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Abstract We introduce and investigate the bi-periodic Fibonacci zeta function; a new Dirich-
let series based on the classical one and is defined using the bi-periodic Fibonacci numbers. We
prove that this series has an analytic continuation over the whole complex plane C. We also
provide the values at integer numbers along with other analytic properties of this series. Simi-
larly, based on the classical Direchlet L-function, we define and discuss some properties of the
bi-periodic Fibonacci L-function.

1 Introduction

The classical Fibonacci sequence {F}, },,>0 and the Lucas sequence {L,, },>o are defined as fol-
lows:

F,=F, 1+ F, 2 (n>2),where [, =0and F} =1,
L,=L,_1+ L, (n>2),where Lo =2and L; = 1.

Many generalizations of these sequences were established. Let p be a positive integer, Falcén [8]
and Falcén and Plaza [9] introduced the p-Fibonacci sequence { F}, ,, } ,>0 and p-Lucas sequence
{Lyp.n}n>0 as follows:

Fp}n = pF, -1+ Fp,n,2 (’I’L > 2), where Fp)() =0and Fp’l =1,
Lypn=pLpn-1+Lpn_s(n>2),where L,o=2and L,; = 1.

For p = 1, we obtain {F} ,, }n>0 = {Fn}n>0 and {Li , }n>0 = {Ln }n>0. For more details, see,
[6, 8,9, 11, 18].

Let a and b two nonzero real numbers. Edson and Yayenie [7] defined the bi-periodic Fi-
bonacci sequence {¢y,(a,b)}n>0 = {qn }n>0 as follows:

_ _ if n is even
= aqn—1+ gn-2, : n. s (TLZZ),
bgn_1+ Gn_2, ifnisodd,

with initial values go = 0 and ¢; = 1.
The bi-periodic Lucas sequence {l,,(a,b)}n>0 = {ln}n>0, Which is the companion sequence of
{gn}n>0, was defined by Bilgici [4] as follows:

ln =

bly—1 4 12, %fn %s even, (n>2).
aly,_14+1,_», ifnisodd,

with initial values [p = 2 and | = a.
If we take a = b = p for some positive integer p, we get {g, }n>0 = {Fp.n}n>0 and {l, }n>0 =
{Lpntnzo0-
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The sequences {g, }»>0 and {i,, },>0 can be extended to negative indices as follows:
Gon = (=1)""q, and 1_, = (-1)"1,. (1.1

See, [1, 3], for more details.
For any integer n, the Binet’s formulas of ¢,, and [,, are given in [1, 4, 7] by:

alfg(n) an — gn
qn = (ab)L%J a—p

a/g(n) n n
w= )

N D2
where o = ab+ a2b +4ab, 6 _ ab 2b +4ab and,

0, ifniseven,
1, ifnisodd.

Throughout the paper, we consider that ¢ and b are positive real numbers and

_ Vab+Vab+4

A
2

We have clearly o — 3 = Vabvab+ 4, « = vab) and 8 = —VabA~". Therefore, the Binet’s
formulas of ¢,, and [/,, can be written as:

i = ﬁ(:){g}(v—(—x)—"), (1.2)
I, = (%){%}(A"H—A)—"), (1.3)

where {4} = 2 — | %] denotes the fractional part of %, i.e., {3} =Oifnisevenand {3} = ]
if n is odd.

Let {ay}n>0 be an arbitrary sequence. We consider the Dirichlet series ) ., a,*. Many
authors have studied particular cases of this series. When {a,,} = {n}, one gets the famous
Riemann zeta function {(s) = >, -, n~°, Which has been studied extensively in the literature.
Navas [12] defined and studied the series (r(s) = >, - F,, ® which is called Fibonacci zeta
function, where {F, },>0 is the Fibonacci sequence. He gave a meromorphic continuation to the
whole plane and computed the residues of this meromorphic continuation at its poles. Also, the
author discussed the values at negative integers and proved that these values can be expressed in
terms of the Fibonacci and Lucas numbers. His study motivated many authors to study similar
series.

In 2013, Kamano [10] introduced the Lucas zeta function defined by (po(s) = >, U, ®
where {U,,} = {U,,(P,Q)} is the sequence defined by the following recurrence relation: U,, =
PU,_1+QU,—5 (n>2)withUy=0and U; = 1.

