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Abstract In this paper, we propose a local discontinuous Galerkin method for the discretiza-
tion of second-order curl-curl Maxwell’s equations. We develop a mixed approach using con-
forming Nédélec (for H(curl)) and Raviart-Thomas (for H(div)) finite elements for the electro-
magnetic field u, coupled with nodal Lagrange elements for the pressure multiplier p. We carry
out a complete hp-error analysis of this mixed scheme and introduce a novel technique to derive
explicit optimal error estimates in terms of the mesh size h. Numerical experiments are provided
to confirm the stability and accuracy of the proposed scheme.

1 Introduction

The discontinuous Galerkin method is one of the many numerical techniques for approximately
solving a variety of partial differential equations (PDEs). This method is based on spaces of dis-
continuous finite elements by considering discontinuities of the solution on the interfaces of the
element in mesh discretizations of the domain. The DG method is characterized by approximate
differential operators in the formulation ( curl, divergence, gradient) by some discrete derivative.

In recent years, many schemes of the discontinuous Galerkin method have been intensively
developed and widely studied to solve various boundary value problems arising from physics,
mechanics, chemistry, biology, etc. The schemes of the DG method are locally and globally
conservative.

The DG method has been used for many mathematical problems, for example, the reaction
diffusion problem [1], Navier-Stokes equations [2], Maxwell’s equations [3, 4, 5, 6] . . ., etc. For
Maxwell’s equations, the main feature of the method is to consider a stated scheme via approx-
imations of the unknown u and the flow vector p. For linear problems p can be deleted element
by element, from the scheme system. This manuscript is an extended and significantly im-
proved version of a full paper entitled "A Mixed Discontinuous Galerkin Scheme for Maxwell’s
Equations" presented at ICRAMI 2025 (Tunisia, November 2025). Compared to the conference
version, this paper includes a complete theoretical analysis of the proposed mixed discontinuous
Galerkin scheme, new convergence proofs, additional implementation details, and computational
efficiency of the proposed study [7].

In this paper, we will focus on the following model problem in three dimensions, which is
derived from Maxwell’s equations.

σu+∇× (µ−1∇× u)− ε∇p = f in Ω,

∇ · (εu)− αp = 0 in Ω,

n× u = 0 and p = 0 on ∂Ω

(1.1)
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Here, n is the outward normal unit vector to ∂Ω, f ∈ [L2(Ω]3 is an external source field. σ and α
are positive functions in L∞(Ω), µ is the magnetic permeability and ε is the electric permittivity
of the medium and when σ(x) = 0 for every x ∈ Ω, u is related to the electric field E as E(x, t)
is the real part of u(x)exp(iωt), where ω ̸= 0 is a given frequency.
We assume that µ and ε are smooth functions and there exist εm, εM , µm, and µM such that
0 < εm < ε(x) < εM and 0 < µm < µ(x) < µM for all x in Ω. We introduce the Lagrange
multiplier p to control the divergence of the electric field E.

The aim of this paper is to propose and analyze a new DG method for solving Maxwell’s
equations. The rest of this paper is organized as follows. In Section 2, we introduce notations
and give the regularity results. In Section 3, we propose a DG method for the Maxwell model
problem (1.1). The stability analysis and convergence analysis for the proposed DG scheme are
given in Sections 4. Finally, In Section 5, we perform some numerical experiments to verify the
theoretical results.

2 Function spaces

In this section, we introduce some standard notation for Sobolev spaces. Henceforth, Ω is a
bounded Lipschitz domain in Rd, d = 2, 3, we denote by Lp(Ω) the usual Sobolev spaces with
p ≥ 0 equipped with the norm || · ||Lp(Ω). We denote, as usual, by Hs(Ω) the Sobolev spaces
of real or complex functions with integer or fractional exponent s ≥ 0 endowed with the norm
|| · ||s,Ω and write L2(Ω) = H0(Ω). We denote by (·, ·)Ω the standard inner product in [L2(Ω)]3.
We also use the following spaces:

H(curl,Ω) = {u ∈ [L2(Ω)]3 : ∇× u ∈ [L2(Ω)]3},
H0(curl,Ω) = {u ∈ H(curl,Ω) : n× u = 0 on ∂Ω},

Hs(curl,Ω) = {u ∈ [Hs(Ω)]3 : ∇× u ∈ [Hs(Ω)]3},

H(div,Ω) = {u ∈ [L2(Ω)]3 : ∇ · u ∈ L2(Ω)},
H0(div,Ω) = {u ∈ H(div,Ω) : ∇ · u = 0 on ∂Ω},

with n×u the tangential trace of u ∈ H(curl,Ω), n ·u is the normal trace of u ∈ H(div,Ω) and
are both belong to H1/2(∂Ω).
We note that, for d = 2,∇×u = ∂u2

∂x − ∂u1
∂y and, for d = 3,∇×u = (∂u3

∂y − ∂u2
∂z ,

∂u1
∂z − ∂u3

∂x ,
∂u2
∂x −

∂u1
∂y )

T , nevertheless, ∇ · u = ∂u1
∂x + ∂u2

∂y + ∂u3
∂z .

The norms for H(curl,Ω) and H(div,Ω) are the graph norms: ||u||curl,Ω = (||u||20,Ω + ||∇ ×
u||20,Ω)1/2 and ||u||div,Ω = (||u||20,Ω + ||∇ · u||20,Ω)1/2 respectively.
We recall the integration by parts for vector functions below:∫

Ω

∇u · v dx = −
∫

Ω

u∇ · v dx+
∫
∂Ω

nu · v ds∫
Ω

∇× u · v dx =

∫
Ω

u · ∇ × v dx+

∫
∂Ω

n× u · v ds∫
Ω

∇ · uv dx = −
∫

Ω

u · ∇v dx+
∫
∂Ω

n · uv ds


(2.1)

We denote by V = H0(curl,Ω) and Q = H1
0 (Ω), the mixed weak formulation of the problem

