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This manuscript generalizes the results presented in the International Conference on Recent
Advances in Mathematics and Informatics (ICRAMI 2025) (Tunisia, November 2025). The
present paper extends the analysis from standard BSDEs to reflected BSDEs, introduces a
residual-based certification framework with rigorous error bounds, and develops a unified error
decomposition for penalization and discretization errors.

Abstract A certified numerical framework is developed for reflected backward stochastic
differential equations driven by Brownian motion. The approach combines penalization, an
implicit Euler discretization, and a data-driven approximation of the discrete scheme.

The main result is a residual-based a posteriori stability estimate: any adapted pair that ap-
proximately satisfies the penalized scheme is close to the exact discrete solution in the S2(π) and
H2(π) norms. This yields an ideal certification functional in terms of conditional expectations
and a computable version via regression, up to a conditional-expectation approximation error.

A unified error decomposition is established, separating penalization, discretization, and ap-
proximation errors with explicit dependence on the parameters. The framework provides rigor-
ous accuracy guarantees for learned approximations in high dimension.

1 Introduction

Backward stochastic differential equations (BSDEs), introduced in [1], play a fundamental role
in stochastic control, mathematical finance, and the probabilistic representation of nonlinear par-
tial differential equations. Reflected BSDEs (RBSDEs), developed in [2], extend this framework
by incorporating a constraint enforced through an increasing process. They provide a probabilis-
tic formulation of optimal stopping problems and obstacle-type partial differential equations,
with well-established results on existence, uniqueness, and connections to Snell envelopes and
variational inequalities; see also [3, 4].

Classical references on stochastic control, BSDE methods, and martingale techniques under-
lying these formulations include [5, 6, 7, 8].

Related applications involving switching and impulse control have also received significant
attention; see [9, 10, 11]. These settings further highlight the need for reliable numerical methods
in complex stochastic environments.

The numerical approximation of BSDEs and their reflected counterparts has been extensively
studied. Time discretization schemes were analyzed in [12], and discrete-time Monte Carlo
methods were developed in [13, 14, 15]. These approaches extend naturally to penalized formu-
lations of reflected problems. However, several difficulties persist: the stiffness induced by the
penalization parameter, reduced accuracy near the free boundary, and the absence of computable
error bounds for individual numerical realizations.

Recent advances in machine learning have led to efficient numerical methods for high di-
mensional BSDEs and parabolic PDEs; see [16, 17, 18, 19]. These approaches demonstrate
strong empirical performance in high dimension, where traditional grid-based methods become
infeasible. However, they typically rely on training losses as indirect error indicators and do not
provide rigorous guarantees for individual approximations.
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For sequence models, recurrent neural networks such as Long Short-Term Memory (LSTM)
architectures [20] and their bidirectional extensions [21] offer flexible parametrizations for time-
dependent problems and have recently attracted attention for high-dimensional stochastic ap-
proximation problems. Nevertheless, ensuring adaptedness and providing quantitative error con-
trol remains challenging.

This manuscript generalizes the results presented in [22], which appeared in the Interna-
tional Conference on Recent Advances in Mathematics and Informatics (ICRAMI 2025) (Tunisia,
November 2025). The present paper extends the analysis from standard BSDEs to reflected BS-
DEs, introduces a residual-based certification framework with rigorous error bounds, and devel-
ops a unified error decomposition for penalization and discretization errors.

To address these challenges, we develop a certified numerical framework for RBSDEs. We
consider a penalized formulation of the reflected equation combined with an implicit time dis-
cretization scheme.

For the approximation of the resulting discrete scheme, we employ a neural-network parame-
trization based on a bidirectional Long Short-Term Memory (BiLSTM) architecture. The con-
struction is designed so that all predictions remain adapted, while non-causal information is used
only during training. This ensures consistency with the underlying stochastic structure.

At the certification level, we establish a residual-based a posteriori stability result showing
that any adapted process that approximately satisfies the discrete equations is quantitatively close
to the exact discrete penalized solution in the S2(π) and H2(π) norms. This yields a computable
certification criterion expressed solely in terms of discrete quantities.

Building on this result, we derive a unified error decomposition that separates penalization,
time-discretization, and approximation errors. This provides an explicit and interpretable bound
on the total numerical error.

