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This manuscript is an extended and significantly improved version of a full paper entitled ‘[Study of a Fractional- Order
Models for HIV/AIDS]’ presented at ICRAMI 2025 (Tunisia, November 2025). Compared to the conference version, this
paper includes (Extended methodology in existence of equilibrium points and proving the local and global stability of the
proposed model, additional figures and results, and new analyses).

Abstract The long-memory nature of HIV/AIDS progression, treatment exposure, and de-
layed development of advanced disease necessitates a fractional formulation. We analyze a deter-
ministic HIV/AIDS model governed by the Caputo derivative in which HIV-infected individuals
are represented through a distinct compartmental structure. An explicit expression for the basic
reproductive number Ry is obtained and used to distinguish disease clearance from persistent
transmission. Suitable Lyapunov functionals, together with LaSalle’s invariance principle, yield
global asymptotic stability of the disease-free and endemic equilibria under the corresponding
threshold conditions. The simulations support the analytical thresholds and emphasize that early
intervention can reduce HIV transmission, slow progression to AIDS, and strengthen the effec-
tiveness of treatment strategies.

1 Introduction

HIV is the one of the most destructive viruses with widespread impact on human populations.
According to estimates from the World Health Organization (WHO) and the joint United Nations
Programme on HIV/AIDS (UNAIDS), approximately 630,000 people died from AIDS-related
illnesses in 2023, 39.9 million people were living with HIV, and 1.3 million were newly infected
with HIV [1]. Several mathematical frameworks have been proposed to analyze the dynamics of
HIV transmission in vivo. The field of fractional calculus extends classical differentiation and
integration concepts to operators of fractional-order, utilizing fractional-order differential opera-
tors offers substantially higher accuracy compared to traditional integer-order formulations. The
application of fractional calculus to HIV modeling has yielded diverse and insightful results.
Numerous studies have investigated fractional mathematical models of HIV/AIDS infectious
dynamics [2, 3, 4, 5]. Fractional-order frameworks have been particularly effective in reveal-
ing the rich dynamical behavior embedded within epidemiological systems, including stability
properties, bifurcation structures, and the influence of fractional orders on disease persistence
[6]. Furthermore, studies such as [7] and [8] have established strong theoretical foundations
for adoption of fractional-order derivative methods in biological modeling, underscoring the ne-
cessity of fractional-order approaches for accurately capturing real-world processes that involve
anomalous diffusion or long-memory effects. The basic reproductive number Ry, a fundamental
infection dynamics of disease spread, has been extensively studied in fractional-order models to
determine threshold conditions for disease eradication or persistence [9, 10, 11, 12, 13]. Stabil-
ity analysis, both local and global, using eigenvalue techniques and Lyapunov functions adapted
for fractional systems, facilitates a comprehensive analysis of the long term patterns of infec-
tious disease transmission [6, 14, 15, 16, 17]. Despite these advancements, challenges remain in
fully characterizing the qualitative behavior of fractional reaction-diffusion models, particularly
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with respect to the influence of spatial heterogeneity, fractional orders, and nonlinear infection
rates [7, 8, 18, 19, 20]. Existing studies suggest that a deeper investigation of these factors can
significantly enhance the predictive power and reliability of mathematical models for infectious
diseases. The current study research can be viewed as a generalization of the findings reported in
[21]. The remainder of this paper is organized as follows. In Section 2, we present the fundamen-
tal results of fractional calculus required for the analysis. Section 3 is devoted to the formulation
of the proposed model. In Section 4, we investigate the positivity and boundedness of solutions
and existence of equilibria. In section 5, we study the local and global stability of the equilibrium
points. Finally, Section 6 provides numerical simulations that illustrate the theoretical findings.

2 Fundamental Fractional Results

Let us review some fundamental definitions related to the Caputo differential operator in frac-
tional calculus.

Definition 2.1. Let the A > 0,¢ > a with A, a,t € R. The fractional derivative of Caputo is given

by
L A A9
C A —
ath(t)_ F(’I’L—)\)/a (t_E)A+I_TL dga (21)

n—1<A<neN.

where I representing the gamma function.

