d < X : Q(Vd) satisfies the conditions (1) and (2)} > log\/(;()'
In the case i = 2, we prove the existence of a real quadratic (p, 2)-regular field satisfying the
above local conditions under some additional assumptions on the primes of S. We then obtain
the following

Theorem 1.2. Let p > 3 a prime, and S = S+ U Sy U S_ a disjoint union of finite sets of primes.
For all ¢ € S we assume that:

i. £#0,£1 (mod p);
ii. 1% —1 (mod p).
Then there exist infinitely many real quadratic fields F satisfying
(i) Fis (p,2)-regular;
(ii) F € Fy5.

To prove these results, we use the theory of modular forms. We construct an adequate modu-
lar form that we deduce from the Cohen-Eisenstein series (Lemma 3.1) which are modular forms
of half-integer weight and whose Fourier coefficients involve values of L-functions of quadratic
fields.
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2 (p,i)-regular number fields and values of zeta functions

Let i € Z. Recall that a number field K is called (p, )-regular if the Galois cohomology group
H?(Gx,Z/pZ(i)) vanishes [1]. Number fields which are (p, 0)-regular are precisely p-rational
fields [14] [15], and (p, 2)-regular fields are p-regular fields studied in [9].

The (p, i)-regularity gives arithmetic information about the field at the prime number p. For
example, a (p,i)-regular number field satisfies the following twisted analogue of Leopoldt’s
conjecture

H*(Gk,Qp/Zy(i1)) =0 (fori#1).

We have the following useful description of the (p, 7)-regularity of totally real number fields.

Proposition 2.1. Let i > 2 be an even integer. A totally real number field K is (p,i)-regular if
and only if w;(K)(k (1 — i) is a p-adic unit.

Proof. By (1.1), we have
wi(K)Cx (1) ~p |H (G, 2 (1))
Furthermore, we have the equivalence
H*(Gx,Z/pZ(i)) =0 < H*(Gk,Z,(i)) = 0. 2.1)
Thus, K is (p,¢)-regular precisely when w;(K)(x (1 — i) is a p-adic unit. i

In particular, a totally real number field is p-rational precisely when w,_;(K)(x(2 — p) is a
p-adic unit. In [10], while studying p-rational number fields, Greenberg suggested the following
conjecture about the existence of p-rational number fields.

Conjecture 2.2. (Greenberg p-rational conjecture) For any odd prime p and any integer ¢t > 1,
there exists a p-rational field K such that Gal(K/Q) = (Z/2Z)".

As an interesting consequence, the conjecture of Greenberg implies the following proposition
cf. [10, Proposition 6.2.2].

Proposition 2.3. Suppose that K is complex with Galois group isomorphic to (Z/27Z)!, where
t > 4. Suppose also that 4 < n < 2!~ — 3. If K is p-rational, there exists a p-adic Galois
representation with open image in GL,,(Z,).

Greenberg’s conjecture is known to be true for ¢ = 1 since, for every odd prime number p,
there exists an imaginary quadratic p-rational field. It is also known to be true for ¢t = 2 by a
recent result [5]. In fact, for a given prime number, using extensive computations, we can find
examples of multi-quadratic p-rational fields of large degree [6]. Otherwise, the conjecture is
still open.

In [1] the author studied the notion of (p,4)-regular number fields and gave some charac-
terizations and arithmetic applications. The main result was a going-up theorem of the (p, 7)-
regularity in p-extensions L/F of number fields, provided that Leopoldt’s conjecture holds in
the cyclotomic tower L(pp ) . An alternative proof was obtained in [3, Corollary 4.5], without
any assumption on Leopoldt’s conjecture.

Inspired by the work of Greenberg on p-rational number fields, we can state the analogue of
the conjecture of Greenberg for (p, ¢)-regular fields:

Conjecture 2.4. Let i be an integer and let p be an odd prime number such that Q is (p, 7)-regular.
Then, for any integer ¢ > 1, there exists a (p, 7)-regular field K such that Gal(K/Q) = (Z/27Z)".

For any integer ¢ > 1, let K be a number field such that Gal(K/Q) = (Z/2Z)". Fori > 2,
it is well known that K is (p,¢)-regular for all but finitely many primes p, which we denote (if
any) pi, ..., ps- Looking at tables of number fields with the same Galois group, we expect that for
every p = p; we will find a (p, i)-regular field. For the case of totally real fields, by Proposition



On (p, i)-regular quadratic number fields 41

2.1, it reduces to check the values at 1 — 4 of the corresponding Dedekind zeta functions. Let us
consider the case of quadratic fields and take for example the field Q(+/2). Since

B
Sawvp)(=3) = 557375

the field Q(v/2) is not (11,4)-regular and is (p,4)-regular for the rest of odd primes p. We also
check that this field is 3-rational and 5-rational. In contrast, if we take Q(+/5) we find

and we can see that Q(v/5) is (p, 4)-regular for any prime p. Thus, for every odd prime number
p there exists a (p, 4)-regular real quadratic field.