(1.1) is to find u ∈ V and p ∈ Q satisfies

a(u, v) + b(v, p) =(f, v), for all v ∈ V,

b(u, ψ)− c(p, ψ) =0 for all ψ ∈ Q,

where the bilinear forms a(·, ·), b(·, ·) and c(·, ·) are defined as follows

a(u, v) =(µ−1∇× u,∇× v), for all u, v ∈ V,

b(v, p) =(−εp,∇ · v), for all v ∈ V, p ∈ Q,

c(p, ψ) =(αp, ψ) for all ψ ∈ Q.
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3 Spaces of discontinuous finite elements

For the convenience of presentation, we first give some notations and functional spaces that
will be used throughout the paper. Let h be a positive parameter, let T be a polyhedron in
Rd(d = 2, 3) that is a basic finite element, more precisely, T is a triangle or square for d = 2, a
tetrahedron, cube, or prism for d = 3; let Th be a triangulation of Ω into finite elements of the
maximum diameter h. Denote by Eh the set of all faces of the subdivision, Th then let EIh and EDh
be the set of all interior/exterior faces of the subdivision of Ω, respectively. Also, denote by hT
the diameter of T for all fixed T ∈ Th, and define as known h = maxT∈Th

hT .
We use the standard notation Hs(T ) for the usual Sobolev space of order s. Now for s > 0,

let
Hs(Th) := {v ∈ L2(Ω) : v|T ∈ Hs(T ) ∀ T ∈ Th}

and

Hs(∇×, Th) := {v ∈ L2(Ω) : v|T ∈ Hs(T )3 and ∇× (v|T ) ∈ Hs(T )3,∀ T ∈ Th}.

In particular, we note

V (h) = H1(∇×, Th) and Q(h) = H1(Th),

for
∇× u ∈ ΠT∈Th

L2(∂T )3

and
p ∈ ΠT∈Th

L2(∂T ).

To define the finite element spaces, let Pk(T ) be the set of polynomials up to degree k on each
mesh element T ∈ Th. Later, we will seek our discrete solution in the piece-wise polynomial
denoted by:

Pk(Th) = {v ∈ L2(Ω) : ∀T ∈ Th, v|T ∈ Pk(T )}.
In particular, let Vh be the finite-dimensional space discretizing V (h). Similarly, we define Qh

as the finite-dimensional space of Q(h) which contains the discrete solution as follows:

Vh = Pk(Th)3, Qh = Pk−1(Th), for k ≥ 1. (3.1)

Note that functions of Pk(Th) are discontinuous across element boundaries.
Now we introduce the definition of the trace operators. For e an element of EIh shared by the

two elements Ti and Tj . We denote by ne the outward unit normal vector on e points from Ti to
Tj . Let u in Hs(Th)3 a vector valued function, we denote by ui, uj the restrictions of u to Ti and
Tj . Then, we define respectively, the tangential, the normal jumps, and the average of u

if e ∈ EIh, e = ∂Ti ∩ ∂Tj : [u]T = (uj |e − ui|e)× ne,

[u]N = (uj |e − ui|e) · ne,

{u} = ω1ui|e + ω2uj |e,

if e ∈ EDh , e = ∂Ti ∩ ∂Ω : [u]T = −u|e × ne,

[u]N = u|e · ne,
{u} = u|e.

By the same way, and for a given p in Hs(Th), we note pi, pj the restrictions of p to Ti and Tj .
therefore, we define respectively, the normal jump and the average of p as follow

if e ∈ EIh, e = ∂Ti ∩ ∂Tj : [p]N = (pj |e − pi|e)ni,

{p} = ω1pi|e + ω2pj |e,

if e ∈ EDh , e = ∂Ti ∩ ∂Ω : [p]N = p|ene,

{p} = p|e.
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where 0 ≤ ω1, ω2 ≤ 1 such that ω1 + ω2 = 1.
Finally, we introduce a stabilization parameter η used later in the definition of numerical fluxes.
For a given κ > 0, define η such that

κ = ηmin(hTi
, hTj

) for Ti andTj are two interior elements of Th,
κ = ηhT for T is a boundary element of Th.

For more details about the construction of the stabilization parameter η, we refer to [8].

3.1 Some basic tools

Let us first give the following result.

Lemma 3.1. for all t ∈ Tr(EIh) and ψ, Φ ∈ Tr(Eh)3 we have the following identities:∑
T∈Th

∫
∂T

ψ · (Φ × nT )ds = −
∫
Eh

{ψ}[Φ]T ds+

∫
EI
h

[ψ]T {Φ} ds,

∑
T∈Th

∫
∂T

t(Φ · nT )ds =
∫
EI
h

([Φ]N{t}+ [t]N{Φ})ds+
∫
ED
h

t(Φ · n) ds.

The proof is based on the identities: a · c− b · d = 1
2(a+ b) · (c− d) + 1

2(a− b) · (c+ d) and
a · (b× c) = det(a, b, c) = −det(b, a, c) ∀ a, b, c, d ∈ R3. We have∑

T∈Th

∫
∂T

ψ · (Φ × nT )ds =

∫
EI
h

ψ · (Φ × nT ) ds+

∫
ED
h

{ψ}[Φ]T ds,

for two elements adjacent Ti and Tj shared by e in EIh , we can write

ψi · (Φi × ni) + ψj · (Φj × nj) = ψi · (Φi × ni)− ψj · (Φj × ni)

= 1
2(ψi + ψj) · ((Φi − Φj)× ni) +

1
2(ψi − ψj) · ((Φi + Φj)× ni)

= −{ψ} · [Φ]T − 1
2
(Φi + Φj) · ((ψi − ψj)× ni)

= −{ψ} · [Φ]T + {Φ} · [ψ]T ,

by using the convention that ∑
T∈Th

∫
∂T

· ds =
∫
Eh

· ds,

we deduce∑
T∈Th

∫
∂T

ψ · (Φ × nT ) ds = −
∫
EI
h

{ψ}[Φ]T ds+

∫
EI
h

{Φ}[ψ]T ds−
∫
ED
h

{ψ}[Φ]T ds

= −
∫
Eh

{ψ}[Φ]T ds+

∫
EI
h

{Φ}[ψ]T ds.

In the same way, we can prove the second identity without difficulty.