The certification results are established at the level of the discrete-time penalized BSDE.
Convergence to the continuous-time reflected solution follows from these bounds together with
classical results on penalization and time discretization.

For clarity, we restrict attention to a fixed exogenous operational policy and the associated
optimal stopping problem, although extensions to joint control–stopping formulations are stan-
dard.

The paper is organized as follows. Section 2 introduces the model and its RBSDE formu-
lation. Section 3 presents the penalized problem. Section 4 analyzes the time discretization.
Section 5 describes the neural approximation. Section 6 develops the certification framework.
Section 7 establishes the main error decomposition result. Numerical experiments are reported
in Section 8, and concluding remarks are given in Section 9.

2 Problem Formulation: Energy Storage as a Reflected BSDE

We formulate the energy storage valuation problem under uncertainty and derive its representa-
tion as a reflected backward stochastic differential equation (RBSDE). The framework combines
stochastic price dynamics, constrained storage evolution, and an optimal stopping feature.

2.1 Mathematical Framework

Let (Ω,F , (Ft)t∈[0,T ],P) be a filtered probability space satisfying the usual conditions and sup-
porting a standard Brownian motion (Wt)t∈[0,T ].

For an adapted continuous process U , define

∥U∥2
S2 := E

[
sup
t∈[0,T ]

|Ut|2
]
,

and denote by S2 the set of such processes with finite norm.
For a predictable process V , define

∥V ∥2
H2 := E

[∫ T

0
|Vt|2 dt

]
,
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and denote by H2 the corresponding space. Let A2 be the set of nondecreasing adapted continu-
ous processes K with K0 = 0 and KT ∈ L2.

On a uniform grid π = {tk = k∆t}Nk=0 with ∆t := T/N , we define the discrete norms

∥U∥2
S2(π) := E

[
max

0≤k≤N
|Utk |2

]
, ∥V ∥2

H2(π) :=
N−1∑
k=0

E[|Vtk |2]∆t. (2.1)

2.2 Model and Admissible Policies

The logarithm of the electricity spot price is modeled by the Ornstein–Uhlenbeck process

dXt = κ(θ −Xt) dt+ σ dWt, X0 = x0, (2.2)

with parameters κ > 0, θ ∈ R, and σ > 0. The spot price is Pt = eXt .
The storage level evolves according to

dEt = ut dt, E0 ∈ [0, Emax], (2.3)

where ut denotes the power exchange rate. The admissible set is constrained by physical bounds
umin < 0 < umax.

On the grid π, a control (utk)
N−1
k=0 is called admissible if it is (Ftk)-adapted and satisfies

utk ∈ [u(Etk), u(Etk)], a.s., (2.4)

where
u(E) := max(umin,−E/∆t), u(E) := min(umax, (Emax − E)/∆t). (2.5)

These constraints ensure that the storage process remains in [0, Emax] almost surely.
In practice, admissibility is enforced by projection:

utk = Π[u(Etk
), u(Etk

)](u
raw
tk

), Π[a,b](x) := min{b,max{a, x}}. (2.6)

2.3 Payoff and RBSDE Representation

The instantaneous profit is defined by

g(t,Xt, Et, ut) = Ptut − c1u
2
t − c2(Et − ē)2. (2.7)

The terminal payoff is
ξ(XT , ET ) = αeXTET − βE2

T , (2.8)

and early liquidation yields
h(t,Xt, Et) = γeXtEt − δ. (2.9)

Fix a discount rate r ≥ 0 and define

g̃t = e−rtg(t,Xt, Et, ut), h̃t = e−rth(t,Xt, Et), ξ̃ = e−rT ξ(XT , ET ).

For any stopping time τ ∈ [0, T ], define the reward

Jτ =

∫ τ

0
g̃s ds+ h̃τ1{τ<T} + ξ̃1{τ=T}. (2.10)

The value process is given by

Yt = ess sup
τ∈Tt,T

E[Jτ | Ft]. (2.11)

Assumption 2.1.

E
[

sup
t∈[0,T ]

|h̃t|2 +
∫ T

0
|g̃t|2dt+ |ξ̃|2

]
<∞.
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Under this assumption, the value process admits a reflected BSDE representation.