Proposition 2.2. [13] Let f(t), g(t) : [a,b] — R be such that ¢ D} f(t) and § D} g(t) exist almost
everywhere and let ¢y, c; € R, then, $ D} (c1 f(t) + cag(t)) exists almost everywhere and

CDY (e1f(t) + eag(t)) = 1 SDM(E) + e2 § Dg(t). (2.2)

Corollary 2.3. [22] Suppose that g(z) € C[0,b] and § D2 g(z) € C(0,b] for 0 < X\ < 1. If

¢ D2g(z) 20, Yz € (0,0),
then the function g is non—decreasing on (0,b). Moreover, if

§D2g(x) <0, Ve (0,0),
then the function g is non—increasing on (0, b).
Lemma 2.4. [26] Let x : [tg, 00) — R be a continuous function satisfying

SDMe(t) + px(t) <v, t>15,0< A< 1.

where p,v € R with u # 0. Then the following inequality holds:
v v
o) < (olt0) = 2) Bul-nle — ) + 2, viz 0

where E\(-) is the Mittag—Leffler function defined by

o0

tk
BEx(t) = Zm

k=0
Proposition 2.5. [8] The fractional derivative for a constant function f(t) = c is zero
C A
< D;C =0.

Lemma 2.6. [10] Let z(t) € R be a continuous and derivable function. Then, for any time

instant t > t

DY) <§ Dralt), YA€ (0,1). 2.3)
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Remark 2.7. Consider the family of quadratic Lyapunov function
L(xy, 20,y Tp) = Z G (i (t) — :v;k)z, i=1,2,...,n
where ¢; > 0. By using (2.3), we get

CDML (21,22, 0y ) < Zcz CD) (x(t) — x3), (2.4)

zi(t),zf €R, 0<A<1.

Lemma 2.8. [10] Suppose that = (t) € R, is a continuous and differentiable function. Then, for
all t > to, A € (0, 1], and x* € R, we have

CDM a(t) — 2* — 2 In x(t)} < (1 _ > C DX (t). (2.5)

3 Formulation of Model

In this section, we extend the model studied by [21]. The population N is divided into the
following six compartments:

(U), the susceptible class

(V1), the asymptomatic latent HIV cases

(V3), the symptomatic cases

(A), the AIDS patients

(T, the individuals under treatment

(R), the individuals who change their behavior to avoid infection. The groups are explained by
the following equations:

§DPU = A= BiUe(Vi) = BaUp(Va) — (w + )T,
§DeVI = BiUe(Vi) + BaUsp(Va) — (ki + ko + p) V4,
EDeVs = anT + k1 Vi — (81 + 62 + ) Va,

DT =61Va — (a1 + a2+ G +p) T

SDZA =kVi+ &V + T — (G +p) A,
gD;"R:wU—uR,

3.1

where the initial conditions are
U(0) >0,1(0) > 0,52(0) > 0,7(0) > 0, R(0) > 0,

where ¢ D¢ denotes the Caputo fractional-order derivative with 0 < o < 1. All parameters in
model (3.1) are positive constants. The parameters’ description, value, units, and reference are
given in Table 1.
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Table 1. Parameters description, values, units and sources used in model (3.1)

Parameter | Description Value Source
A Population recruitment rate 0.55 year™! [23]
B Transmission rate (asymptomatic individuals) 0.01 year—! | Estimate
B2 Transmission rate (symptomatic individuals) 0.03year—! | Estimate
w Behavioral transition rate of susceptible individuals | 0.03 year™! [24]

i Natural mortality rate 0.0196 year™! [25]
k1 Progression rate from Vj to V, 0.198 year™! [25]
ko Transfer rate from V; to T 0.35 year™! [24]
aq Rate of successful treatment 0.1year™! [24]
a Rate of treatment failure 0.01 year™! [24]
o1 Progression rate from V; to A 0.4621 year™! [25]
o2 Transfer rate from V5 to T’ 0.35year™! [24]
G Mortality rate in AIDS class 0.0909 year™! [25]
GO Mortality rate in treatment class 7' 0.0667 year—! [25]

For simplicity, denote by = k; + k + p, by = 61 + 92 + p, and b3 = ay + ay + { + p, then
the model (3.1) becomes. The system becomes as follows:

§DPU = A— BiUp(V1) — BUp(V2) — (w4 p)U,
§DeVi = BiUe(Vi) + BaUg(Va) — bi VA,
SDV, =T + k1 Vi — bV,

(3.2)
§ DT = 6,V5 — b3 T,
gD?A = kJ2V1 + (52V2 + G{2T — (<1 + M) A,
§D¢R =wU — uR.
The nonlinear infection rate (V) is assumed to satisfy:
#(0) =0, (3.3)
and
0< Vi (Vi) <p(V3), VVi>0,i=1,2 (3.4)
Lemma 3.1. Conditions (3.3)-(3.4) implies
Vi ,
0< 2 <4 0). (3.5)

4 Positivity and boundedness

We record the well-posedness properties needed for system (3.2), namely existence, uniqueness,
positivity, and boundedness of its solutions.

Theorem 4.1. For any positive initial condition X (0) = (U(0), V;(0), V2(0),T(0), A(0), R(0))T,
there is always a unique solution for model (3.2) on [0, +o0).

Proof. Let X (t) = (U(t),Vi(t), Va(t), T(t), A(t), R(t))T. Model (3.2) is written as

CDEX(t) =F(X(1)),t>0 (4.1)
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where

A= BiUe(V1) = BUp(V2) — (w+ p)U
B1Up(V1) + BaUp(V2) — iV
a1 T+ kVi — bV,
0 Vo —b3T
kaVi + 62Va + o — (¢ +p) A
wU — uR

By Lemma 3.1 and the Lagrange mean value theorem, we can write

F(X)=Qo+ (Q1(§) + Q)X

A —(Brp(&1) + Brp(&2)) 0 0 0 0 O
0 (Bip(&) +Pap(&)) 0 0 0 0 0O
0 0 0O 0 0 0 O
Q=14 | @O= 0 00000
0 0 0O 0 0 0 O
0 0 0O 0 0 0 O
—(w4+pwp) O 0 0 0 0
0 —b 0 0 0 0
_ 0 kl —bz (63} 0 0
@2 = 0 0 & b 0 0
0 ko 0 oy — (C] + M) 0
w 0 0 0 0 —u

For model (3.2), one obtains ||F(X (¢))| < [|Qoll + (||Q:1]| +||@Q2]|) || X||. Hence, by Lemma 4 in
[18], model (3.2) has a unique solution on [0, +00).
It remains to place the solution of model (3.2) in the non-negative region H, where

H={(UW,W%T,AR) eRU>0,V; >0,1,>0,4>0,7>0,R>0}.

Theorem 4.2. If the initial conditions of model (3.2) belong to H, then the corresponding solu-
tions remain in H.

Proof. Using Lemma 3.1, we have:

§DyU|,_y=A>0,

§ DiVily. o = BaUp(Va) > 0.

oCD?V'z!VZ:O =T+ kW >0,
6 DT,y =61V2 20,
(?D?A|A=0 =kVi+6Va+ a1 >0,
0 Di Ry =wU > 0.

Lemma 2.4 then implies that the solution of (3.2) is nonnegative.
For boundedness, summing all equations in model (3.2) gives

SDFN(t) < A— uN ().
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Applying the Laplace transform gives
SCLIN(t)] = S°7'N(0) < = — uLIN ()],

then

LING) < (5% + ) ' [$* N (0) + 3]

Applying the inverse Laplace transform yields
A
N(t) < LTS + )7 S T IN(O)] + L7H(S™ + )" 5]
= N(0)Eq 1 (—ut®) + At*Eq o1 (—pt®).

Let N(0) < 4., then N(t) < &[Ea,1(—put®) + pt® Ba a1 (—ut®)] = & 5y
Therefore, the solutions of model (3.2) are positive and bounded.

4.1 Equilibria and the basic reproductive number

Because the first four equations do not involve A and R, the equilibrium analysis may be carried
out on the subsystem

§DEU = A= piUp(Vi) — BolUsp(Va) — (w + p)U,
§ DV = BiUe(V1) + BaUsp(Va) — bi VA,

§DeVs = T + ki Vi — bV,

§DET = 6,Va — b3T.