Lemma 3.2. For T a d-simplex, we have the following inverse trace inequality:

||ph||0,∂T ≤ Cinv√
hT

||ph||0,T for all ph ∈ Pk(T )d (3.2)

Consider the d-simplex

T d =

{
(x1, x2, . . . , xd) s.t. |xi| ≤ 1,

d∑
i=1

xi ≤ 2 − d

}
,



282 S. Sayari and H. Zayeni

we have

Pk(T )d = span

{
xi11 x

i2
2 . . . x

id
d s.t. ik ≥ 0,

∑
k

ik ≤ p

}
For a regular d-simplex T , we have

V old(T ) =
hdT
d!

√
d+ 1

2d
, and V old−1(∂T ) = (d+ 1)

hd−1
T

(d− 1)!

√
d

2d−1

We shall loosely follow the work of T. Warburton [9]. We get

||ph||0,∂T ≤
√

(k + 1)(k + d)

d

√
V old−1(∂T )

V old(T )
||ph||0,T ,

we have √
V old−1(∂T )

V old(T )
=

√
d(d+ 1)

h
1
2
T

(
2d
d+ 1

) 1
4

to obtain the desired inequality with

Cinv = C(k, d) =
√
(d+ 1)(k + 1)(k + d)

(
2d
d+ 1

) 1
4

4 Families of DG-Schemes

By employing an integration by parts with Stokes formula (2.1), the variational formulation for
the Maxwell’s equation (1.1) is to find (u, p) ∈ V (h) × Q(h) such that for all test functions v
and ψ in V (h), Q(h) respectively, and on each element T ∈ Th∫

T

σuv dx+

∫
T

µ−1(∇× u) · (∇× v) dx+

∫
T

p∇ · εvdx−
∫
∂T

(εv · nT )p ds

−
∫
∂T

v · ((µ−1∇× u)× nT )ds =

∫
T

f · v dx (4.1)

and

−
∫
T

εu · ∇ψ dx−
∫
T

αpψ dx+

∫
∂T

(εu · nT )ψ ds = 0. (4.2)

As is known for the discontinuous Galerkin method, the solutions u and p are discontinuous on
each element e ∈ EIh . Therefore, we introduce some numerical fluxes ˜µ−1∇× u, ε̃u, and p̃ face
by face of the partition, to approximate their traces on the interfaces of triangulation. For the
curl-curl operator, we adapt the same reasoning in [10, 8] as follows: Let e ∈ EIh be an interior
face, and using the parameter η, we define the numerical fluxes by

˜µ−1∇× u = {µ−1∇× u} − η[u]T ,
ε̃u = {εu} − η−1[p]N ,
p̃ = {p} − η[εu]N

(4.3)

and for e ∈ EDh , an exterior face of the triangulation by
˜µ−1∇× u = {µ−1∇× u} − η[u]T ,

ε̃u = εu− η−1pn,
p̃ = 0.

(4.4)
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The goal of introducing these stabilizing terms is to obtain a consistent scheme of (1.1), and this
is deduced from the conservative effect of the given numerical fluxes in the sense of [11].
Now, equations (4.1)-(4.2) can be easily modified to∫

T

σuv dx+

∫
T

(µ−1∇× u) · (∇× v) dx+

∫
T

p∇ · εv dx−
∫
∂T

(εv · nT )p̃ ds

−
∫
∂T

v · (( ˜µ−1∇× u)× nT ) ds =

∫
T

f · v dx (4.5)

and

−
∫
T

εu · ∇ψ dx−
∫
T

αpψ dx+

∫
∂T

(ε̃u · nT )ψ ds = 0.

After an integration by parts, the above equation, we get∫
T

ψ∇ · εu dx−
∫
T

αpψ dx+

∫
∂T

((ε̃u− εu) · nT )ψ ds = 0. (4.6)

In what follows, summing the equations (4.5), (4.6) over all elements T ∈ Th, one gets∫
Ω

σuv dx+

∫
Ω

(µ−1∇× u)·(∇× v) dx+

∫
Ω

p∇ · εv dx−
∑
T∈Th

∫
∂T

(εv · nT )p̃ ds

−
∑
T∈Th

∫
∂T

v · (( ˜µ−1∇× u)× nT ) ds =

∫
Ω

f · v dx (4.7)

together with ∫
Ω

ψ∇ · εu dx−
∫

Ω

αpψ dx+
∑
T∈Th

∫
∂T

((ε̃u− εu) · nT )ψ ds = 0. (4.8)

To deal with the terms on the edges, we apply Lemma (3.1) and with the help of the definition
of the numerical fluxes, we obtain∑

T∈Th

∫
∂T

p̃(εv · nT ) ds =
∫
EI
h

[εv]N{p̃}+ [p̃]N{εv} ds+
∫
ED
h

p̃(εv · n) ds

=

∫
EI
h

[εv]N ({p} − η[εu]N ) ds,

∑
T∈Th

∫
∂T

v · (( ˜µ−1∇× u)× nT ) ds =

∫
Eh

[ ˜µ−1∇× u]T {v} ds−
∫
EI
h

{ ˜µ−1∇× u}[v]T ds

=

∫
EI
h

({µ−1∇× u} − η[u]T )[v]T ds

and, ∑
T∈Th

∫
∂T

ψ((ε̃u− εu) · nT ) ds

=

∫
EI
h

[ε̃u− εu]N{ψ}+ [ψ]N{ε̃u− εu} ds+
∫
ED
h

ψ(ε̃u− εu) · nds

=

∫
EI
h

([ε̃u]N − [εu]N ){ψ}+ [ψ]N ({ε̃u} − {εu}) ds− η−1
∫
ED
h

ψp ds

= −
∫
EI
h

[εu]N{ψ} ds− η−1
∫
EI
h

[ψ]N [p]N ds,



284 S. Sayari and H. Zayeni

since the jump of a continuous function is null and p vanishes on EDh .
By using these three results above, we can obtain the following primal formulation of the DG
method and the expressions (4.7), (4.8) become∫

Ω

σuv dx+

∫
Ω

µ−1∇× u∇× v dx−
∫
EI
h

[v]T {µ−1∇× u} ds+ η

∫
EI
h

[v]T [u]T ds

+

∫
Ω

p∇ · εv dx−
∫
EI
h

[εv]N{p} ds+ η

∫
EI
h

[εv]N [εu]N ds =

∫
Ω

f · v dx, (4.9)

together with∫
Ω

ψ∇ · εu dx−
∫

Ω

αpψdx−
∫
EI
h

[εu]N{ψ}ds− η−1
∫
EI
h

[p]N [ψ]N ds = 0. (4.10)