In 2014, Rout and Panda [13] defined and studied the Balancing zeta function (p(s) =
> n>1 Bn®, where {B,,} is the Balancing sequence which satisfy the recurrence relation: B, =
6B, — B,_» (n > 2) with initial conditions By = 0 and B; = 1. A similar work but using the
Lucas balancing numbers was established by Behera et al. [2].

Recently, Dirichlet series defined by some recurrence sequences of higher order have been
studied. In 2023, Serrano Holgado [14] introduced and studied the Tribonacci zeta function
¢r(s) =3, T, °. In the same year, Serrano Holgado and Navas [15] studied the general case,
namely the Dirichlet series Y on>10n > where {a, } >0 is a recurrent linear sequence with integer
coefficients satisfying particular conditions.
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The previous studies inspired us to introduce and study the new Dirichelt series:

Cotay () =D a, ", R(s) >0,

n>1

where ¢, is the n'" bi-periodic Fibonacci number. We will call this series the bi-periodic Fi-

bonacci zeta function.
When a = b = p for some positive integer p, we obtain the p-Fibonacci zeta function (g, (s) :=
> ns1 Fp, where F, ,, is the n'" p-Fibonacci number.

We organize our paper as follows: In Section 2, we prove that the bi-periodic Fibonacci zeta
function Cq(ayb)(s) can be extended to a meromorphic function on C. In Section 3, we discuss
the values of (,(4,)(s) at integers. Finally, in Section 4, the bi-periodic Fibonacci L-function is
introduced, and we discuss its analytic continuation.

2 Analytic continuation of the Bi-periodic Fibonacci zeta function

It is well known that the zeta function ((s) is defined in the half plan R(s) > 1 and can be
extended to meromorphic function on C. Similarly, we can see that the series >, -, ¢, * is
absolutely convergent when $(s) > 0. Indeed, let s = o + it with ¢ > 0, using (1.2) we get

nzz:l g, %] = (b2 + tb) ; ; (%)U{%} ‘)\ns (1 - (f)ﬁz)")_s
= <b2 + ?) : ; (%)0{%} Ao (1 - (f/\fz)”)
< (bz—l—tb)gmax{((;)g,1}(1—)\—2)_“2)\_”".

n>1

—0

The fact that A > 1 ensures that the previous series is absolutely convergent. Hence, the bi-
periodic Fibonacci zeta function ¢, ;) (s) is analytic in the half plane #(s) > 0.

In the next theorem we will prove that the bi-periodic Fibonacci zeta function can be extended
to a meromorphic function on C.

Theorem 2.1. The bi-periodic Fibonacci zeta function Cq(a’w(s) can be meromorphically con-
tinued to a meromorphic function on C and can be expressed as:

. _ )\s+2k‘ + -1 k(b
Cq(a,b)(s) = (ab+4)7 Z ( ks) )\2<S+(2k?) )_ l(a) . 2.1

k>0

Ol

It is holomorphic except at the following simple poles:

w=ona= 2k TR, Fasbo g o)
$2 = Sk = —2k + 2%, if a#b, 7
The residue of (y(q.1)(s) at these poles are:
k
(a2+4)%(7w)(71) , if w= sy,
Res(Cya,p)(5), w) = k(1)
b a)t (o EVHEDNE) e
(a k Zlog A ) 2

Proof. Let s be a complex number. We have

q,° = (b2 + tb); (%)S{%} \ns (1 3 (7)\,2)n)—$
(”2 - 4b> (5 Ay (_k) (~DF A (A2 <)

k>0

4b\ % saNsi3) —5
(7+2) G (), 2

k>0
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Thus,

Cota)(5) = <b2 ) ZZ( ) {”}< )(—1)k<”+‘>x"<s+2’“). 2.3)

n>1k>0

Let Sy = (%)S{%} () (= 1R+ \=n(s+2k) The series Z Z S,k is absolutly convergent
n>1k>0
in the half plan R(s) > 0. To do so, we need the following inequality:

()| < et sk (1Y ()

Let s = o + it with ¢ > 0, then we have

ZZ'S,,LJJ _ ZZ((I)U{ }‘( > Af’ﬂ(o'-&-Zk)
n>1k>0 n>1k>0
a\oiz} —no 7|8| —2nk
< - A (1)’“( >)\
> (5) 20
a\o{z}  _ oy sl
< v A" (1 — )\ 2n
> (5) (1-27)
< max{(Z)g , 1} (1-A2) B3 A <00, (A1),
n>1

Then the series Z Z Sp,k 1s absolutly convergent, thus, we can change the summation order
n>1k>0
in (2.3) to get

Cq(a,b)(S) = (b2 + ‘%)% Zkzo (_ks)(fl)k anl (%)s{%} (71)nk>\7n(s+2k).

