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Abstract. We discuss some aspects of indivisibility by a fixed prime number p of values of
L-functions L(χd, .) associated to the non-trivial character of real quadratic fields Q(

√
d) at odd

negative integers. These values are closely related to the orders of certain cohomology groups.
For an even integer i ≥ 2, we use the Cohen-Eisenstein series to show how to prove the existence
of infinitely many real quadratic fields such that L(χd, 1 − i) ̸≡ 0 mod p and Q(

√
d) satisfies

splitting conditions at a finite set of primes.

1 Introduction and Statement of Results

In algebraic number theory, special values of L-functions at integers contain rich arithmetic
information. The first example is Riemann’s zeta function defined by the series

ζ(s) =
∑
n≥1

1
ns

=
∏

p prime

1
1 − ps

,

for ℜ(s) > 1. For a number field K, Dedekind zeta function ζK(s) is a generalization of the
Riemann zeta function. By definition,

ζK(s) =
∑
I

1
(NK/Q(I))s

=
∏
p

1
1 − (NK/Q(p))s

,

where I ranges over non-zero ideals of the ring of integers OK , p ranges over prime ideals of
OK and NK/Q(I) = [OK : I] is the norm of I .

Let r1 (resp. r2) denote the number of real embeddings (resp. the number of complex em-
beddings) of K. The function ζK(s) converges absolutely for ℜ(s) > 1 and extends to a mero-
morphic function defined for s ∈ C \ {−1} with only one simple pole at s = 1. Furthermore,
the order of vanishing of ζK(s) at s = 0 is equal r1 + r2 − 1 = dimQ UK ⊗Q, where UK is the
units group of K. The quantity ζ∗K(0) := lims→0

ζK(s)

sr1+r2−1 is the first non-zero term in the Taylor
expansion of ζK(s) around 0. It is named the special value of ζK(s) at s = 0.

The following well-known analytic class number formula is an illustrated example that the
special values of L-functions contain global arithmetic information:

ζ∗K(0) = −hKRK

wk
,

where hK is the class number of K, RK is the regulator of K and wK is the number of roots of
unity contained in K.

Lichtenbaum’s conjecture [13] is a generalization of the class number formula. It asserts that
there is a relation between special values of ζK(s) at negative integers and the orders of certain
cohomology groups. Borel shows that the order of vanishing of ζK(s) at 1− i, i ≥ 2, is precisely
the Z-rank of the odd K-group K2i−1OK . When K is a totally real field and i ≥ 2 is an even
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integer, the Lichtenbaum conjecture holds as a consequence of the Main Conjecture in Iwasawa
theory, proved by Wiles [21]. In this case, the value ζK(1 − i) does not vanish and we have

wi(K)ζK(1 − i) ∼p |H2
ét(specOK [1/p],Zp(i))|, (1.1)

where wi(K) = |H0(K,Qp/Zp(i))| and ∼p means having the same p-adic valuation. No-
tice that the étale cohomology group H2

ét(specOK [1/p],Zp(i)) is isomorphic to the p-primary
part of the K-theory group K2i−2OK and H0(K,Qp/Zp(i)) is isomorphic to the Zp-torsion of
K2i−1OK . Our interest is on the indivisibility by an odd prime number p of the special values of
the Dedekind zeta functions of real quadratic fields at odd negative integers.

Hereafter, for a number field K and an odd prime number p, denote by GK the Galois group
over K of the maximal algebraic extension of K, which is unramified outside p-adic and infinite
places of K. The p-adic cohomology groups H2(GK ,Zp(i)), i ∈ Z, coincide with the étale co-
homology groups H2

ét(specOK [1/p],Zp(i)). These cohomological invariants reflect arithmetic
properties of K at the prime number p. The number field K is called (p, i)-regular if the co-
homology group H2(GK ,Z/pZ(i)) vanishes [1]. In Section 2, we give a characterization of
(p, i)-regularity in terms of indivisibility by p of special values of the Dedekind zeta function if
K is totally real (Proposition 2.1).