In the literature, the primal week formulation using the DG method is approximated by piecewise
polynomials that are discontinuous across each edge, which leads to non-uniqueness of solutions,
lack of coercivity in bilinear forms, and in general poor stability. To address these issues, we can
introduce additional constraints, such as a penalty term that penalizes the jump in the solution,
ensuring numerical stability and optimal convergence. We add the penalization term:

−J (u, v) : −
∫
EI
h

[u]T {µ−1∇× v} ds,

since for the exact solution u we have [u]T = 0 in EIh and n × u = 0 in EDh . We note that this
term is added to symmetrize the principal bilinear form A of the formulation.
To enhance the coercivity of the bilinear form A, we can add the second term:

r

∫
Ω

(∇ · (εu)− αp)(∇ · (εv)− αp) dx with r ≥ 0, (4.11)

although it may not be necessary to use it over the entire discrete space. It is sufficient to
ensure the coercivity of the bilinear form A on the kernel of B only. Since, from (1.1) we
have ∇ · εu− αp = 0 in Ω. And expression (4.11) can be modified to

r

∫
Ω

∇ · εu∇ · εv dx− rα

∫
Ω

p∇ · εv dx, (4.12)

Remark 4.1. We note that the first term of (4.12) is added to the bilinear form A, whereas the
second term is added to B. In this case, and by identifying with (4.10), we have

1 − rα = 1, (4.13)

and so, we discuss if α = 0, we can add the term of penalization (r ̸= 0). If α ̸= 0, necessarily
we must have r = 0.

To lead to our DG scheme, let us define the following bilinear forms

A(u, v) := a(u, v)− J (u, v)− J (v, u),

with,

a(u, v) :=
∫

Ω

σuv dx+

∫
Ω

µ−1(∇× u) · (∇× v) dx+ η

∫
EI
h

[u]T [v]T ds

+ η

∫
EI
h

[εu]N [εv]N ds+ r

∫
Ω

(∇ · εu)(∇ · εv) dx,

B(v, p) :=
∫

Ω

p∇ · εv dx−
∫
EI
h

[εv]N{p} ds
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and
C(p, ψ) :=

∫
Ω

αpψdx+ η−1
∫
Eh

[p]N [ψ]N ds.

Referred to the mixed discontinuous Galerkin method and using these definitions, the Maxwell’s
problem (1.1) becomes: find (u, p) ∈ V (h)×Q(h) such as{

A(u, v) + B(v, p) = L(v), ∀ v ∈ V (h),

B(u, ψ)− C(p, ψ) = 0, ∀ ψ ∈ Q(h).
(4.14)

4.1 Stability of the discrete scheme

To define the discrete DG finite element scheme for system (1.1), we will approach spaces Q(h)
and V (h) by the finite-dimensional spaces Qh and Vh, respectively. Let us emphasize that the
fact of using this discretization brings us back to rewrite (4.14) as{

A(uh, v) + B(v, ph) = L(v), ∀ v ∈ Vh,
B(uh, ψ)− C(ph, ψ) = 0, ∀ ψ ∈ Qh

(4.15)

with (uh, ph) ∈ Vh ×Qh be the discrete solution of the formulation.
We start by introducing two norms dependent on the mesh discretization. Therefore, Vh and Qh

are equipped with appropriate norms, which will be defined to ensure stability and convergence
of the discrete problem

∥u∥2
h := ∥σ 1

2u∥2
0,Ω + ∥µ− 1

2 ∇× u∥2
0,Ω + r∥∇ · εu∥2

0,Ω + η∥[εu]N∥2
0,EI

h

+η∥[u]T ∥2
0,Eh

+ η−1∥{µ−1∇× u}∥2
0,Eh

for all u ∈ Vh,
(4.16)

and

∥p∥2
h := ∥p∥2

0,Ω + η−1∥[p]N∥2
0,Eh

+ η−1∥{p}∥2
0,Eh

for all p ∈ Qh. (4.17)

When σ ̸= 0, it easy to prove that the above quantities define two norms on the spaces Vh and
Qh, respectively. the case where σ = 0 we have µ− 1

2 ∇× u = 0 coupled with ∇ · εu = 0 admits
0 as a solution. We note that if σ = 0 and r = 0, quantity (4.16) is a semi-norm.

The discontinuous Galerkin finite element scheme (4.15) is well posed and consistent, indeed
consistency, can be obtained from the derivation of the DG scheme (4.15) since the exact solution
(u, p) is in H0(∇×,Ω) ∩ H(∇ε·,Ω) × H1

0 (Ω), and after some integration by parts we can see
that the exact solution of (1.1) verify (4.15).
The well-posedness of the DG method follows from the fact that the linear scheme (4.15) in
finite-dimensional space admits a unique solution. To establish this, it suffices to show that if
L = 0 then (uh, ph) = (0, 0).

5 Estimate of the scheme’s accuracy

To derive the error estimate for the scheme (4.15), we need at first to show some properties for
the three bilinear forms A, B, and C. Let us briefly discuss the continuity of these forms. From
the introduced mesh-dependent norm (4.16) and (4.17), the definition of A, B, and C and together
with the Cauchy Schwarz inequality. The continuity of the bilinear forms A, B, and C on spaces
Vh × Vh, Vh ×Qh, and Qh ×Qh, respectively, follows.
The coercivity of the bilinear form A on the space Vh×Vh is given in the following proposition.

Proposition 5.1 (Discrete coercivity). The bilinear form A satisfies.