We consider the two cases: n is even and n is odd, we obtain

Cq(a,b)(s) = <b2 ‘Lb> ;m(_ks)(l)klz)\zn(ﬁzk)

n>1

_‘_(71)19 (%) 3 )\~ (s+2k) Z )\Zn(s+2k)‘|

n>0
bZ + ﬁ : 14+ (14 (71)k (9)5 )\7(5+2k) Z)\72n(s+2k)
a k b

n>0
_ 24 4b k(G )‘”%4’ (3)5
B (b ) k20< ) _H) G) N2(s28) — 1

)\s+2k+( 1) (é)%

= (ab+4) zZ( > /\23+2k)_1a
k>0

= (ab+4)2 ng s
k>0

>
v
[
/—I\
w
~
T
—_
B

(NI

ol

A ¢
where gi.(s) = (7, )W)}l)

Let 8 = max { 1135,2\’ —%a}. For any complex number s and any integer k > 3, we have

|)\2(S+2k) _ 1‘ > Ak)\26+3k —1> 2)\2U+3k 1> A20'+3k.
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Therefore,
s )\s+2k+(_1)k (g)%
Yolas) = D ( )\ ) ]
K>k k> k A2(42K) — 1
p (s X 4 (22
= Z(_l) ( k ) \20+3k
k>0
Y —Is[\._ e (D ? —Is|\._
< A Z(l)k( k>>\ Fa? (a> Z(l)k< ]L|))\ 3k
k>0 E>0
g
< AU(1A1)|S+<i4) (1 =237kl < 0.
a

Thus the series , -, gx(s) converges uniformly and absolutely in any compact set that does not
contain any polez of gy (s) and this prove that the series Cq(a,p) () can be extend to a holomorphic
function on C except for the poles of gi (s), i.€., the poles obtained from the equation A2 T4 —1 =
0 when a # b, and A*"2* + (—1)k~! = 0 when a = b.

 For a = b, the poles of gi(s) are s = sp,, = —2k + ﬂigf;f"%(k > 0,n € Z). Using
L’Hopital’s rule, the residue at s; is

e st =51\ .. s — 81 e s (=51 (—1)F
Res((yap)(5),51) = (a”+4)2 < p >81Lrgll Py (a"+4)2 < f ) Tog X’

+ Fora # b, the poles of g (s) are s = sp., = —2k—|—lg;’f\, (k> 0,n € Z). Using L’Hopital’s
rule, the residue at s, is easily seen to be

_ 2% s2+2k k(D 7\ . 5§ — 52
Res(Cyap)(s),82) = (ab+4) (k > (AZ +(=1) <a) )Slggzwk)_l
52
B 2 (=)D +H DM (E)
= (ab+4) < k ) 2log A
Thus the proof is completed. O

For a = b = p, we get

Corollary 2.2. The p-Fibonacci zeta function (r,(s) can be meromorphically continued to the
whole complex plane and can be expressed as:

— (2 5 —5 1 _p+Vpr+4
Cr,(s) = (p +4)21§(k>/\8+2k+(_])k+1, where)\—f,

It is holomorphic except at the following simple poles: s| = s, 1, = —2k+ %n;k), (k>0,ne

Z.). Moreover, the residue of Cr, (s) at s = sy is as follows:

Res(Cr, (s).51) = (0 +4)7 <_l:1) (lgé)x :

3 Values of (4(.,1)(s) at integers

In this section, we discuss the values of (,(,5)(s) at integers.



Bi-periodic Fibonacci Zeta function and related L-functions 51

3.1 Values of (44,5 () at negative integers

In this part, we discuss the values of (,,;)(s) at negative integers. Theorem 2.1 yields the
following lemma.

Lemma 3.1. Let £ be a non negetive integer. Then (,(, v(s) possesses pole at s = —( if and only
if £=0 (mod 4), ifa=1,
£=0 (mod 2), ifa#b.

Now, we will be interested in finding the constant terms in the Laurent series expansion of
the function (,(, ;) (s) at the negative integers that are poles of (,(q,)(5).