4.2)

With U° = U(0),V? = V4(0),Vy = V5(0), and T° = T(0), the disease-free equilibrium of
model (4.2) is E° = (U°,0,0,0), where U° = —2-. The basic reproduction number of model
(4.2) is obtained by the next-generation matrix metﬁod [28].

Proposition 4.3. The basic reproductive number of model (4.2) takes the following form:
A$(0) k1bs
Ro=—"—(01 + .
O b M S T G+ G2t )

Proof. Model (4.2) can be written as

DY = F(Y) - G(Y), withY = (14,15, T)7,

where
A8y - ABy -
i #(0) + 256(0) bV
F(Y)= 0 GY) = —aiT —kiVi + bV,
0 —01 Vo + 03T

Let F and G be the Jacobian matrices of F(Y) and G(Y) at E°, respectively. Then

ABy - ABs -
i wrw(0) 259(0) 0} by 0 0
F= 0 0 0 [.G=| -k b -a
0 0 0 0 -6 b

The largest eigenvalue, namely the spectral radius of F'G—!, gives the basic reproductive number

Ap(0) < k1bs )
Ro=—F"— +0h—. 4.3
O (+w) b & ﬂzbzb3 — o1 )
After simplification, this becomes
Ap(0) k1b3
Ro = —"—=—(61 + .
L TR DGR Y Poeraromran pry rrpn v
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Theorem 4.4. I[f g > 1, then model (4.2) has a unique Endemic equilibrium point (EEP) E* =
(U Vi V3, A,

Proof. To find the other equilibrium point, let E* = (U*, V}*, V;*, A*) be any equilibrium point
of model (4.2) that satisfies the equations as follows:

0=A—-51Uo(V]) = BoU*p(V5) — (w4 pu)U™,
0= B1U*o(V*) 4+ BaU*o(V5') — b1V,

4.4
0= T" + klvl* — bz‘/Z*,
0=06V —b3T™.
Calculating the above equalities, we obtain
A=V kibsVY o ko vy
wHp P bby— iy’ bbz — a0y
By the second equation of model (4.4), we define the following:
A-b kibs V¥
V)y=— 1% ——)| = bV 4.5
607) = o L) + o 2| @3

Using (3.3), we cane deduce that $(0) = 0 and ¢($) = —A < 0.

The function ¢(E) is continuously differentiable with respect to the variable V}* in the interval
[0, ], we obtained

7 *\ _ _b] * klb?"/l*
507) = T [+ e (2 )|
A-bVf , kib3 , kb Vi
D * — by.
* OJ+M |:5]<,0(V1 )+52b2b3 —041(51()0 b2b3 —04151 !

If $(0) > 0, then ¢(V;*) = 0, the function ¢ admits at least one positive root V;* in the interval
(0, ). By (3.3) and (3.4), we obtain

; —b A kib
00) = S B0+ Bp(0)] + [w(m +sz2b31;l51¢(0)} —bi.
= b] (%o — 1)

Therefore, iy > 1 leads to ¢(0) > 0. Then, the model (3.4) has at least an unique Endemic
equilibrium point E* = (U*, V{*, V", A*), where

CA-LVE L bV k0 Vi
o w+ ’ 2_b2b3—04151’ _b2b3—a1617

*_

U*

we prove the uniqueness of the Endemic equilibrium point. Substituting £* into the second
equation of model (4.4) yields the following:

LU (V") n BoU* (V')
vy vy

:bla

Using the above equality and (3.5), we obtain (;S(Vl*) < 0. We utilize the contradiction argument
to prove the uniqueness of the Endemic equilibrium point E* = (U*, V{*, V,*, A*). Suppose there
is an another the Endemic equilibrium point E** = (U**, V**, V;**, A**), after some simple
calculations, it is easy to arrive that ¢(E**) > 0, which is a contradiction.



INFECTION RATE IN THE DYNAMIC ANALYSIS 249

5 The local and global stability of the equilibrium points
We first analyze the local stability of the equilibrium points £° and E* of model (4.2).

Theorem 5.1. For 0 < o < 1, the disease-free equilibrium E° is locally asymptotically stable if
Ry < 1.