Theorem 2.2. Under Assumption 2.1, there exists a unique triple (Y,Z,K) ∈ S2 ×H2 ×A2 such
that 

Yt = ξ̃ +

∫ T

t

(−rYs + g̃s) ds−
∫ T

t

Zs dWs +KT −Kt,

Yt ≥ h̃t,

∫ T

0
(Ys − h̃s) dKs = 0.

Moreover, an optimal stopping time is given by

τ∗ := inf{t ∈ [0, T ] : Yt = h̃t} ∧ T.

Under Assumption 2.1, the obstacle process h̃ belongs to S2, the terminal condition ξ̃ belongs
to L2(FT ), and the driver

f(t, y) := −ry + g̃t

is progressively measurable and Lipschitz continuous in y, uniformly in (t, ω). Indeed, for all
y, y′ ∈ R,

|f(t, y)− f(t, y′)| = r|y − y′|.

Therefore, the standard existence and uniqueness theorem for reflected BSDEs with square-
integrable terminal condition, square-integrable obstacle, and Lipschitz driver applies; see [2,
Theorem 5.2]. Hence there exists a unique triple (Y, Z,K) ∈ S2 ×H2 ×A2 satisfying (2.2).

The process Y is the Snell envelope of the reward family associated with the discounted
running payoff g̃, obstacle h̃, and terminal value ξ̃. More precisely, Y coincides with the value
process

Yt = ess sup
τ∈Tt,T

E[Jτ | Ft],

where Jτ is defined by (2.10); see [2, Proposition 5.3]. The characterization of the optimal
stopping time by first contact with the obstacle is then standard:

τ∗ = inf{t ∈ [0, T ] : Yt = h̃t} ∧ T,

and τ∗ is optimal; see, for instance, [5, Theorem 2.28].
This completes the proof.
In this work, the control u is fixed and the objective is to approximate the corresponding

value process Y via a penalized and discretized RBSDE formulation.

3 Penalization Approximation

This section introduces the penalized BSDE formulation, establishes its well-posedness,
and proves its monotone convergence to the reflected solution, together with the associated
penalization–discretization trade-off.

3.1 Penalized BSDE

For each n ∈ N, consider the penalized BSDE:

Y nt = ξ̃ +

∫ T

t

(
−rY ns + g̃s + n(h̃s − Y ns )

+
)
ds−

∫ T

t

Zns dWs, t ∈ [0, T ]. (3.1)

The penalized driver is
fn(s, y) = −ry + g̃s + n(h̃s − y)+. (3.2)

Since y 7→ (a− y)+ is 1-Lipschitz continuous, fn is Lipschitz in y with constant Ln = r+n.

Lemma 3.1. Under Assumption 2.1, for each n ∈ N, there exists a unique solution (Y n, Zn) ∈
S2 ×H2 to the penalized BSDE (3.1).
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The penalized driver (3.2) satisfies fn(s, y) = −ry + g̃s + n(h̃s − y)+. We verify the hy-
potheses of the Pardoux–Peng existence and uniqueness theorem [1, Theorem 1]:

(i) Lipschitz continuity in y: Since y 7→ (a − y)+ is 1-Lipschitz for any constant a, the map
y 7→ −ry + n(h̃s − y)+ is Lipschitz in y with constant Ln := r + n, uniformly in (s, ω).

(ii) Square-integrability of fn(·, 0): Setting y = 0 gives fn(s, 0) = g̃s + nh̃+s . Under As-
sumption 2.1, g̃ ∈ H2 and supt |h̃t| ∈ L2(Ω), so h̃+s ≤ |h̃s| ∈ H2 as well. Hence
fn(·, 0) ∈ L2(Ω × [0, T ]).

(iii) Square-integrability of the terminal condition: ξ̃ ∈ L2(FT ) by Assumption 2.1.
The Pardoux–Peng theorem therefore guarantees existence of a unique pair (Y n, Zn) ∈ S2 ×H2

satisfying (3.1).
The next result shows that the penalized solutions provide a consistent approximation of the

reflected problem as the penalization parameter tends to infinity; see, e.g., [2].

Theorem 3.2. Under Assumption 2.1, for each n ∈ N there exists a unique solution (Y n, Zn) ∈
S2 ×H2 to (3.1). Moreover, the sequence (Y n)n≥1 is nondecreasing and satisfies

Y nt ↑ Yt a.s. for every t ∈ [0, T ],

where (Y,Z,K) is the unique solution of the reflected BSDE (2.2). In addition,

Y n → Y in S2, Zn → Z in H2,

and, defining

Kn
t :=

∫ t

0
n(h̃s − Y ns )

+ ds, t ∈ [0, T ],

one has
Kn → K in S2.