For a given odd prime number p, Wiles proved in [22] that there exists an imaginary quadratic
field K such that p ∤ hK , and K satisfies some splitting conditions at a finite set of primes.
O. Beckwith quantifies in [4] the theorem of Wiles by proving an estimate for the number of
imaginary quadratic fields K = Q(

√
−d), d ≤ X , X > 0, satisfying Wiles’ conditions. The

methods used in [4] follow partially [17] which provide a quantitative result for the number of

(p, p−1
2 )-regular quadratic fields K = Q(

√
(−1)

p−1
2 d) (but without any local conditions [17,

Theorem 1]). We would be interested to prove an analogue result of [4] for (p, i)-regular number
fields. We fix some notations that will be used in the text:

For a disjoint union of finite sets of odd primes S = S+ ∪S0 ∪S−, we denote by F2,S the set
of real quadratic fields F = Q(

√
d) such that primes of S0 ramify in F , primes of S+ split in F

and primes of S− are inert in F .

Theorem 1.1. Let i ≥ 2 be an even integer and let p be an odd prime number such that p−1 ∤ 2i.
Suppose that there exists a square-free positive integer d0 such that Q(

√
d0) ∈ F2,S is (p, i)-

regular.
Then there are infinitely many real quadratic fields F = Q(

√
d) satisfying

(i) F is (p, i)-regular;

(ii) F ∈ F2,S .

In fact, we have

#{0 < d < X : Q(
√
d) satisfies the conditions (1) and (2)} ≫

√
X

log (X)
.

In the case i = 2, we prove the existence of a real quadratic (p, 2)-regular field satisfying the
above local conditions under some additional assumptions on the primes of S. We then obtain
the following

Theorem 1.2. Let p > 3 a prime, and S = S+ ∪ S0 ∪ S− a disjoint union of finite sets of primes.
For all ℓ ∈ S we assume that:

i. ℓ ̸≡ 0,±1 (mod p);

ii. ℓ2 ̸≡ −1 (mod p).

Then there exist infinitely many real quadratic fields F satisfying

(i) F is (p, 2)-regular;

(ii) F ∈ F2,S .

To prove these results, we use the theory of modular forms. We construct an adequate modu-
lar form that we deduce from the Cohen-Eisenstein series (Lemma 3.1) which are modular forms
of half-integer weight and whose Fourier coefficients involve values of L-functions of quadratic
fields.
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2 (p, i)-regular number fields and values of zeta functions

Let i ∈ Z. Recall that a number field K is called (p, i)-regular if the Galois cohomology group
H2(GK ,Z/pZ(i)) vanishes [1]. Number fields which are (p, 0)-regular are precisely p-rational
fields [14] [15], and (p, 2)-regular fields are p-regular fields studied in [9].

The (p, i)-regularity gives arithmetic information about the field at the prime number p. For
example, a (p, i)-regular number field satisfies the following twisted analogue of Leopoldt’s
conjecture

H2(GK ,Qp/Zp(i)) = 0 (for i ̸= 1).

We have the following useful description of the (p, i)-regularity of totally real number fields.

Proposition 2.1. Let i ≥ 2 be an even integer. A totally real number field K is (p, i)-regular if
and only if wi(K)ζK(1 − i) is a p-adic unit.

Proof. By (1.1), we have

wi(K)ζK(1 − i) ∼p |H2(GK ,Zp(i))|.

Furthermore, we have the equivalence

H2(GK ,Z/pZ(i)) = 0 ⇔ H2(GK ,Zp(i)) = 0. (2.1)

Thus, K is (p, i)-regular precisely when wi(K)ζK(1 − i) is a p-adic unit.

In particular, a totally real number field is p-rational precisely when wp−1(K)ζK(2 − p) is a
p-adic unit. In [10], while studying p-rational number fields, Greenberg suggested the following
conjecture about the existence of p-rational number fields.

Conjecture 2.2. (Greenberg p-rational conjecture) For any odd prime p and any integer t ≥ 1,
there exists a p-rational field K such that Gal(K/Q) ∼= (Z/2Z)t.

As an interesting consequence, the conjecture of Greenberg implies the following proposition
cf. [10, Proposition 6.2.2].

Proposition 2.3. Suppose that K is complex with Galois group isomorphic to (Z/2Z)t, where
t ≥ 4. Suppose also that 4 ≤ n ≤ 2t−1 − 3. If K is p-rational, there exists a p-adic Galois
representation with open image in GLn(Zp).

Greenberg’s conjecture is known to be true for t = 1 since, for every odd prime number p,
there exists an imaginary quadratic p-rational field. It is also known to be true for t = 2 by a
recent result [5]. In fact, for a given prime number, using extensive computations, we can find
examples of multi-quadratic p-rational fields of large degree [6]. Otherwise, the conjecture is
still open.