A(u, u) ≥ α0∥u∥2
h, for all u ∈ Vh

provided κ > Cinv(1 + 1
µm

), with α0 < 1 is a constant independent of h.
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We have

A(u, u) = a(u, u)− 2J (u, u) = ∥u∥2
h − η−1∥{µ−1∇× u}∥2

0,Eh
− 2J (u, u)

Let us first estimate the term J (u, u) by applying the Cauchy-Schwarz inequality followed by
Young’s inequality

J (u, u) =

∫
EI
h

[u]T {µ−1∇× u} ds ≤ ∥[u]T ∥0,EI
h
∥{µ−1∇× u}∥0,EI

h

≤ δ

2
η∥[u]T ∥2

0,EI
h
+

1
2δ
η−1∥{µ−1∇× u}∥2

0,EI
h
, ∀δ > 0

and the fact that µ is bounded, we obtain

J (u, u) ≤ δ

2
η∥[u]T ∥2

0,EI
h
+

1
2δµm

η−1∥{µ− 1
2 ∇× u}∥2

0,EI
h
,

it follows by using the inverse inequality (3.2) and the fact that ∇× Vh is included in Vh

J (u, u) ≤ δ

2
η∥[u]T ∥2

0,EI
h
+

Cinv
2hδµm

η−1∥µ− 1
2 ∇× u∥2

0,Ω, for every δ > 0

therefore

A(u, u)− α∥u∥2
h ≥(1 − α)∥u∥2

h − δη∥[u]T ∥2
0,EI

h
− Cinvη

−1

h
(1 +

1
δµm

)∥µ− 1
2 ∇× u∥2

0,Ω

≥(1 − α)∥σ 1
2u∥2

0,Ω + (1 − α− Cinvη
−1

h
(1 +

1
δµm

))∥µ− 1
2 ∇× u∥2

0,Ω

+ r(1 − α)∥∇ · εu∥2
0,Ω + (1 − α)η∥[εu]N∥2

0,EI
h
+ (1 − α− δ)η∥[u]T ∥2

0,Eh

+ (1 − α)η−1∥{µ− 1
2 ∇× u}∥2

0,Eh

We note that ηh = κ and the term 1 − α − Cinvη
−1

h (1 + 1
δµm

) = 1 − α − Cinv

κ (1 + 1
δµm

) is
independent of h. If κ > C, there exists δ > 0 such that 0 < 1

δµm
< κ

Cinv
− 1. In this case, we

have 1 − Cinv

κ (1 + 1
δµm

) > 0, and there exists α < 1 − Cinv

κ (1 + 1
δµm

), we take α0 ≤ α.
To ensure the existence of δ > 0, we have δ > Cinv

(κ−Cinv)µm
with δ < 1 − α. This is true if

Cinv

(κ−Cinv)µm
< 1 − α. This means 1 − Cinv

(κ−Cinv)µm
> 0 yields to κ > Cinv(1 + 1

µm
). This ends

the proof.

5.1 Discrete Inf-sup condition

Now, we will give a discrete inf-sup condition satisfied by the second bilinear formB onQh×Vh.
To do this, we need to consider an operator Rh presented in the following lemma.

Lemma 5.2. For all v ∈ H1(Th)3, there exists an interpolant Rh ∈ Qh such that∫
T

qh∇ · (εv −Rh(v)) dx = 0, ∀ qh ∈ P1(T ), ∀ T ∈ Th,∫
e

(εv −Rh(v)) ds = 0, ∀ e ∈ Eh.

To prove this lemma, we follow the steps of Theorem 1 in [12]. Such that, for all v ∈ H1(Th)3

and for a given ε sufficiently smooth, we have εv is in H1(Th)3.
Straightforward, we give the following inf-sup condition for B.

Proposition 5.3. The following stability result of B holds

inf
q∈Qh\{0}

sup
v∈Vh\{0}

B(v, q)
∥v∥h∥q∥h

≥ β.

with β is a positive constant, independent of h.
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Using the inverse inequality (3.2) and the fact that h = κ
η , we get for all q ∈ Qh

∥q∥2
0,Ω ≥ 1

3
∥q∥2

0,Ω +
1
3
∥q∥2

0,Ω +
1
3
∥q∥2

0,Ω

≥ 1
3
∥q∥2

0,Ω + C∥ 1
√
η
[q]∥2

0,Eh
+ C∥ 1

√
η
{q}∥2

0,Eh

≥ 1
3
∥q∥2

0,Ω + Cη−1∥[q]∥2
0,Eh

+ Cη−1∥{q}∥2
0,Eh

≥ C∥q∥2
h.

Let qh in Qh, we can find ṽh in H1(Ω)3 satisfying ∇ · εṽh = qh with

∥ṽh∥1,Ω ≤ C∥qh∥0,Ω.

By setting vh = Rh(ṽh) and using Lemma 5.2, we write B(vh, qh) as follow

B(vh, qh) =
∑
T∈Th

∫
T

qh∇ ·Rh(ṽh) =
∑
T∈Th

∫
T

qh∇ · εṽh = ∥qh∥2
0,Ω ≥ C∥qh∥2

h.

Since the operator Rh is continuous, we have ∥vh∥h = ∥Rh(ṽh)∥h ≤ C∥ṽh∥1,Ω ≤ C∥qh∥0,Ω ≤
C∥qh∥h. This completes the proof.

5.2 Error equations

Now we are ready to start the error estimate for our scheme in the next section. For k ≥ 1,
let us consider the Nédélec-Raviart-Thomas (NRT) interpolant INRTh for the velocity u onto
the discrete space Vh = P3

k ∩ H0(curl) ∩ H(div) and Ih the Lagrange interpolation of p onto
Qh = Pk+1 ∩H1

0 (Ω).
We point out that the regularity exponent s ≥ 1 stems from the embedding

H0(curl,Ω) ∩H(div,Ω) ↪→ Hs(Ω)3

The lowest order H(curl,Ω)-conforming edge elements of the first family due to Nédélec, that
is

Vh = {uh ∈ H0(curl,Ω) s.t. u|T (x) = aT + bT × x, aT , bT ∈ R3, x ∈ T ∀T ∈ Th}

It is well established that the finite element interpolation operators Iu and Ip are well-defined
and have the following approximation properties, similar to results given in Lemma 3.1 in [13]

Lemma 5.4. Let Th be a quasi-uniform partition of Ω, if u ∈ Hs+1(Th)3 and p ∈ Hs(Th) with
s, k ≥ 1. Then the interpolant Iu and Ip possess the optimal approximation properties:

(a) ||u− Ihu||0 + h||∇ × (u− Ihu)||0 ≤ Chmin(k+1,s+1)||u||s+1,

(b) ||u− Ihu||0 + h||∇ · (u− Ihu)||0 ≤ Chmin(k+1,s+1)||u||s+1,

and ||n× (u− Ihu)||0,∂Ω = 0,

(c) ||p− Ihp||0 + h||∇(p− Ihp)||0 ≤ Chmin(k,s)||p||s

and Ihp = 0 on ∂Ω.