Proposition 3.2. In each of the two cases listed in the above lemma, the constant term in the
Laurent series expansion of (y(a,p) (s) at s = —{ is given by:

CT&——ZCq (a,b) (
£
2

(ab+4) T (f) = —
5 2 4log(N) 2log(N)

—¢ (LY |log(ab+4) Hz—Hg
+(ab+4)= (g) l 4log(N) 210g(>\)]

l\)h\

() [_1 log(ab+4) +log ()  He—H;

4

+Hab+ 4T Y (]i)”“”(l)’“(i)z

A2(=€+2k) _ 1 ’
k=0,k#%

where H,, = Zj 15 L denotes the n-th harmonic number and Hy = 0.

Proof. From Teorem 2.1, we have

Cq(a,b)(s):
s s+2k _1\k (b
(ab+4)iz<k))\ + (-1 ()

2(s+2k) _
=0 A2(s+2k) — 1

ol

£

e\ M (—1)% (2)? . g\ AR (1) (2)F
— @i () OV a3 ()2

A\2(s+2k) — 1
k>0,k#%

= T(s)+ K(s).

Since K (s) is holomarphic at s = —¢ and (%) = 0 for k > ¢, we obtain

L —042k k(b T
—e AW + (-1) .
CTse—¢K(s)=K(—£) = (ab+4)= Z (k) VTS _<1 ) . 3.1
k=0,k#%
Now, as s — —/, we have
s _ 1 _
(ab+4)% = (ab+4)7 + E(ab+4)TZ log(ab + 4)(s + £) + o(s + £), (3.2)
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1 1
2N2(s+6) — 1 e2(s+€)log(N) _ 1
1
2(s + £)log(\) +2(s + €)2log”(A) + (s + £)3log’ (\) + o(s + £)?
1 1
2(s + ) log(A) “q + (54 £)log(\) + 2(s + £)21og* () + o(s + €)2

! 5 2 2 2
~ 2(s+ O)log(N) (1 — (s +0)log(A) + §(S +0)*log”(A\) + o(s + ¢) )
- 2(+fl>log<A) ‘% %(”” log®(\) + o(s + £), (3.4)
and
(‘3) _ T(—(s+0++1)
3 (HIT(—(s+0+5+1)

— (f) [1 +(s+10) <1/) <§ + 1> — Pl + 1))} +o(s +0), (3.5)

2

where 1)(s) denotes the digamma function defined by (s) = E_/((;)). By multiplying (3.2),

(3.3),(3.4) and (3.5), and using the functional equation (s + 1) = ¥ (s) + i for the digamma

function, we deduce that the constant term in the Laurent series expansion of T'(s) at s = —/
equals
—¢
e c(b\7 | 1 log(ab+4)+log (L) He—H;
To—_oT = b+4 -1 — - al __ 2
crte) = @+ ()0t (7) [ 2 Tog(V) 2oz
o (0 |log(ab+4) He—Hy
+ (ab+4 <> - 2 (3.6)
( ) £ [ 4log(N) 2log(A)
Thus, the proof is complete by summing (3.1) and (3.6). O
Corollary 3.3. 1) Ifa = b= p, we obtain
el 1 log(p*>+4) He—H:
OTS:_,CPS = p2+4 2<> 4 _ 2
«r, (3) ( ) £ 2 21og(N) log(\)

+ P +4T > <£> /\—é+2k_|_1(_1)k+1'

1) If¢ = 0, we obtain

1 log(ab+4)  log(Y)
CTS:GC(a,b)<5)__§+ 2log(N) 4log(\)

From Lemma 3.1, we have that 0, —4, —8, ... are simple poles of (5 (s) when a = b, and
0,—-2,—4,... are simple poles of (,, 5 (s) when a # b. The following theorem gives the values
of C4(a,p)(5) at the negative integers which are not poles.

Theorem 3.4. Let m be a positive integer. Then we have

0, if m iseven,

(3.7

@ —m) = 1—m 2
Cotar) (=) o (b2 4 4y (m>(_1)k+1‘l]m_2’“7 if m isodd,
m—2k

except for singularities.
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Proof. Let m be a positive integer. From (2.1), we obtain

w3

. N2k—m 4 (_q)k (BT
Cq(a,b)(_m) = (ab+4) 2z Z (ZL) /\Z(Zk(m))_(la)

k=0

1 m —
= E(ab+4) z Z(ek +977L—k7)7
k=0
2k—m  ( \k(b)" B
where 0, := (7:))\ /\Zz(k_lr)n)(“l) . We have
I m \2k—m + (71)k (2)‘7’ N \m—2k + (71)m7k (3)‘7
k m—k = k A\2Qk—m) _ 2\2(m=2k) _ 1

\2Qk—m) _ | \2(m—2k) _

() (7)o [(—w ()Tt (1 ()T Ay <—1>m]

_ (b)_ (m) (1) A2m=2k) L (_1)mp\22k=m) _ ] 4 (—1)m+l
a .