In [1] the author studied the notion of (p, i)-regular number fields and gave some charac-
terizations and arithmetic applications. The main result was a going-up theorem of the (p, i)-
regularity in p-extensions L/F of number fields, provided that Leopoldt’s conjecture holds in
the cyclotomic tower L(µp∞) . An alternative proof was obtained in [3, Corollary 4.5], without
any assumption on Leopoldt’s conjecture.

Inspired by the work of Greenberg on p-rational number fields, we can state the analogue of
the conjecture of Greenberg for (p, i)-regular fields:

Conjecture 2.4. Let i be an integer and let p be an odd prime number such that Q is (p, i)-regular.
Then, for any integer t ≥ 1, there exists a (p, i)-regular field K such that Gal(K/Q) ∼= (Z/2Z)t.

For any integer t ≥ 1, let K be a number field such that Gal(K/Q) ∼= (Z/2Z)t. For i ≥ 2,
it is well known that K is (p, i)-regular for all but finitely many primes p, which we denote (if
any) p1, ..., ps. Looking at tables of number fields with the same Galois group, we expect that for
every p = pj we will find a (p, i)-regular field. For the case of totally real fields, by Proposition
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2.1, it reduces to check the values at 1 − i of the corresponding Dedekind zeta functions. Let us
consider the case of quadratic fields and take for example the field Q(

√
2). Since

ζQ(
√

2)(−3) =
11

23 · 3 · 5
,

the field Q(
√

2) is not (11, 4)-regular and is (p, 4)-regular for the rest of odd primes p. We also
check that this field is 3-rational and 5-rational. In contrast, if we take Q(

√
5) we find

ζQ(
√

5)(−3) =
1

22 · 3 · 5
,

and we can see that Q(
√

5) is (p, 4)-regular for any prime p. Thus, for every odd prime number
p there exists a (p, 4)-regular real quadratic field.

3 Cohen-Eisenstein series

We consider the theta series θ(z) given by the q-expansion

θ(z) =
∑
n∈Z

qn
2
.

The function θ is an element of the space M 1
2
(Γ0(4)) of modular forms of weight 1/2 for the

congruence subgroup Γ0(4) (cf. [12, Proposition 4, page 184]). An interesting example of the
arithmetic importance of the Fourier coefficients of half-integral weight modular forms is the
following. The 3-power of θ gives a modular form of weight 3/2 for Γ0(4) such that

θ3 =
∑
n∈Z

r3(n)q
n,

where r3(n) is the number of representations of n as a sum of three squares. By the work of
Gauss we know that

r3(n) =


12H(4n), n ≡ 1, 2 (mod 4),
24H(n), n ≡ 3 (mod 8),
r(n/4), n ≡ 0 (mod 4),
0, n ≡ 7 (mod 8),

where H(n) is the Hurwitz-Kronecker class number for n ≡ 0, 3 (mod 4). Suppose that n =
−dm2, where d < 0 is a fundamental discriminant. Then

H(n) =
h(d)

w(d)

∑
t|n

µ(t)

(
d

t

)
σ1(n/t),

where σ1 is the usual sum of divisors function, µ is the Möbius function and h(d) (resp. w(d)) is
the class number of (resp. half of the number of roots of units in) Q(

√
d).

Let χ be a Dirichlet character and let L(., χ) be the associated Dirichlet L-function. Then,
for any positive integer i,

L(1 − i, χ) = −B(i, χ)

i

where B(i, χ) is the generalized Bernoulli number. If d is a fundamental discriminant, denote by
χd = (d. ) the non-trivial character of Q(

√
d). Recall that for imaginary quadratic fields Q(

√
d),

the class number formula reads

L

(
0,
(
d

.

))
=

h(d)

w(d)
,

hence we have a modular form θ3, whose Fourier coefficients involve special values of L-
functions. This modular form is used to prove the existence of infinitely many imaginary
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quadratic fields whose class numbers are not divisible by a given prime number p [11], [17],[18],
[7].

H. Cohen introduced, for every positive integer i, the Cohen-Eisenstein series given by the
q-expansion

Hi(q) =
∑
n≥0

H(i, n)qn,

with

H(i, n) =


ζ(1 − 2i), n = 0;
0, (−1)in ≡ 2, 3 (mod 4);
L(1 − i, χd)

∑
t|m µ(t)χd(t)ti−1σ2i−1(m/t), (−1)in = dm2,

In particular, if d = (−1)in is a negative fundamental discriminant, we obtain

H(i, n) = L(1 − i, χd). (3.1)

The series Hi(q) is a modular form of weight i+ 1
2 for Γ0(4) [8].