Now, we decompose the errors as follows:

e :=u− uh = u− Ihu− (uh − Ihu) = θ − η

e′ :=p− ph = p− Ihp− (ph − Ihp) = θ′ − η′

with {
θ = u− Ihu
η = uh − Ihu

and

{
θ′ = p− Ihp
η′ = ph − Ihp

By subtracting the discrete problem (4.15) from the continuous one (4.14), we get{
A(e, v) + B(v, e′) = 0, ∀ v ∈ Vh,
B(e, ψ)− C(e′, ψ) = 0, ∀ ψ ∈ Qh
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Proposition 5.5. We have the error equations{
A(η, v) + B(v, η′) = A(θ, v) + B(v, θ′) = L0(v), ∀ v ∈ Vh,
B(η, ψ)− C(η′, ψ) = B(θ, ψ)− C(θ′, ψ) = L1(ψ), ∀ ψ ∈ Qh

(5.1)

with L0(v) = A(θ, v) + B(v, θ′) and L1(ψ) = B(θ, ψ)− C(θ′, ψ)

We claim to obtain the bound ||η||h + ||η′||h ≤ C(||θ||h + ||θ′||h). The system (5.1) is
a saddle-point problem for (η, η′), to bound its solution, we use the standard Brezzi-Babuška
theory, which garantees the stability of the discrete problem (5.1)

||η||h + ||η′||h ≤ C(||L0||V′
h
+ ||L1||Q′

h
), (5.2)

where || · ||V′
h

denotes the dual norm.
We now need to bound ||L0||V′

h
and ||L1||Q′

h
. By definition

||L0||V′
h
= sup

v∈Vh\{0}

|L0(v)|
||v||h

, and ||L1||Q′
h
= sup

ψ∈Qh\{0}

|L1(ψ)|
||ψ||h

.

From the definition of L0 and L1, and by the continuity of A, B, and C, applying the triangle
inequality to obtain

||L0||V′
h
≤ C(||θ||h + ||θ′||h), and ||L1||Q′

h
≤ C(||θ||h + ||θ′||h)

substituting into (5.2) gives ||η||h + ||η′||h ≤ C(||θ||h + ||θ′||h).

Lemma 5.6. (Trace Inequality) Let Th be a partition of the domain Ω into polygons in 2d or
polyhedra in 3d. Then there exists a constant C such that for any T ∈ Th and edge or face
e ∈ ∂T , we have the inverse inequality

||u||20,e ≤ C
(
h−1
T ||u||20,T + hT ||∇u||20,T

)
for all u ∈ H1(T ) (5.3)

See identities (A 18) in [14].
In the following, we give an apriori error estimation result.

Theorem 5.7. Let (u, p) be the weak solution of (1.1) and (uh, ph) be the solution of (4.15), we
assume that (u, p) ∈ Hs+1(Th)3 ×Hs(Th) for some s ≥ 1 and (uh, ph) ∈ Pk(Th)3 × Pk+1(Th)
for k ≥ 1 then, for all small h we have the following error estimates:

∥u− uh∥h + ∥p− ph∥h ≤ Chmin(k,s) (∥u∥s+1 + ∥p∥s) ,

with a positive constant C independent of h.

Using the triangle inequality, we have

∥u− uh∥h + ∥p− ph∥h = ∥θ − η∥h + ∥θ′ − η′∥h
≤ ∥θ∥h + ∥η∥h + ∥θ′∥h + ∥η′∥h
≤ C

(
∥θ∥h + ∥θ′∥h

)
Let us bound the interpolation errors ||θ||h and ||θ′||h. To estimate ||θ||h = ||u− Ihu||h, we must
bound each term in the definition of the energy norm (4.16):

∥θ∥2
h = ∥σ 1

2 θ∥2
0,Ω + ∥µ− 1

2 ∇× θ∥2
0,Ω + r∥∇ · εθ∥2

0,Ω + η∥[εθ]N∥2
0,EI

h

+η∥[θ]T ∥2
0,Eh

+ η−1∥{µ−1∇× θ}∥2
0,Eh

The volume terms ∥σ 1
2 θ∥0,Ω, ∥µ− 1

2 ∇ × θ∥0,Ω and r∥∇ · εθ∥0,Ω are bounded directly by the
interpolation estimates (a) and (b) from lemma 5.4, yielding a factor of hmin(k,s)∥u∥s+1, more
precisely we have:

σ∥θ∥2
0,Ω ≤ Ch2 min(k,s)+2∥u∥2

s+1 ≤ Ch2 min(k,s)∥u∥2
s+1 for h < 1,
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µ−1∥∇×θ∥2
0,Ω ≤ Ch2 min(k,s)∥∇×u∥2

s ≤ Ch2 min(k,s)∥u∥2
s+1, and r∥∇·εθ∥2 ≤ Ch2 min(k,s)∥u∥2

s+1.

The boundary terms are bounded using trace inequality (5.3), since η = κh−1, we get

η∥[εθ]N∥2
0,EI

h
≤ C

(
h−2∥θ∥2

0,Ω + ∥∇θ∥0,Ω
)

≤ C
(
h2 min(k,s)∥u∥2

s+1 + h2 min(k,s)∥∇u∥2
s

)
≤ Ch2 min(k,s) (∥u∥2

s+1 + ∥u∥2
s+1

)
≤ Ch2 min(k,s)∥u∥.s+1

Since u ∈ Hs+1(Th)3 implies ∇ × u ∈ Hs(Th)3. Nédélec interpolant commutes with the curl
operator via Raviart-Thomas interpolant IRTh , such as:

∇× INh u = IRTh ∇× u,

the last term is bounded as follows

η−1∥{µ−1∇× θ}∥2
0,Eh

≤ C
(
∥∇ × θ∥2

0,Ω + h2∥∇(∇× θ)∥2
0,Ω

)
≤ C

(
h2 min(k,s)∥∇ × u∥2

s + h2∥∇(∇× u− IRTn ∇× u)∥2
0,Ω

)
≤ C

(
h2 min(k,s)∥∇ × u∥2

s + h2h2 min(k,s)−2∥∇ × u∥2
s

)
≤ Ch2 min(k,s)∥u∥2

s+1

this ends the proof.