The existence and uniqueness of (Y n, Zn) for each fixed n follow from Lemma 3.1. It
remains to prove the monotone convergence of the penalized solutions and the convergence of
the associated increasing processes.

For each n ∈ N, the penalized driver is

fn(s, y) = −ry + g̃s + n(h̃s − y)+.

Since (h̃s − y)+ ≥ 0, one has

fn(s, y) ≤ fn+1(s, y), for all (s, y, ω) ∈ [0, T ]×R× Ω.

The comparison theorem for Lipschitz BSDEs therefore yields

Y nt ≤ Y n+1
t , a.s. for all t ∈ [0, T ].

Hence (Y n)n≥1 is nondecreasing.
Since (Y n) is nondecreasing, the pointwise limit

Y∞t := lim
n→∞

Y nt

exists almost surely for every t ∈ [0, T ]. Under Assumption 2.1, the obstacle h̃ belongs to S2,
the terminal condition ξ̃ belongs to L2(FT ), and the driver

f(s, y) := −ry + g̃s

is Lipschitz continuous in y. The standard penalization theorem for reflected BSDEs then ap-
plies; see [2, Theorem 5.2]. It follows that the increasing limit of the penalized solutions coin-
cides with the first component of the reflected solution, namely

Y nt ↑ Yt a.s. for every t ∈ [0, T ].
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The same result implies the strong convergences

Y n → Y in S2, Zn → Z in H2.

In particular,

lim
n→∞

E
[

sup
0≤t≤T

|Y nt − Yt|2
]
= 0, lim

n→∞
E
[ ∫ T

0
|Zns − Zs|2 ds

]
= 0.

It remains to prove the convergence of the increasing processes. For each n ∈ N, define

Kn
t :=

∫ t

0
n(h̃s − Y ns )

+ ds, t ∈ [0, T ].

Then the penalized BSDE may be written in the form

Y nt = ξ̃ +

∫ T

t

(−rY ns + g̃s) ds+Kn
T −Kn

t −
∫ T

t

Zns dWs.

Likewise, the reflected solution satisfies

Yt = ξ̃ +

∫ T

t

(−rYs + g̃s) ds+KT −Kt −
∫ T

t

Zs dWs.

Subtracting the two identities yields, for every t ∈ [0, T ],

Kn
t −Kt = (Y n0 − Y0)− (Y nt − Yt) + r

∫ t

0
(Y ns − Ys) ds+

∫ t

0
(Zns − Zs) dWs.

Therefore,

sup
0≤t≤T

|Kn
t −Kt| ≤ |Y n0 −Y0|+ sup

0≤t≤T
|Y nt −Yt|+r

∫ T

0
|Y ns −Ys| ds+ sup

0≤t≤T

∣∣∣∣∫ t

0
(Zns − Zs) dWs

∣∣∣∣ .
By squaring, taking expectations, and using the inequality (a+b+c+d)2 ≤ 4(a2+b2+c2+d2),
followed by Cauchy–Schwarz and the Burkholder–Davis–Gundy inequality, one obtains

∥Kn −K∥2
S2 ≤ C

(
∥Y n − Y ∥2

S2 + ∥Zn − Z∥2
H2

)
,

where C > 0 depends only on r and T . Since Y n → Y in S2 and Zn → Z in H2, the right-hand
side converges to zero. Hence

Kn → K in S2.

The proof is complete.

Penalization error and trade-off. Define

ρ(n) := ∥Y n − Y ∥2
S2 + ∥Zn − Z∥2

H2 .

Then ρ(n) → 0 as n→ ∞. In practice, increasing n improves obstacle enforcement but increases
the Lipschitz constant Ln, which amplifies discretization and learning errors. This trade-off
motivates joint tuning of (n,∆t).

4 Implicit Euler Discretization

This section introduces the implicit Euler discretization of the penalized BSDE, derives a closed-
form one-step update and its stability properties, and establishes the associated discretization
error bound.
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4.1 Discrete Scheme and One-Step Analysis

Let π = {tk := k∆t}Nk=0 be the uniform grid on [0, T ] with ∆t = T/N . Define the discrete
filtration Ftk := σ(Wtj : 0 ≤ j ≤ k), completed in the standard way. The Brownian increments
are ∆Wk :=Wtk+1 −Wtk ∼ N (0,∆t), independent of Ftk .