Proof. The Jacobian matrix of model (4.2) is

—(w+p) = LUeV1) = BoUe(V2) —51UE(V1)  —BaUS(V2) O

Up(V; Uop(V; Up(Vy) —b Ub(V; 0
UV, V3, T) = AR B RteR) AU i RUAR)
0 0 1 —b3

Evaluating J (U, Vi, V3, T) at E° gives

~(wHp)  —p5e0)  —Ee0) 0

0 ki —by aq 7
0 0 0y —b3

The characteristic equation is [\ — J(E°)| = (A + w + ) P(X),

where
P()\)I)\3+J}1)\2+$2)\+$3,
and
ABr
= b b by — 0
) 2 + 03 + (b u+w<p( ))s
ABr ABy
= (b b3)(b; — 0 bybs — o101 — 0)k
2 (b2 + b3)(by thoJsﬁ())ﬂLzs 16 u+w@()l’
ABi ABy ABr
= bybs(b — 0)) — 0)k1b3 — (b — 0 1)
3 2b3 (b1 M+w¢()) M+W<P()13 (b1 u+w90())0¢11

= [01(aa + G+ ) + (62 + p)bs]br (1 — Ro).

If Ry < 1, then one can verify that z; > 0,2 > 0,23 > 0, and z12, > z3.
Hence, all eigenvalues satisfy |arg(\;)| > <. By the Routh-Hurwitz criteria (see [27]), these
conditions ensure the local asymptotic stability of E° of the fractional-order model (4.2) when-

ever ®y < 1.
Theorem 5.2. If g > 1, then E* is locally asymptotically stable.
Proof. Evaluating J(U, Vi, V5, T) at E* gives

aip app a3 0
ar ax a3 O
J(U* Vi V3 T =
sy V19 V2 3
0 a3 a3 axn
0 0 a3 awu

where

ai = —(w+p) = BU*@(V}") — LU (V5'), a1 = =fiU*4(V)*), a3 = —BU*(V5),
azi = iU (Vi) + BoU*p(V5), a = BiU* (V") — bi,axz = BU*@(V5'),

azx = ki,a33 = —by, a34 = ay,

ag3 = 01, a44 = —b3,

the characteristic polynomial of .J(E*) is

PA) =X+ yi X + A + y3h + ua, (5.1)
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where

y1 = —(ayy + axn + as; + aq),

Yo = ar1am — aj, — ax3a3 — azsasz + (arn + ax)(aszs + ass),

y3 = axsaz(an + aga) + azsasz(arn + ax) — azaziazn — (a3 + ass)(ar1a2 — 0%2)7

Ys = A1302132044 — (23032011044 — a3sasz(arian — aly).

For Ry > 1, all coefficients satisfy y; > 0,7 = 1,2,3,4, and the Routh-Hurwitz criterion in-
equality y192y3 > y3ya + y3 holds, implying that all eigenvalues of J(E*) have negative real
parts [27]. By Matignon’s stability theorem for fractional-order systems with 0 < a < 1, this
guarantees that |arg();)| > < for all eigenvalues. Therefore, the endemic equilibrium E* is
locally asymptotically stable

Theorem 5.3. If Ry < 1, then E° is globally asymptotically stable.

Proof. Consider the Lyapunov function

Lo(t) = Vi + ¢1Va + ¢ T, (5.2)
where
b = b1 823
B1C + Ba(kibs)’
a1b1 2
B2C + Bi(k1b3)
and
C =061(ar+G+p)+ (6 + u)bs
= bzb3 — 041(51.
Clearly, Lo(t) > 0 for all ¢, and Lo(t) = O if and only if Vi = V5 =T = 0.
Applying the Caputo fractional derivative to Lo (¢) gives
§ D Lo(t) = § DfVi + ¢1 § D Va + ¢ § DT, (5.3)

replacing § DPV1,§ DeVa, and § DT by the corresponding values yields
§DiLo(t) = HiUe(Vi) + BUe(V2) = biVi
+o1[anT + ki Vi — Vo] + $2[61V2 — b3T.