6 Numerical experiments

In this section, we present numerical examples to demonstrate our theoretical results obtained for
the problem (1.1). All numerical tests are programmed in Python 3.11. The resulting system
consists of only the unknowns uh and ph in scheme (4.15). Note that the numerical scheme
(4.15) contains two parameters κ and r. The constant r may be chosen from every non negative
real number without restriction. For the constant κ, it should be considered large to ensure the
coercivity of A, but it should not be too large, otherwise the principal matrix associated with the
bilinear form A becomes ill-conditioned. From proposition 5.1 we have:

κ >
√
(d+ 1)(k + 1)(k + d)(

2d
d+ 1

)
1
4 (1 +

1
µm

) (6.1)

where d is the dimension of the space and k is the polynomial degree.
For simplicity, we restrict ourselves to two-dimensional model problems, additionally assume

that ε and µ are constant and equal to one, we also assume that σ(x) = 1, α(x), and r ∈ {0, 1}
in Ω. Using (6.1) with d = 2 and µm = 1

2 we have:

For k = 1 : κ > 13.68,

For k = 2 : κ > 19.34,

For k = 3 : κ > 24.97.

Following Remark 4.13, we consider two illustrative examples depending on the penalization
term given by (4.12):

(i) Example 1: We take (α, r) = (0, 1); in this case, the penalization term (4.12) is added to
the bilinear form A.

(ii) Example 2: We take (α, r) = (1, 0); here, no penalization term is added to the bilinear
form A.
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Finally, the domain Ω is the unit square, defined as Ω = ]0, 1[2⊂ R2, with boundary ∂Ω =
[0, 1]× {0, 1} ∪ {0, 1} × [0, 1], see Figure 1.

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

Figure 1. The mesh with h =
√

2
16 .

6.1 Example 1.

In this first example, we take (α, r) = (0, 1) so that the analytical solution to the two-dimensional
system (1.1) is given by the field uex = (uex

1 , u
ex
2 )T and pex are given by:

uex = (y(y − 1)ey, x(x− 1)ex)T , pex = xy(x− 1)(y − 1)exy, (6.2)

and the force term f ex = (f ex
1 , f

ex
2 )T , is given by:

f(x, y) =


(
σ y(y − 1)− (y2 + 3y)

)
ey − y(y − 1) (2x− 1 + x(x− 1)y) exy(

σ x(x− 1)− (x2 + 3x)
)
ex − x(x− 1) (2y − 1 + xy(y − 1)) exy


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Figure 2. The computed solution (uh, ph), example 1.

In table 1, we obtain the following numerical results related to the computed solution (uh, ph)
for example 1, illustrated in Figure 2.

6.2 Example 2.

Here, we considered (α, r) = (1, 0) and a current density f so that the exact solution of (1.1)
together with the boundary conditions uex = (uex

1 , u
ex
2 )T and pex are given by:

uex = (y(y − 1) cos(x(x− 1)), x(x− 1) cos(y(y − 1)))T , pex = ∇ · uex (6.3)
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∥u− uh∥h ∥p− ph∥h
h Error Rate Error Rate

P1\P2

3.54e-01 5.11e-01 - 4.61e-02 -
1.77e-01 2.57e-01 0.99316 2.30e-02 1.00389
8.84e-02 1.28e-01 1.00529 1.15e-02 0.99440
4.42e-02 6.37e-02 1.00520 5.79e-03 0.99432
2.21e-02 3.18e-02 1.00330 2.90e-03 0.99640

P2\P3

3.54e-01 4.34e-02 - 3.01e-03 -
1.77e-01 1.11e-02 1.96942 7.17e-04 2.07105
8.84e-02 2.80e-03 1.98707 1.73e-04 2.05024
4.42e-02 7.02e-04 1.99412 4.24e-05 2.02998
2.21e-02 1.76e-04 1.99721 1.05e-05 2.01642

P3\P4

3.54e-01 2.15e-03 - 1.12e-04 -
1.77e-01 2.73e-04 2.97800 1.36e-05 3.03154
8.84e-02 3.44e-05 2.99170 1.67e-06 3.03279
4.42e-02 4.31e-06 2.99652 2.05e-07 3.02213
2.21e-02 5.39e-07 2.99843 2.54e-08 3.01281

Table 1. History of errors and rate of convergence, for example 1.
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Figure 3. : h-convergence of the errors in (4.16)-(4.17) with Pk\Pk+1 finite elements for
k = 1, 2, 3.
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Figure 4. The computed solution (uh, ph), example 2.

Table 2 presents the numerical results associated with the computed solution (uh, ph) for
Example 2, as illustrated in Figure 4.
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∥u− uh∥h ∥p− ph∥h
h Error Rate Error Rate

P1\P2

3.54e-01 2.85e-02 - 9.17e-03 -
1.77e-01 1.45e-02 0.97491 4.85e-03 0.91894
8.84e-02 7.70e-03 0.91164 2.54e-03 0.93164
4.42e-02 3.95e-03 0.96301 1.29e-03 0.97746
2.21e-02 1.98e-03 0.99635 6.48e-04 0.99331

P2\P3

3.54e-01 4.10e-03 - 2.10e-03 -
1.77e-01 1.15e-03 1.83399 5.90e-04 1.83160
8.84e-02 3.05e-04 1.91163 1.55e-04 1.92531
4.42e-02 7.95e-05 1.93978 3.95e-05 1.97234
2.21e-02 2.05e-05 1.95533 9.90e-06 1.99635

P3\P4

3.54e-01 4.10e-04 - 3.06e-04 -
1.77e-01 5.85e-05 2.80912 4.35e-05 2.81444
8.84e-02 7.65e-06 2.93013 5.65e-06 2.93990
4.42e-02 9.80e-07 2.96461 7.16e-07 2.98022
2.21e-02 1.25e-07 2.97085 9.02e-08 2.98876

Table 2. DG errors and convergence rates in the discrete norm ∥ · ∥h for k = 1, for example 2.
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Figure 5. : h-convergence of the errors in (4.16)-(4.17) with P1\P2 finite elements for example
2.