3 Cohen-Eisenstein series

We consider the theta series 6(z) given by the g-expansion

0(z) = Z T
nez

The function 6 is an element of the space M 1 (T'p(4)) of modular forms of weight 1/2 for the

congruence subgroup I'g(4) (cf. [12, Proposition 4, page 184]). An interesting example of the
arithmetic importance of the Fourier coefficients of half-integral weight modular forms is the
following. The 3-power of 6 gives a modular form of weight 3/2 for I'j(4) such that

60> => ri(n)g",

neZ

where r3(n) is the number of representations of n as a sum of three squares. By the work of
Gauss we know that

12H(4n), n=1,2 (mod 4),
24H(n), n=3 (mod8),
r(n/4), n=0 (mod4),
0, n=7 (mod 8),

r3(n) =

where H(n) is the Hurwitz-Kronecker class number for n = 0,3 (mod 4). Suppose that n =
—dm?, where d < 0 is a fundamental discriminant. Then

1) = 5 S utt) (§) o)

tn

where o is the usual sum of divisors function, y is the Mobius function and h(d) (resp. w(d)) is
the class number of (resp. half of the number of roots of units in) Q(\/d).

Let x be a Dirichlet character and let L(., x) be the associated Dirichlet L-function. Then,
for any positive integer 4,
B(i; x)

1

L(1—4,x)=—

where B(i, x) is the generalized Bernoulli number. If d is a fundamental discriminant, denote by
xa = (2) the non-trivial character of Q(+/d). Recall that for imaginary quadratic fields Q(+/d),

the class number formula reads J N
. w(d)

hence we have a modular form 03, whose Fourier coefficients involve special values of L-
functions. This modular form is used to prove the existence of infinitely many imaginary
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quadratic fields whose class numbers are not divisible by a given prime number p [11], [17],[18],
[71.

H. Cohen introduced, for every positive integer i, the Cohen-Eisenstein series given by the
g-expansion

Hi(q) =Y H(i,n)q",

n>0
with
(1 —24), n=0;
H(i,n) =<} 0, (-1)'n=2,3 (mod 4);
L1 = iy xa) S Exal 031 (m ), (—1)im = i,

In particular, if d = (—1)n is a negative fundamental discriminant, we obtain
The series H;(q) is a modular form of weight i + § for T'(4) [8].

We need an adequate modular form that we deduce from the Cohen-Eisenstein series and
whose coefficients satisfy certain local conditions. For a modular form g = ano anq™ €
M;, s (To(V)) and an integer m, let us define the modular form g|B,,, € M, (Co(Nm?)) in the
usual way [7, p. 598]

g|Bm = Z am,nqmn-
n>0

Let S = Sp U S+ U S_ be a disjoint union of sets of prime numbers. For ¢ € Sy, the modular
form

Hi(g) = HilBi(a) = D H(i,n)q"
(m=1

is an element of the space M, +%(1“0(462)). Doing so for the rest of primes in the set Sy, we
thereby find a modular form Gy in the space M, (To(4Mg)), with My =TT, s, U> given by the
g-expansion

gO - Z H(Z’/n’)qn?

neAy

where Ay = {n | V£ € Sp,ve(n) = 1}.
Now, we use the twist operator on the above modular form with respect to the characters (?), for
the primes £ € S_ U S,. For a prime ¢ € S_, we have the modular form

%((Qo = GolBe)(9) = (Go) ,y(@) = ngo H(i,n)q" € My, (To(4Mg(%)).
(11

Applying this for the rest of the primes in S_, we have the modular form

G = Z H(i,n)q" € Mi+%(Fo(4M§ME)),
neA

where M_ = [],cq fand Ay = {n € Ay | £ € Sy (resp. £ € S_) ramifies (resp. is inert) in

Q(v/n)}-

For a prime ¢ € S, consider the modular form

S

((G1 = G1IB)(@) + (G1) ;) (@) = Y Hli,n)q" € My (To(4MFM2£2)).

(z)z

By induction on the primes of S, we obtain the following lemma.
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Lemma 3.1. Let S = Sp U Sy U S_ be a disjoint union of sets of prime numbers. We have a
modular form

neA

where Mg = [[,cql and A is the set of square-free integers n for which the extension

Q(/(—1)*n)/Q ramifies at the primes in Sy, splits at the primes in S and is inert at the primes
of S_.

The modular form G, is used in the following section to prove our main theorem.