Simplifying gives
GDFLo(t) = BiUp(V1) + BUp(Va) — bWy
b1B2(k1b3) by } b1B2(k1b3) [06151 Q) }
W%y Y 22y 4 v, — M
B1C + B (ki1bs) ki ki BiC + Balkibs) L Kabs © ki
b1Ba2(k1b3) { babs — a6 ]
= BiUp(V) + BUp(Va) — i Vi + — a8y, 223~ 210y,
BiUe(V1) + BoUp(V2) — biVi G 1 Atk s 2
b1 52 (k1b3) { 6, }
= UpV1)+BUp(Va) -1V + —————— V] — —V,
Bi 80( 1) + B2Ug( 2) Vi 510+52(/€1b3) oiba )
= BiUe(V1) + BUp(V2) + L[ﬁv+ﬁ‘/]
= fiUpW hUp(Va B+ Ba(nba) Vi + V2
b1 CU (0)

= BiUe(V1) + BUp(V2) + EAZEAZIF

B1Uo% (0) C + BUo (0) (k1b3)

0_ _A
where U = o

According to Lemma (3.1), we obtain the following:
O D Lo(t) < Bl (0) Vi + B2los (0) Va
N e
B1Us¢ (0) C + BaUo (0) (k1b3)

[81U0¢ (0) Vi + B2Uo (0) V2]
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Using the definition of $y, we obtain
, , 1
6 Di Lo(t) < [Bi1U0¢ (0) Vi + B2Uo¢p (0) V2] (1 — 3?70)

Hence, § D& Lo(t) < 0. From LaSalle’s principle of invariance [34], E° is globally asymptoti-
cally stable.

For the global stability of the second point £*, consider
L(z)=2—1—Inz, forallz > 0. (5.4
Lemma 5.4. If ¢ satisfies criterion (3.4), then
w(W‘)) <<P(Vi) V)
I <0,i=1,2.
( e (Vi) ) \e (Vi) W
Proof. Let V; > 0 and assume that conditions (3.3)—(3.4) hold. Hence,

A (V) _ V') —e(Vi) _
av; \ "V, V2 =
which implies that the function (‘Y) is non-increasing on (0, +00). Therefore, for any V;, V,;* >
0, we have
p(Vi) _ e(Vi) . ‘
LA A A
v, S v iV, >V,
" V) | elv)
e Vi (V) .
> ! tV, < V™
v, 2 v ifv, <V,
This implies that
p(V)) Vi . ‘
<0 iftV;>V"
EORN
and W) Vi
PV : *
——2>0 ifV; <V~
(Vi) Vi
On the other hand, since ¢ is increasing and ¢(0) = 0, we have
?(Vi) >0 ifV; > V7
(Vi)
and v
1-— (V') <0 ifV;< V™
e(Vi)
Thus, the two factors (1 ) and (5(“2 ) have opposite signs, and hence

<1 : so(m)) (;(VV})) - VV) <0

Moreover, equality holds if and only if V; = V;*.
Theorem 5.5. If Ro > 1, then E* is globally asymptotically stable.

Proof. We consider a Lyapunov function

L) = (U—U*—/*U;%‘) ( v /V:‘;l*ds>

* * 1% *
L BUe (V7) <v2_v;_/ V;as)

ko Vi

s

krbs Vi S
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The fractional derivative of £(t) is evaluated as follows:

(0% U* « V* «
Spect) < (1U>€DtU+< Vll)oCDtVl
BU ¢ (V) Vi\c a1BU e (V5) "\ ¢
e 2l (- 2 ) DoV 2 (] § DT
vy W )0t Ty T

Using the first equation of model (4.2), we obtain:
U* c o U*
- 0 DU = (1= 5 | (A= BiUp(V1) = B2Up(V2) = (@ + V).

U
By substituting A = 51U*¢(V*) + 52U*(V5") + (w + p)U*, we get

(1—%*>OCD?U = (w+p) (1—UU) (U*-0)

+51U (V) )<1U*<P

+6U"p(V5) (1 T T (V)

From the second equation of model (4.2), we have

*

(1 - ;) ¢ ppv; — ( ;) (BrUe(Vi) + BaUp(Va) — byA).

BU” @(V, ) UL e obtain
v Up(Vi)  Wi'Up(i) W
1- L )§Devy = BU(Vy <1 + - R
( 7 ) 1 sU (V") Ucp(Vi") ViU*e(V) W
Up(Va)  Vi'Up(Va) Wi )
BU (V3 )( Urp(Vy) WViU*e(Vy') W 40

By substituting b; =

By the third equation of model (4.2), we obtain

paUe (V') Vi\c BU (V) vy

1-— DV, = 1- T+ Vi — 0V
ki V' V)0 ki Vy p, ) (Tl V= bb).