It can be observed from tables 1 and table 2 that the convergence rates of ∥u− uh∥h goes to
k. It confirms the theoretical results given in Theorem 5.7. Moreover, the convergence rate of
∥p− ph∥h is around k, these results are also shown in Figures 3 and 5, and our theoretical results
are numerically confirmed.

7 Conclusion remarks

In this work, we have developed and analyzed a mixed discontinuous Galerkin method for the
second-order curl-curl Maxwell problem. The proposed scheme combines conforming Nédélec
and Raviart-Thomas elements for the electromagnetic field with nodal Lagrange elements for the
Lagrange multiplier, achieving a stable and accurate discretization.

The main contributions of this paper are threefold:

(i) We introduced a novel mixed DG formulation that properly handles the curl-curl operator
while ensuring divergence control through a Lagrange multiplier approach.

(ii) We established rigorous a priori error estimates in mesh-dependent norms, proving optimal
convergence rates under appropriate regularity assumptions. Our analysis demonstrates that
the scheme achieves O(hk) convergence for both the field variable and the multiplier when
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using polynomial degrees k and k + 1, respectively.

(iii) Numerical experiments confirmed the theoretical predictions, showing the expected con-
vergence rates and demonstrating the practical effectiveness of the method for both smooth
and non-smooth solutions.

The mixed finite element framework presented here offers several advantages: it naturally
enforces the divergence condition, provides better stability properties compared to non-mixed
approaches, and allows for flexible hp-adaptivity. Future work will focus on extending this ap-
proach to time-dependent Maxwell problems, developing efficient preconditioners for the result-
ing linear systems, and exploring applications in computational electromagnetics with complex
geometries and material interfaces.

References
[1] S. Prudhomme, F. Pascal, J. T. Oden, and A. Romkes, “Review of a priori estimation for discontinuous

galerkin methods,” tech. rep., Texas Institute for Computational and Applied Mathematics (TICAM),
2000.

[2] V. Girault, B. Rivière, and M. F. Wheeler, “A discontinuous galerkin method with nonoverlapping domain
decomposition for the stokes and navier–stokes problems,” Mathematics of Computation, vol. 74, no. 249,
pp. 53–84, 2005.

[3] M. Cicuttin and C. Geuzaine, “Numerical investigation of a 3d hybrid high-order method for the indefinite
time-harmonic maxwell problem,” Finite Elements in Analysis and Design, vol. 233, p. 104124, 2024.

[4] Y. Huang, J. Li, and H. Zhao, “A systematic stability analysis of explicit runge–kutta discontinuous
galerkin methods for maxwell’s equations,” Numerical Methods for Partial Differential Equations, 2025.

[5] K. Liu, D. Gallistl, M. Schlottbom, and J. J. W. van der Vegt, “Analysis of a mixed discontinuous galerkin
method for the time-harmonic maxwell equations with minimal smoothness requirements,” IMA Journal
of Numerical Analysis, vol. 43, no. 4, pp. 2320–2351, 2023.

[6] M. Lyou and F. Li, “Nodal discontinuous galerkin methods for maxwell’s equations in lorentz–kerr–raman
medium without nonlinear algebraic solver,” Journal of Computational Physics, vol. 515, p. 113280, 2024.

[7] S. Sayari and H. Zayeni, “A mixed discontinuous galerkin scheme for maxwell’s equations,” in Proceed-
ings of the 2025 International Conference on Recent Advances in Mathematics and Informatics (ICRAMI),
pp. 1–5, 2025.

[8] I. Perugia and D. Schötzau, “The hp-local discontinuous galerkin method for low-frequency time-
harmonic maxwell equations,” Mathematics of Computation, vol. 72, no. 243, pp. 1179–1214, 2003.

[9] T. Warburton and J. S. Hesthaven, “On the constants in hp-finite element trace inverse inequalities,” Com-
puter Methods in Applied Mechanics and Engineering, vol. 192, no. 25–26, pp. 2765–2773, 2003.

[10] P. Houston, I. Perugia, and D. Schötzau, “Mixed discontinuous galerkin approximation of the maxwell
operator,” SIAM Journal on Numerical Analysis, vol. 42, no. 1, pp. 434–459, 2004.

[11] D. N. Arnold, F. Brezzi, B. Cockburn, and L. D. Marini, “Unified analysis of discontinuous galerkin
methods for elliptic problems,” SIAM Journal on Numerical Analysis, vol. 39, no. 5, pp. 1749–1779,
2002.

[12] C. Daveau, “Construction of an interpolant operator: Application to the three-dimensional electrostatic
problem,” Applied Mathematics Letters, vol. 22, no. 11, pp. 1685–1689, 2009.

[13] L. Zhong, S. Shu, G. Wittum, and J. Xu, “Optimal error estimates for nédélec edge elements for time-
harmonic maxwell’s equations,” Journal of Computational Mathematics, vol. 27, no. 5, pp. 563–572,
2009.

[14] J. Wang and X. Ye, “A weak galerkin mixed finite element method for second-order elliptic problems,”
Mathematics of Computation, vol. 83, no. 289, pp. 2101–2126, 2014.

Author information
S. Sayari, Carthage University, Isteub, 2 Rue de l’Artisanat Charguia 2, 2035 Tunis & Laboratory Of Mathemat-
ical And Numerical Modeling In Engineering Science, LAMSIN, LR99ES20, University of Tunis El Manar,
Tunisia.
E-mail: sayed.sayari@isteub.ucar.tn

H. Zayeni, Institut PPrime UPR 3346 CNRS – Université de Poitiers, France.
E-mail: hatem.zayeni@univ-poitiers.fr


	1 Introduction
	2 Function spaces
	3 Spaces of discontinuous finite elements
	3.1 Some basic tools

	4 Families of DG-Schemes
	4.1 Stability of the discrete scheme

	5 Estimate of the scheme's accuracy
	5.1  Discrete Inf-sup condition
	5.2 Error equations

	6 Numerical experiments
	6.1 Example 1.
	6.2 Example 2.

	7 Conclusion remarks