Fix n ∈ N. Define (Y n,πtk
, Zn,πtk

)Nk=0 recursively by:

Y n,πtN = ξ̃, (4.1a)

Zn,πtk
=

1
∆t

E
[
Y n,πtk+1

∆Wk

∣∣Ftk] , (4.1b)

Y n,πtk
= E

[
Y n,πtk+1

∣∣Ftk]+ ∆t fn(tk, Y
n,π
tk

), k = N − 1, . . . , 0, (4.1c)

with penalized driver
fn(tk, y) := −ry + g̃tk + n(h̃tk − y)+. (4.2)

We now derive an explicit solution to the implicit update equation for Y n,πtk
.

Lemma 4.1. Fix n ∈ N, r ≥ 0, and ∆t > 0. Define the Ftk -measurable quantity

Ak := E
[
Y n,πtk+1

∣∣Ftk]+ ∆t g̃tk . (4.3)

Then equation (4.1c) admits a unique solution Y n,πtk
∈ L2(Ftk) given by

Y n,πtk
=


Ak

1 + r∆t
, if Ak ≥ (1 + r∆t)h̃tk ,

Ak + n∆t h̃tk
1 + (r + n)∆t

, if Ak < (1 + r∆t)h̃tk .

(4.4)

Rewrite (4.1c) as (1 + r∆t)Y n,πtk
= Ak + n∆t(h̃tk − Y n,πtk

)+. If Y n,πtk
≥ h̃tk , the penalty

vanishes and Y n,πtk
= Ak/(1+r∆t). This is consistent with Y n,πtk

≥ h̃tk iff Ak ≥ (1+r∆t)h̃tk . If
Y n,πtk

< h̃tk , then (1+(r+n)∆t)Y n,πtk
= Ak+n∆t h̃tk , yielding the second branch. Uniqueness

follows from the complementary branch conditions.
The explicit form immediately yields a contraction property of the update map.

Corollary 4.2. Let Γk : R → R be the update map defined by (4.4), i.e. Y n,πtk
= Γk(Ak). Then

Γk is globally Lipschitz and

|Γk(A)− Γk(A
′)| ≤ 1

1 + r∆t
|A−A′|, ∀A,A′ ∈ R. (4.5)

On each branch of (4.4), Γk is affine with slopes (1 + r∆t)−1 and (1 + (r + n)∆t)−1 ≤
(1 + r∆t)−1. Therefore Γk is globally Lipschitz with constant at most (1 + r∆t)−1.

4.2 Discretization Error

Assumption 4.3. There exists Creg > 0 such that for all k = 0, . . . , N − 1,

E
[∫ tk+1

tk

|g̃s − g̃tk |2 ds+
∫ tk+1

tk

|h̃s − h̃tk |2 ds
]
≤ Creg∆t2. (4.6)

Lemma 4.4. Assume ut = utk and Et = Etk for t ∈ [tk, tk+1), that (utk) is uniformly bounded,
and that Etk ∈ [0, Emax] for all k. Let X solve (2.2) and define g, h by (2.7)–(2.9). Then
Assumption 4.3 holds.

On [tk, tk+1), time variation in (g̃t, h̃t) stems only from Xt and the discount factor. For the
OU process, E|Xs − Xtk |2 ≤ C|s − tk|. Using mean value theorem and exponential moment
bounds for supt≤T Xt, one obtains E|eXs − eXtk |2 ≤ C|s− tk|. Since u and E are bounded, this
yields (4.6) after integration.
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Theorem 4.5. Let (Y n, Zn) solve (3.1) and let (Y n,π, Zn,π) be defined by (4.1). Under Assump-
tions 2.1 and 4.3, there exists Cn <∞ depending on (T, r, n, Creg) such that

E
[

max
0≤k≤N

|Y ntk − Y n,πtk
|2
]
+
N−1∑
k=0

E
[∫ tk+1

tk

|Zns − Zn,πtk
|2 ds

]
≤ Cn ∆t. (4.7)

The constant Cn depends polynomially on n through the Lipschitz constant Ln = r + n of the
penalized driver.