(Am—2k — \Zk—m)2

1 ) 4p\ ~ m m L /\2(m—2k) + (_1)m)\2(2k—m) —14+ (_1)m+l
_ 7 -1 +1 )
2 (b + a) kz:(:) (k)( ) (Am—2k — \2k—m)2

1/, 4b\ % " m o ()\m—Zk_)\2k—m)()\m—2k+)\2k—m)
Cq(a,b)(_m) ) (b + a) Z (k:)(_l) i [ (Am=2k — \2k—m)2

k=0
1 2 4b T m k )\m—Zk + )\Zk—m
= — - _1 +1 AR A ‘
Z(b + a) ;(kz)( ) [)\mZk)\ka (3.8)
q (g)_§<"> " .
From (1.2) and (1.3), we obtain l—" = b . :\\MrE /A\;in. Hence
n (bZ + 4b)
A — (_)\)—n _/a &(n) ) 4h 3 In
o - ) e

Since |m — 2k| is an odd number,

1
AR 4 e g . 4b\ 2 qm—2k
)\m—Zk _ /\Zk—m - b :

Thus, Identity (3.8) becomes as follows:

J

Colap)(—m) = ;b (b2 ) Z( ) 1) k1 m—2k
=0

lin—2k

Using (1.1), we get the desired.
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O
If we take a = b = p for some positive integer p, we obtain:
Corollary 3.5. Let m be a positive integer. Then we have
0, if m=2 (mod 4),
m—1
CFP(_m) = 2 1-m d m F,, 2k (39)
+4) = ( ) — )RR if me s odd.
D S U [

k=0

3.2 Values of (4(4,5) (5) at positive integers

In this part, we discuss the values of {,(, ) (s) at positive integers.

The values of bi-periodic Fibonacci zeta function at positive integers are given by:

Theorem 3.6. Let m be a positive integer. We have

IANES _
Cq(a,b)(m) = (bz + a) Zaml)\ ey

>1
m+d—2 m{4} m+d—2 m{4}
a 2d ya a 2d
whereans = 5 (L 50) (5)" X i (L 5) ()
des;, des,,
d|e d|e

Sti={d>m:d=m (mod 4)}, and S;, :={d>m:d=m+2 (mod 4)}.

Proof. From Identity (2.2), we obtain

4b\ 7 sa\mi3} —m
—-m _ 2 7 - _ 1\k(n+1) y —n(m+2k)
q, <b+a> (b) E <k‘)( 1) A :

k k m—1

4\ 7 sa\mi%) m+k—1
— 2 — s _ 1\nky—n(m+2k)
i (b +a> (b) ;)( m—1 >( ™A '

If we set d = m + 2k, we get

. 4p\ 7 m{2} m+d—2 pdem
o8 (7 5 (e

m

where S, = {d >m: d=m (mod 2)}.
Let S, ={d>m:d=m (mod 4)}and S,, ={d>m:d=m-+2 (mod 4)}. We have then

G NON|

To take sum over n, we will collect like powers ¢ = nd, so that £ runs over all natural numbers
and we restrict to d|¢. We thus have

£ (e £ (o]

desy, deSr,

Cq(a,b) (m) =

() | ) )" s e

£>1 des;) des;,

m

dle d|e

als

(::E—f) (%)m{%} AL

This ends the proof. O
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When a = b = p, we obtain:

Corollary 3.7. Let m be a positive integer. We have

Cry(m) = (p* +4) Zame)\ ¢
1
Z m+2d—2 Z P m+éi_2
where a,, o = < > + (—=1)d ( )
dese. m—1 jese m—1
d|e dje

At the end of this section, we deal with the case m = 1 in Theorem 3.6. We have
Corollary 3.8.
i = () Ty meaz)(di(0) ()N (3.10)

n>1

Z q2n+1 = (ab + 4) Zl 1 (mod 2) (dl (ﬂ) - d3 (6))/\_67 (31 1)

n>0

where d;(0) = Z 1.
d=i (mod 4)
dle
Proof. From Theorem 3.6 we have
—1 a 2%1} L (a {%} —L
Cq(a,b)(l) :anlqn ( ) Zz>1 Zdes+ (5) +EdeS((_1)d (3) AT

dj¢ dje

where S|" = {1,5,9,...}and S| = {3,7,11,... }. We therefore have the following identities:

- 3 ay {5} £ it =
Zqznl = (bz"‘%b) > i=0 (mod 2) lZdeS* (Z) 2 +Zde$’(_1)§ (Z) ’ ]A ‘.

n>1 d|e d|e
— 3 a {%} L (q {%} —
Zanl-‘rl = (b2 + %)2 2251 (mod 2) lZdeSr (3) ‘ +ZdeS( (_l)d (3) ‘ ] A
n>0 d|¢ d|e

Since d|¢ and d is an odd number, {55} = 0 when ¢ is even and {55} = 1 when ¢ is an odd
number. Therefore,

S g = (L) Tty mea o) (i (0) + ()N,

n>1

and,

doanty = (@b +4)3Y L (moan(di(0) = ds(£)A7,

n>0

where d;(¢) = Z 1. i
d=i (mod 4)
dje

Identity (3.11) can be expressed using the Jacobi’s theta function ®@(s) = >° ., ei™’s ag
follows:

Theorem 3.9. We have
(ab+ 4)2 ilog \ 2ilog \
ok, = u [@)2 (Zf> CE (Zﬂgﬂ - (3.12)

£>0
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Proof. Here, we write ©(q) = 3 ., ¢, for ¢ = ¢ with Im(s) > 0. It is well known that
©%(q) = Yy5072(€)¢", where 15(¢) is the number of representation of £ as sum of two integer
squares, also r,(¢) = 4(dy(¢) — d3(¢)) and 7 (2¢) = r,(¢). We have then

=Y nO)d =Y n(20¢"

>0 >0

Hence

> n0)q =0%q) - 0 ().

(=1 (mod 2)

1
Thus, Z (dy(€) — d3(0))¢* = Z(G)z(q) — @%(¢%)). Using the fact that ¢ = A~! when
=1 (mod 2)
= % with Identity (3.11), we obtain the disered identity. O

For a = b = p, we obtain:
Corollary 3.10. We have

(P2 +4)2 [_, (ilogh , [2ilog A
Z bl = 1 6 - -0 — | (3.13)

£>0

+v/p*+4
where \ = %.

4 The bi-periodic Fibonacci L-Function

Let x be a Dirichlet character modulo d. The Dirichlet L-function associated to x is defined as
L(s,x) =Y, X2 (R(s) > 1). Similarly, we define the bi-periodic Fibonacci L-function as

n>1 ns
follows:
=y =2 X ) > 0).

n>1 n

In order to study the function Ly, ) (s, x), we introduce the partial bi-periodic Fibonacci zeta
function (4 ) (5, (7, d)) as follows:

(s d) = 3 = (R(s) > 0).

n>1 Un
n=r (mod d)
where d and r are positive integers with 1 < r < d.
It is clear that
X
Lq(a,b)(‘st) L= PE
n>1 n
d
= ZX(T)Cq(a,b)(Sv (7’, d)) (41)
r=1

Theorem 4.1. The function (., ) (s, (7, d)) can be meromorphically continued to a meromorphic
Sunction on C and can be expressed as:

Catat) (8, (1, d)) = 4.2)

a\s{5} s+2k a S{d;r
o 4b Z T5) ()R p(d-r)(s28) ()77 N2 4 (—1)k (4)
a = k 2\2d(s+2k) _

T
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It is holomorphic except at the following simple poles:

Slzsn,k:—2k+(l€+2n) 107;)\, lfa,:b7

$2 = Sk = 2k+dzl’éf;/\, ifa#banddiseven, (k>0,n€Z).
83 = 8k = —2k + d’lz;’/\, ifa #banddisodd,

The residue of ((q.1)(s) at these poles are:

Res(Co(ap) (5, (d,7));w) =

1, ifw= s,

w _1\k,,—n7 L .
(b + 42) * (fkw)( ;)10;17& x { (=1)kr (& 2 2} r » ifw= s,
(- 1)’%7 ((%)”“M(—l)“n(%)‘”{ﬂ), ifw=ss,

where 14 := exp(2in/d).
Proof. From (2.2), we have

Cq(a,b) (87 (’I“, d))

_ (b2 4b)?zz( )s{

dn+r

( k ) (_1)k(d“ﬂLTJrl))\—(dn+7>)(s+2k)

n>0k>0
s dn+r
<b2 4b) Z<—5>(_1)k(r+1)/\—r(s+2k)z(a) % (_1)dnk/\—dn(5+2k>.
a k b
k>0 n>0