4 Proofs

Let f be a modular form f(z) = >°, -, a(n)q™ in the space M;,(I'o(V), x) with integer Fourier
coefficients. We define B

ord,(f) :=min{n : p{a(n)},
and we say ord, (f) := oo if p|a(n) for all n.

Theorem 4.1. (/20]) Let f(z) = >, ~qa(n)q" € My(To(N), x) be a modular form with integer
Fourier coefficients. If B

Fro(1) s To(v)

ord, (f) > 2

then ord,(f) = oc.

Note that Sturm’s theorem was first formulated for holomorphic modular forms of integer
weight, but the proof carries also over half-integral weight modular forms.

4.1 Proof of Theorem 1.1.

Since the field Q(v/dp) is (p, 7)-regular, we have v,(L(1 — 4, xq,)) = 0. In the following, for
every non-square integer n, we denote D,, for the fundamental discriminant of the field Q(v/n).
We use the operators U and V' on spaces of modular forms at prime numbers ([19, Section 3.2]).

Note that there exists an integer «(p) coprime to p such that a(p)G, € Z[[¢]], where G, is as
in Lemma 3.1. For an odd prime number (), we consider the modular forms

ap)GlUq = ) a(p)H(i,nQ)q Z%Q ;

nQeA

ap)GalVo =) a(p)H(i,n)q"? := ) v,q(n)d",

neA

which are in the space M, , 1 ([o(4Q*M3)).

We put x(p) = “2[To(1) : To(4Q2MH)]/(Q + 1). If Q is sufficiently large and g €
MZ+%(F0(4Q2M§)) with ord,(g) > £(p)Q, then by Sturm’s theorem g = 0 (mod p). We use
this result together with the following two observations:

« for every integer n < k(p) with @ t n, we have v, g(n) =0,

« if there is no n < k(p)Q coprime to @ such that

a(p)H(i,nQ) 0 (mod p).

Then we have the congruence

a(p)%alUq = alp)(1 - Q'+ @7 NG|V (mod p).
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Let D, be the set of discriminants D,, for n < x(p) with n € A. There exists an arithmetic
progression r, (mod t,), such that (r,,¢,) = 1 and p | ¢,, satisfying ([17, page 8])

* xp, (Q) = 1for every prime Q = r, (mod ¢,) and D,, € D,,
. (%) = 1 for every prime Q = r,, (mod t,) and ¢ € S,

« i # 1 (mod p).
By definition of the coefficients of Cohen-Eisenstein series, for every prime QQ = 1,
(mod t,,), we have the congruence
a(p)H(i,doQ") = a(p)(1 — ;' =) 2 0~ 40372 H (i, dy)  (mod p).
Since a(p)H (i,dy) # 0 (mod p), we find that u, o(do@?) # vp.0(do@?) (mod p) if and only

;f[ =2 # r2'~2 (mod p). This is satisfied by the 3rd property of the arithmetic progression.
ence,

a(p)(G2lUq — G2|Vg) #0  (mod p).

Thus, by the theorem of Sturm, there exists an integer n < x(p)Q coprime to @, such that
n € A and a(p)H(i,nQ) # 0 (mod p). Then the field Q(/nQ) is a (p,7)-regular quadratic
field satisfying (1) and (2) To finish, we apply Dirichlet’s Theorem on arithmetic progressions
to obtain

VX

#{0 < d < X : Q(V4d) satisfies the conditions (1) and (2)} > Tog (X"

4.2 Proof of Theorem 1.2.

Let us consider the Cohen-Eisenstein series of weight 5/2,

Hala) =Y H(2,n)q" =¢(=3) +((~Dg +....

n>0

For every prime number ¢, H, is an eigenform of the Hecke operators 7> ([19, Chapter 3]) with
corresponding eigenvalues

o3(0) = 1+ £,
We have ¢(—3) = 1/120 and ¢((—1) = —1/12, we need to omit the constant coefficient
because v5(((—3)) = —1. Let Q be an arbitrary prime number and consider the modular form
1 n
f=5((Ha=HalBo) + (Ma) () = D H2m)q"

n>1,(%)=I

Since Q is (p,2)-regular for every prime p > 5 (that is v,({(—1)) = 0), we have H, # 0
(mod p).
From conditions (a) and (b) we deduce that

(B + 2 +0+1)=0
and
v (=2 —1+1)=0.

By induction on the number of primes in the set .S, since H, # 0 (mod p), Corollary 1. and
Lemma 3. of [7] give a fundamental discriminant d > 0 such that v,(H(2,d)) = 0 with the
desired local conditions at a prime ¢ € S (see for instance the proof of Theorem 3. of [7]). Then
the result follows from Theorem 1.1.
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