Set ∆Yk := Y ntk − Y n,πtk
. From the continuous penalized BSDE (3.1) and the tower property,

Y ntk = E
[
Y ntk+1

+
∫ tk+1

tk
fn(s, Y ns ) ds | Ftk

]
. Subtracting the discrete scheme (4.1c) yields the

local residual

ηk := Y ntk − E[Y ntk+1
| Ftk ]− ∆t fn(tk, Y

n
tk
) = E

[∫ tk+1

tk

(
fn(s, Y

n
s )− fn(tk, Y

n
tk
)
)
ds
∣∣∣Ftk] .

Using the Ln-Lipschitz continuity of fn, the standard estimate E|Y ns − Y ntk |
2 ≤ Cn|s − tk| for

s ∈ [tk, tk+1] , see. [12], and Assumption 4.3, one obtains E|ηk|2 ≤ Cn ∆t2.
Using the update map Γk of Corollary 4.2 and its global Lipschitz bound (4.5),

E|∆Yk|2 ≤ (1 + C∆t)E|∆Yk+1|2 + Cn ∆t2.

Since ∆YN = 0, iterating backward and applying the discrete Gronwall lemma yields

max
0≤k≤N

E|∆Yk|2 ≤ Cn ∆t. (4.8)

By the martingale representation theorem applied on [tk, tk+1], Y ntk+1
− E[Y ntk+1

| Ftk ] =∫ tk+1

tk
Zns dWs, while the scheme gives Zn,πtk

= 1
∆tE[Y

n,π
tk+1

∆Wk | Ftk ]. The Itô isometry, combined
with (4.8) and the truncation error bound, gives

E
[∫ tk+1

tk

|Zns − Zn,πtk
|2 ds

]
≤ C

(
E|∆Yk+1|2 + E|∆Yk|2 + E|ηk|2

)
≤ Cn ∆t.

Summing over k = 0, . . . , N − 1 completes the proof of (4.7).

Remark 4.6. The constant Cn typically grows with n through the Lipschitz constant Ln = r+n.
In practice, n and ∆t should be tuned jointly: larger n reduces penalization bias ρ(n), while
smaller ∆t controls discretization error. Section 8.3 explores this trade-off empirically.

5 Adapted Bidirectional LSTM Architecture

This section introduces a neural sequence model for approximating the discrete penalized BSDE
solution (Y n,π, Zn,π) under the adaptedness constraint imposed by the filtration (Ftk), i.e., each
output must be Ftk -measurable. This non-anticipativity requirement is essential for (Ŷ , Ẑ) to
define an admissible candidate in the certification framework of §6. We describe the feature
representation and bidirectional encoding, define causal output heads ensuring adaptedness, and
present the training objective with privileged information.

5.1 Features and Bidirectional Encoding

Assumption 5.1. For each k ∈ {0, . . . , N}, the feature vector Sk ∈ RdS is Ftk -measurable.

In the Markovian setting, we define

Sk := (Xtk , Etk , tk, h̃tk) ∈ R4, (5.1)

where h̃tk = e−rtkh(tk, Xtk , Etk). The measurability of Sk follows directly from that of
(Xtk , Etk). The inclusion of h̃tk is not essential but may enhance numerical stability by
explicitly encoding the obstacle level.
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A Long Short-Term Memory (LSTM) network is a recurrent nonlinear state-space mapping
which associates with each time index a hidden state and an internal memory state, updated
recursively as measurable functions of the current input and the previous state; see [20]. Such
architectures are designed to capture sequential dependence while preserving information over
long horizons. In the present framework, we employ a bidirectional construction, consisting of
two independent LSTM encoders applied in forward and reverse temporal order; see [21].

More precisely, denoting by LSTM→(·; θ→) and LSTM←(·; θ←) the forward and backward
encoders, we define

h→k = LSTM→(S0, . . . , Sk; θ→) ∈ Rdh , (5.2)

h←k = LSTM←(SN , . . . , Sk; θ←) ∈ Rdh . (5.3)

By Assumption 5.1, the sequence (S0, . . . , Sk) is Ftk -measurable, and therefore h→k is Ftk -
measurable. In contrast, h←k depends on future inputs and is, in general, only FT -measurable.
This distinction is central to the construction of the output layers, which must preserve adapted-
ness.