Considering the n even and n odd cases, we get

an st
> (5)
_ ( %)S{%} 4= (%)S{%} )\—d(s+2k)> Z)\—an(erZk)

( >
(%)s{%} + (=M (b>5{ i }/\d(5+2k)) m

)5{%} )\d(s+2k) 4 (71) (%)5{ £}
2\2d(s+2k) _ | ’

dn+7 }

)dnk:)\ dn(s+2k)

Therefore,

Cq(a,b)(sa (7", d)) =

a\${7} yd(s+2k) ays{47)
4b —s _ (¢)""27 A + (=1)kd (2)
2y _1Vk(r+1) y (d—r)(s+2k) LB b
(b a> Z<k>( D 4
k>0

A\2d(s+2k) _ |

Let gy = exp(2in/d), we have then,
(1) If a = b, we get
)\(dfr)(s+2k:)

§q<a,n,>(57 (r,d)) = (GZ + 4)% Z (—;) (_l)k(TH) Nd(s42k) — (1 )kd”

k>0

Thus, the poles of (g, , (s, (r,d)) are s1 = s, = =2k + (k+ %) g&y (k> 0, n € Z).
Using L’Hopital’s rule, the residue at s; can be easily seen:

. _ 2 LTS8 o \k(dH1), —nr 5 — 81
ReS(Cq(a,a)(sv (d,r));s1) = (a"+4)2 ( k )( 1) Mq 51_>Sl N(s+2k) — (—1)kd

S SR e A VPN
(@+H7 )0 Jloan
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(i) If a # b, we distinguish two cases:

» Case d is an even number: we have then {d”} = {%}, hence

2
Cq(a,b) (87 (Tv d)) = 4.3)
4\ 2 —s aysis 1
2, Y _1\k(r+1)\(d—r)(s+2k) (@
<b + a) kzm ( k )( DR (3) o 49

So, the poles of Cy(q)(5, (r,d)) are s = sy, 1, = =2k + dzg'f:)\ (k>0, ne€Z). Using

L’Hopital’s rule, the residue at s; can be easily seen to be:

Res((q(a,b)(& (d, T)); 32) =
4b # —S a\ {5} s—s
24 = 2\ \k(r+1), —nr (O L s—s1
(b i a ) < k )( 1) Ta (b) slglslz Ad(s+2k) _

572 —nr (a\52{5}
_ bz+@ -5 (_1)k(r+1)77d (B) ’
a k dlog\

« Case d is an odd number: the poles of Cy(, 5 (s, (r,d)) are s3 = sp,, = —2k + dilgg/\

(k> 0,n € Z). Using L'Hopital’s rule, the residue at s3 can be easily seen.

Res(Cy(ap)(5: (d,7))383) =

53
N7 [—s —pr
2 - 3 _1\k(r+1)(_1\n,, 2
1 1
(#+2) 7 () ey

(a5} O 2 A s — 83
X(“) (5)  +CE0(3) >me<+>_1

33

3 a\s3{%} n (a)s3 {5t}
(4 )7 (-0) ey QL e 2020
a

d 2dlog A
O

Let x be a Dirichlet character modulo d. The Gaussian sum associated to y is defined by:
Gn(d,x) = Zf:] x(r)n4" where ng = exp(2in/d).
We define the following partial Gaussian sums according to the definition found in [5]:

L

Gn(l,x) =Y x(r)ni",

r=1

where £ is a positive integer and n is a fractional number.
Now, we return to the bi-periodic Fibonacci L-function Ly, ) (s, x). The following theorem
gives that the function L, ) (s, x) can be extended to a meromorphic function on C.

Theorem 4.2. The bi-periodic Fibonacci L-function L, p) (s,x) can be meromorphically con-
tinued to the whole complex plane except at the following simple poles:

s1= g = 2k + (k+ %) &5, ifa=b,

82 = S = —2k + (12_12?)\7 ifa#banddiseven, (k>0,n€eZ).
53:sk7n:—2k+%, ifa# band dis odd,

The residue of Ly(,)(s, x) at these poles are:

—w —1)k
Res(Lg(a,b) (s, (d,7));w) = ( k )C(”Olg))\ X
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Proof. From Theorem 4.1 and (4.1), the poles of L, (s, x) are