By substituting V;* = % and V' = b3T , we obtain
BaU*p (V5F) Vi ¢ o T aT absTT* 101V,
= 1- DYV, = U*yp — —

K Vl* Vs ot V2 ﬁ2 ( ) k V* + K ‘/l* 51k ‘/1*‘/2 K b3‘/l*
Vi Wy W
Upo(Vi) [ 14+ — — —= ——]. 5.7

Using the fourth equation of model (4.2), we have
oz]ﬁ2U*<P (‘/2*) (1 _ Tv*) (61‘/2 _ b3T> .

al/BZU*QO(‘/Z*) 1— - CDaT*
krbs V7 T Frbs Vi T
By substituting b3 = T‘i , we obtain
18U (VY) T\ ¢ a161V2
—_—= |1 - o DiT = U”
krbs V' T B (Vi E, vy

* o T a T a10T*V,
Bl (V5 )(w* = klbgTVl*)(S'S)
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Adding Equations (5.5)—(5.8), we obtain

sore) < am(1- )@ -0
(-0 £ W et
Ut A TV T UeR)
(3L £ U

(

+81U (V") (2 —

+ —
U = e(Vy) vy UVie(Vy) W

2O£1T* . Ckl(;]T*‘/z _ a1b3TT*
kMVE kb TV 6k Vi Vs

Straightforward algebra gives

SDrL(r) < (w+u)<1— N -v)

+AU (V) (1~ g) > (‘f((“/{ll)) - “//11)

BTV (3- 4 Viﬁ(vvl; - g"ﬁzg‘?")))
+U (V5) (1 - (< o ) (55553 - “//22)

U e(vy) (4- %Z((V‘Z; gvf%*)) - “2‘3)
o zzgiifigz‘;;iiv‘? )

Using Lemma 5.4, we find
§DXL(t) <0

(See the appendix on the last page of the article). Hence, by LaSalle’s invariance principle, the
endemic equilibrium E* is globally asymptotically stable whenever ¢ > 1.

6 Numerical simulations

The computations in this section link the threshold analysis to representative solution trajectories
of the fractional epidemiological model (3.1). Throughout, take ¢ (V;) = HLV, i = 1,2. This
choice is admissible under conditions (3.3) and (3.4), since

To validate the theoretical results, we perform numerical simulations of the fractional-order
model for a € {0.85,0.9,0.95,1}. Using the parameter values found in table 1. We utilized
Adams-Bashforth Moulton predictive correction method to solve model (3.1), the initial condi-
tions as specified in table 2, Where the first case is taken from [24].
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Table 2. Initial conditions for the model (3.1)

Case | U(0) | Vi(0) | V2(0) | T(0) | A(0) | R(0)
1 |30 | 25 | 23 | 15 | 8 2
2 |25 | 18 | 16 | 11 | 6 2
3 [ 20 | 12| 10| 7 4 1
4 | 15 8 6 4 2 1
5 ] 10 3 2 1 0

Case 1: Infection-free equilibrium. Setting 8, = 0.01, 5, = 0.03 yields Ry = 0.3899 < 1.
According to Theorem 5.3, the infection-free equilibrium E° = (11.0887, 0, 0, 0, 0, 16.9725)
is globally asymptotically stable. Figure 1 illustrates the shifts in the proportions of susceptible
individuals (U), the combined group (V; + V4 + T + A), and low-risk individuals (R) converge
toward the approximate value of E° associated with the value of o = 0.95 over time. In figure 2,
the individual trajectory plots further reveal that larger values of « accelerate convergence toward
EP: at o = 1 the variables reach their equilibrium values considerably faster than at o = 0.85,
which is a direct consequence of the long memory effect inherent in fractional-order systems.