5.2 Causal Outputs and Adaptedness

The BSDE components are approximated using only the forward hidden state:

Ŷtk = ϕY (h
→
k ; θY ), (5.4)

Ẑtk = ϕZ(h
→
k ; θZ), (5.5)

where ϕY , ϕZ : Rdh → R are realized as multilayer perceptrons (MLPs). An MLP is a mapping
given by a finite composition of affine maps and nonlinear activations; in the present work we
consider two-layer networks of the form

Φ(x) = A2 σ(A1x+ b1) + b2,

where σ(x) = max(x, 0) is applied componentwise.

Proposition 5.2. Under Assumption 5.1, the outputs (Ŷtk , Ẑtk) are Ftk -measurable for all k.

By Assumption 5.1, the sequence (S0, . . . , Sk) is Ftk -measurable. Since the forward encoder
is measurable, it follows that h→k is Ftk -measurable. The result then follows by composition
with the measurable maps ϕY and ϕZ .

5.3 Training with Privileged Information

The backward hidden state h←k contains information about future inputs but cannot be used
at inference without violating adaptedness. It is incorporated only during training through a
representation alignment mechanism.

Let ψ, ψ̃ : Rdh → Rdr be linear projection maps. The alignment loss is defined by

Lalign :=
1

N + 1

N∑
k=0

E
[
∥ψ(h→k )− ψ̃(h←k )∥2] . (5.6)

The total training objective is

Ltotal := Lres + λalign Lalign, λalign ≥ 0, (5.7)

where Lres is defined in §6.
The trainable parameters are

θ := (θ→, θ←, θY , θZ , θψ, θψ̃).

Remark 5.3. In contrast to standard bidirectional LSTM architectures, which use both forward
and backward states at inference, the present model uses only the forward encoder in the de-
ployed predictor. The backward encoder is used exclusively during training through the align-
ment loss, ensuring that (Ŷtk , Ẑtk) remain Ftk -measurable.
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6 A Posteriori Error Certification

A computable a posteriori error certificate is developed for approximations of the discrete pe-
nalized BSDE (4.1). The certificate is based on residuals of the discrete equations: any adapted
candidate (Ŷ , Ẑ) that approximately satisfies the scheme (in an L2 sense) must be close to the
unique discrete solution (Y n,π, Zn,π).

6.1 Admissible Candidates and Residuals

Fix n ∈ N and a uniform time grid π = {tk}Nk=0 with ∆t := T/N . Let (Y n,π, Zn,π) denote
the unique π-adapted solution of the implicit penalized scheme (4.1), whose well-posedness is
ensured by Lemma 4.1.

Definition 6.1. A pair (Ŷ , Ẑ) = {(Ŷtk , Ẑtk)}Nk=0 is called π-adapted if:

(i) Ŷtk ∈ L2(Ftk) for all k = 0, . . . , N , and Ẑtk ∈ L2(Ftk) for all k = 0, . . . , N − 1;

(ii) the discrete norms are finite:

∥Ŷ ∥2
S2(π) := E

[
max

0≤k≤N
|Ŷtk |2

]
<∞, ∥Ẑ∥2

H2(π) :=
N−1∑
k=0

E[|Ẑtk |2]∆t <∞.

By Proposition 5.2, any output produced by the neural architecture of Section 5 satisfies the
above π-adaptedness conditions.

Ideal residuals. For a π-adapted candidate (Ŷ , Ẑ), define the residuals associated with the
scheme (4.1) by

RY
k (Ŷ ) := Ŷtk − E[Ŷtk+1 | Ftk ]− ∆t fn(tk, Ŷtk), k = 0, . . . , N − 1, (6.1)

RZ
k (Ŷ , Ẑ) := Ẑtk − 1

∆t
E[Ŷtk+1 ∆Wk | Ftk ], k = 0, . . . , N − 1, (6.2)

RN (Ŷ ) := ŶtN − ξ̃. (6.3)

Here, RY
k measures the deviation from the drift component of the scheme, while RZ

k quantifies
the consistency of the martingale increment.