(@) Ifa=1b:s1 =s,p=—2k+ (k+ %) Z5 (k>0, n€Z),and the residue at s = s, is

log A
d
ReS(Lq(a,a)(SaX);sl) = ZX(T)ReS(Cq(a,a)(Sv(d7r));51)
r=1
—1)k d
_ 2 4 s1/2 S1 ( —nr
(> +4) N legA;X(T>nd
k
_ 2 si/2( —S1 (=1)*x(=1)
4)* n(d,
@ -ap2 () S0 600
@ii) If a # b, we distinguish two cases:
« Case d is an even number: s, = sy, = —2k + dz]'f)?/\ (k> 0,n € Z), in this case
d
ReS(Lq(a,b)(S7X); 82) = ZX(T)RCS(Cq(a,b) (87 (da T));Sz)
r=1
(s T s\ (—1)F & T — (a)sz{%}
- a k dlogAZ’” — e '

Since d is an even number, x(r) = 0 for all even number r. Therefore,

S (9™ = (9)F Cor e

So
Res(Ly(ap) (5, X);52) = (ab+4) 7 () MR Gn(d, x).

« Case d is an odd number: s3 = s, = —2k + d’i’;; (k > 0,n € Z), in this case, the
residue at s = s, is:

d
Res(Lq(a,b) (s: X); 53) = Z X(T)Res(gq(a,b) (57 (7'7 d)); 53)

T s (—1)F A —nr [ rgy\s3{% im0 5315
(7% () aamen 0 xoma ™ [) o ()

(4 3)7 (s (100 ())
« (x@01 = M6 () M@ n).
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O

Let x be a Dirichlet character modulo d. It is known that if y(—1) = 1, then L(—2m, x) =0,
for any positive integer m. If x(—1) = —1, then L(—2m + 1, x) = 0, for any positive integer m.
Similarly, in the case of L, ;)(s), we obtain the following results:

From Theorem 4.2, we obtain a sufficient condition such that L, 5 (s) is holomarphic at nega-
tive integers.
Lemma 4.3. Let ¢ be a positive integer. Then L, ) (s) possesses pole at s = —( if and only if
=0 (mod 2), ifa=>bwithdiseven,
(=0 (mod 4), ifa=>bwithdisodd,
=0 (mod 2), ifa#b.
Kamano [10] (Corrolary 12) proves that Ly, .)(—m, x) = 0 for any positive integer m (ex-

cept for singularities) and any Dirichlet character x satisfies x(—1) = 1.
We continue this investigation in the case a # b:

Theorem 4.4. Let x be a Dirichlet character modulo even number d such that x(—1) = 1, then
for any positive odd integer m, we have

Lq(a,b)(_ma X) =0.
Proof. From Identities (4.1) and (4.3), we get

4b s
La(ap)(=m, x) = (b2 a) § X() Y (ok +0mr)
r=1 k=0

where

o M o Nk(r+1) y (d=r)(2k—m) [ @ —miz} 1
o (k>( DA (b) N@R—m) _ ]

- (m>(—1>’“ (& A~ dm=20) (—1)exm—2)"

b \—d(m=2k) _ 1

Since m is an odd number, we have then

m a\—m™{5} ., \d(m—2k) (—1)kAm—2k -
ok (k)(_l)k (5) (= )\d((m2k) 1 )

Let X = (=A™, Thus o, + omr = (P)(=1)* (1) 7" [ + (-1 5 .
Therefore,

Lq(a,b) (7m7 X) =

n

40 B @ o [ o

2<b2 tb>i(n/§) — X1 4 0 (5) " " e,

k=0

Since d is an even number, x(r) = 0 for all even integer 7. Then we have

1 - - m (_1)k 2 r d—r
Lyan(=m.x) = 5(ab+4)"% > () 3= > x(r) [X7 =X,
k=0 r=1
We have clearly,
d d
> X)X = Zx ) X" = x(n)XT (x(=1)=1)
r=1 r=1

and this gives that L, ) (—m, x) = 0. O
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5 Concluding remarks

In this work, we have introduced the bi-periodic Fibonacci zeta function as a natural extension
of the classical Fibonacci zeta function, constructed using the bi-periodic Fibonacci numbers.
Through our investigation, we have demonstrated that this novel Dirichlet series admits an ana-
lytic continuation across the entire complex plane C. Moreover, we have established values for
the series at integer points and examined other analytical properties.

Building on this study, we also proposed and studied the bi-periodic Fibonacci L-function.

This work follows a series of previous generalizations and opens new perspectives for study-
ing zeta and L-functions associated with generalized Fibonacci sequences; Namely, possible
applications in dynamical systems or cryptography.
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