\l1 +V2+T+A

0 50 100
Time (year)

150 100

Time (year)

50 100
Time (year)

150

Figure 1. Variation of the propotion of U, V| 4+ V, +T + A, and R over time with different initial
values, o = 0.95, Ry = 0.3899 < 1
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Figure 2. Behavior of (U°,0,0,0,0, R®) with different values of
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Case 2: Endemic equilibrium. Setting 8; = 0.06 and 5, = 0.03 gives Ry = 1.3667 > 1.
In this regime, the numerical findings coincide with the theoretical outcomes of Theorem 5.5,
confirming that the endemic equilibrium E* = (U*, V;*,T*, A*, R*). Figure 3 indicate that the
system’s stability demonstrates global convergence, meaning that the system’s behavior is inde-
pendent of the initial conditions and, in all cases, it ultimately converges to the EEP.
This persistent coexistence of virus and immune response is consistent with a chronic infection
state, higher values of o produce faster convergence to E*, while lower values of « slow the
transient dynamics without altering the long-term behavior.
Figure 4 separates the six components for o = 0.85, 0.9, 0.95 and 1, with a = 1 giving the clas-
sical integer-order case. Across these panels, the fractional order mainly reshapes the transient
response through the memory index. The susceptible component is shown in Figure 4(a), and
Figures 4(b) and 4(c) give the asymptomatic and symptomatic infected classes for the selected
values of «. The symptomatic infected class approaches a nonzero equilibrium for both integer
and non-integer orders. Figure 4(d) displays the AIDS class, Figure 4(e) tracks the treated class
as « varies, and Figure 4(f) shows the individuals who modify their behavior. Taken together,
the curves show an early increase in the behavior-change compartment followed by convergence
to the equilibrium point.

30 80 12

25

‘\/’1 +V2+T+A

0 50 100 150 o 50 100 150 0 50 100 150
Time (year) Time (year) Time (year)

Figure 3. Variation of the propotion of U, V| +V, + T + A, and R over time with different initial
values: o = 0.95, Ry = 1.3667 > 1
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Figure 4. Behavior of (U*, V", V,*,T*, A*, R*) with different values of «
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Conclusion : This work represents a threshold analysis for a Caputo fractional-order HIV/AIDS
model with six epidemiological classes: susceptible individuals, asymptomatic latent cases,
symptomatic cases, treated individuals, AIDS patients, and individuals who modify their behav-
ior. By retaining these compartments separately, the model keeps treatment, disease progression,
AIDS-related mortality, and behavioral change explicit in the dynamics. The basic reproductive
number Ry was derived in closed form, and Lyapunov methods adapted to fractional systems
were used to study the two equilibria. When Ry < 1, every admissible trajectory is attracted to
the disease-free equilibrium and the infection vanishes. When Ry > 1, the endemic equilibrium
is globally asymptotically stable, so the disease persists at a positive steady state.

The numerical results mirror this analytical dichotomy. Varying the fractional order o changes
the pace of convergence and the shape of the transient curves, but it does not change the attracting
equilibrium selected by the threshold. Smaller « values encode stronger memory and therefore a
slower approach to equilibrium, while oo = 1 recovers the classical integer-order response. Thus
the global stability conclusions remain valid for all « € (0, 1].
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7 Appendix

We show that each term in the fractional derivative of the Lyapunov functional is non-positive
(Theorem 5.5).

Term 1. ForU > 0, let z = -&. Then

U*

<I?>(U*U):U*<1;>(lx)§0,

which implies that the first term is non-positive.

Terms 2 and 4. Using Lemma 5.4, both corresponding terms are non-positive.

Third term. Define

U W _ (")
=970 Y= 0 - *
U |4 e(V)")
Then the expression becomes
s 1y @z
x oz 0y
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Since
Tz

)
the arithmetic—geometric mean inequality implies

=1

ISEES

)

8~

L L)
Yy

€T z

and therefore this term is non-positive.

Fifth term. Let

v W _ " _ (1)
T = T Y * ) — =0 w = *
U Vs |4 p(Vy)
Then the expression becomes
g Ly a2
r  w z

Noting that
1 y zw

z

r w z oy

we apply the arithmetic—geometric mean inequality to obtain
1 v zw =z

-+ =4+ —+
r  w z Y

> 4,
which implies that this term is non-positive.

Last term. Factoring out a positive constant, we obtain

SRR SR 1/

0.
T v b3T =

Since x + % > 2, the expression is non-positive.

Conclusion. All terms are non-positive; hence,

SDeLy(t) <O0.
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