We need an adequate modular form that we deduce from the Cohen-Eisenstein series and
whose coefficients satisfy certain local conditions. For a modular form g =

∑
n≥0 anq

n ∈
Mi+ 1

2
(Γ0(N)) and an integer m, let us define the modular form g|Bm ∈ Mi+ 1

2
(Γ0(Nm2)) in the

usual way [7, p. 598]
g|Bm =

∑
n≥0

amnq
mn.

Let S = S0 ∪ S+ ∪ S− be a disjoint union of sets of prime numbers. For ℓ ∈ S0, the modular
form

Hi(q)−Hi|Bℓ(q) =
∑

(n,ℓ)=1

H(i, n)qn

is an element of the space Mi+ 1
2
(Γ0(4ℓ2)). Doing so for the rest of primes in the set S0, we

thereby find a modular form G0 in the space Mi+ 1
2
(Γ0(4M2

0 )), with M0 =
∏

ℓ∈S0
ℓ, given by the

q-expansion
G0 =

∑
n∈A0

H(i, n)qn,

where A0 = {n | ∀ℓ ∈ S0, vℓ(n) = 1}.
Now, we use the twist operator on the above modular form with respect to the characters

(
.
ℓ

)
, for

the primes ℓ ∈ S− ∪ S+. For a prime ℓ ∈ S−, we have the modular form

1
2
((G0 − G0|Bℓ)(q)− (G0)( .

ℓ)
(q)) =

∑
n∈A0
(nℓ )=−1

H(i, n)qn ∈ Mi+ 1
2
(Γ0(4M2

0 ℓ
2)).

Applying this for the rest of the primes in S−, we have the modular form

G1 =
∑
n∈A1

H(i, n)qn ∈ Mi+ 1
2
(Γ0(4M2

0M
2
−)),

where M− =
∏

ℓ∈S−
ℓ and A1 = {n ∈ A0 | ℓ ∈ S0 (resp. ℓ ∈ S−) ramifies (resp. is inert) in

Q(
√
n)}.

For a prime ℓ ∈ S+, consider the modular form

1
2
((G1 − G1|Bℓ)(q) + (G1)( .

ℓ)
(q)) =

∑
n∈A1
(nℓ )=1

H(i, n)qn ∈ Mi+ 1
2
(Γ0(4M2

0M
2
−ℓ

2)).

By induction on the primes of S+, we obtain the following lemma.
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Lemma 3.1. Let S = S0 ∪ S+ ∪ S− be a disjoint union of sets of prime numbers. We have a
modular form

G2 =
∑
n∈A

H(i, n)qn ∈ Mi+ 1
2
(Γ0(4M2

S)),

where MS =
∏

ℓ∈S ℓ and A is the set of square-free integers n for which the extension
Q(

√
(−1)in)/Q ramifies at the primes in S0, splits at the primes in S+ and is inert at the primes

of S−.

The modular form G2 is used in the following section to prove our main theorem.

4 Proofs

Let f be a modular form f(z) =
∑

n≥0 a(n)q
n in the space Mk(Γ0(N), χ) with integer Fourier

coefficients. We define
ordp(f) := min{n : p ∤ a(n)},

and we say ordp(f) := ∞ if p|a(n) for all n.

Theorem 4.1. ([20]) Let f(z) =
∑

n≥0 a(n)q
n ∈ Mk(Γ0(N), χ) be a modular form with integer

Fourier coefficients. If

ordp(f) >
k

12
[Γ0(1) : Γ0(N)],

then ordp(f) = ∞.

Note that Sturm’s theorem was first formulated for holomorphic modular forms of integer
weight, but the proof carries also over half-integral weight modular forms.

4.1 Proof of Theorem 1.1.

Since the field Q(
√
d0) is (p, i)-regular, we have vp(L(1 − i, χd0)) = 0. In the following, for

every non-square integer n, we denote Dn for the fundamental discriminant of the field Q(
√
n).

We use the operators U and V on spaces of modular forms at prime numbers ([19, Section 3.2]).

Note that there exists an integer α(p) coprime to p such that α(p)G2 ∈ Z[[q]], where G2 is as
in Lemma 3.1. For an odd prime number Q, we consider the modular forms

α(p)G2|UQ =
∑

nQ∈A

α(p)H(i, nQ)qn :=
∑
n

up,Q(n)q
n,

α(p)G2|VQ =
∑
n∈A

α(p)H(i, n)qnQ :=
∑
n

vp,Q(n)q
n,

which are in the space Mi+ 1
2
(Γ0(4Q2M4

S)).

We put κ(p) =
i+ 1

2
12 [Γ0(1) : Γ0(4Q2M4

S)]/(Q + 1). If Q is sufficiently large and g ∈
Mi+ 1

2
(Γ0(4Q2M4

S)) with ordp(g) > κ(p)Q, then by Sturm’s theorem g ≡ 0 (mod p). We use
this result together with the following two observations:

• for every integer n ≤ κ(p) with Q ∤ n, we have vp,Q(n) = 0,

• if there is no n ≤ κ(p)Q coprime to Q such that

α(p)H(i, nQ) ̸≡ 0 (mod p).

Then we have the congruence

α(p)G2|UQ ≡ α(p)(1 −Qi−1 +Q2i−1)G2|VQ (mod p).
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Let Dp be the set of discriminants Dn for n ≤ κ(p) with n ∈ A. There exists an arithmetic
progression rp (mod tp), such that (rp, tp) = 1 and p | tp, satisfying ([17, page 8])

• χDn(Q) = 1 for every prime Q ≡ rp (mod tp) and Dn ∈ Dp,

•

(
Q
ℓ

)
= 1 for every prime Q ≡ rp (mod tp) and ℓ ∈ S,

• rip ̸≡ 1 (mod p).

By definition of the coefficients of Cohen-Eisenstein series, for every prime Q ≡ rp
(mod tp), we have the congruence

α(p)H(i, d0Q
4) ≡ α(p)(1 − ri−1

p − r3i−2
p + r2i−1

p + r4i−2
p )H(i, d0) (mod p).

Since α(p)H(i, d0) ̸≡ 0 (mod p), we find that up,Q(d0Q
3) ̸≡ vp,Q(d0Q

3) (mod p) if and only
if r4i−2

p ̸≡ r3i−2
p (mod p). This is satisfied by the 3rd property of the arithmetic progression.

Hence,
α(p)(G2|UQ − G2|VQ) ̸≡ 0 (mod p).

Thus, by the theorem of Sturm, there exists an integer n ≤ κ(p)Q coprime to Q, such that
n ∈ A and α(p)H(i, nQ) ̸≡ 0 (mod p). Then the field Q(

√
nQ) is a (p, i)-regular quadratic

field satisfying (1) and (2) To finish, we apply Dirichlet’s Theorem on arithmetic progressions
to obtain

#{0 < d < X : Q(
√
d) satisfies the conditions (1) and (2)} ≫

√
X

log (X)
.

4.2 Proof of Theorem 1.2.

Let us consider the Cohen-Eisenstein series of weight 5/2,

H2(q) =
∑
n≥0

H(2, n)qn = ζ(−3) + ζ(−1)q + . . . .

For every prime number ℓ, H2 is an eigenform of the Hecke operators Tℓ2 ([19, Chapter 3]) with
corresponding eigenvalues

σ3(ℓ) = 1 + ℓ3.

We have ζ(−3) = 1/120 and ζ(−1) = −1/12, we need to omit the constant coefficient
because v5(ζ(−3)) = −1. Let Q be an arbitrary prime number and consider the modular form

f =
1
2
((H2 −H2|BQ) + (H2)( .

Q )) =
∑

n≥1,( n
Q )=1

H(2, n)qn.

Since Q is (p, 2)-regular for every prime p ≥ 5 (that is vp(ζ(−1)) = 0), we have H2 ̸≡ 0
(mod p).

From conditions (a) and (b) we deduce that

vp(ℓ
3 + ℓ2 + ℓ+ 1) = 0

and
vp(ℓ

3 − ℓ2 − ℓ+ 1) = 0.

By induction on the number of primes in the set S, since H2 ̸≡ 0 (mod p), Corollary 1. and
Lemma 3. of [7] give a fundamental discriminant d > 0 such that vp(H(2, d)) = 0 with the
desired local conditions at a prime ℓ ∈ S (see for instance the proof of Theorem 3. of [7]). Then
the result follows from Theorem 1.1.
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