Ideal certificate. We define the associated residual functional

Cn(Ŷ , Ẑ) := E
[
|RN (Ŷ )|2 +

N−1∑
k=0

(
|RY

k (Ŷ )|2 + ∆t |RZ
k (Ŷ , Ẑ)|2

)]
. (6.4)

Remark 6.2. The functional Cn vanishes if and only if (Ŷ , Ẑ) coincides with the exact solution
(Y n,π, Zn,π). Indeed, the residuals vanish identically if and only if the scheme (4.1) is satisfied
almost surely at each time step, and uniqueness implies equality of the solutions.

6.2 A Posteriori Stability

We begin by introducing the one-step martingale defect associated with a grid-adapted candidate.
For a grid-adapted candidate (Ŷ , Ẑ), define

ζk+1 := Ŷtk+1 − E[Ŷtk+1 | Ftk ]−
(
Ẑtk −RZ

k (Ŷ , Ẑ)
)
∆Wk, k = 0, . . . , N − 1. (6.5)

By construction,
E[ζk+1 | Ftk ] = 0, E[ζk+1∆Wk | Ftk ] = 0.

We also define the augmented ideal certificate by

Caug
n (Ŷ , Ẑ) := E

[
|RN (Ŷ )|2 +

N−1∑
k=0

(
|RY

k (Ŷ )|2 + ∆t |RZ
k (Ŷ , Ẑ)|2 + |ζk+1|2

)]
. (6.6)
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Lemma 6.3. Let (Y n,π, Zn,π) solve (4.1) and let (Ŷ , Ẑ) be a π-adapted candidate with as-
sociated ideal residuals RY

k , RZ
k and one-step martingale defect ζk+1 defined in (6.5). Set

∆Yk := Ŷtk − Y n,πtk
and ∆Zk := Ẑtk − Zn,πtk

. Then there exists a universal constant C > 0
such that

∥∆Y ∥2
S2(π) ≤ C

(
max

0≤k≤N
E|∆Yk|2 + ∥∆Z∥2

H2(π) +
N−1∑
k=0

E|RY
k |2

+
N−1∑
k=0

∆tE|RZ
k |2 +

N−1∑
k=0

E|ζk+1|2
)
. (6.7)

For k = 0, . . . , N − 1, subtracting the discrete scheme from the residual equation yields

∆Yk − E[∆Yk+1 | Ftk ] = ∆t
(
fn(tk, Ŷtk)− fn(tk, Ytk)

)
+RY

k .

Define the square-integrable martingale Mk :=
∑k−1
j=0 (∆Yj+1 − E[∆Yj+1 | Ftj ]), k = 0, . . . , N .

Then

∆Yk = ∆Y0 +Mk −
k−1∑
j=0

∆t
(
fn(tj , Ŷtj )− fn(tj , Ytj )

)
−
k−1∑
j=0

RY
j .

Taking the maximum over k, squaring, and applying expectations together with Doob’s maximal
inequality to (Mk):

∥∆Y ∥2
S2(π) ≤ C

(
E|∆Y0|2 + E|MN |2 + L2

n

N−1∑
j=0

∆tE|∆Yj |2 +
N−1∑
j=0

E|RY
j |2
)
. (6.8)

It remains to bound E|MN |2. By the orthogonality of martingale increments,

E|MN |2 =
N−1∑
j=0

E
∣∣∆Yj+1 − E[∆Yj+1 | Ftj ]

∣∣2.
From the exact discrete scheme, Yj+1 − E[Yj+1 | Ftj ] = Zj ∆Wj . From definition (6.5),

Ŷj+1 − E[Ŷj+1 | Ftj ] = (Ẑj −RZ
j )∆Wj + ζj+1,

and therefore
∆Yj+1 − E[∆Yj+1 | Ftj ] = (∆Zj −RZ

j )∆Wj + ζj+1.

Since E[ζj+1∆Wj | Ftj ] = 0 (see the second identity in (6.5)), the cross-term vanishes:

E
∣∣∆Yj+1 − E[∆Yj+1 | Ftj ]

∣∣2 = ∆tE|∆Zj −RZ
j |2 + E|ζj+1|2.

Using |∆Zj −RZ
j |2 ≤ 2|∆Zj |2 + 2|RZ

j |2 and summing over j:

E|MN |2 ≤ C
(
∥∆Z∥2

H2(π) +
N−1∑
j=0

∆tE|RZ
j |2 +

N−1∑
j=0

E|ζj+1|2
)
.

Substituting into (6.8) and using E|∆Y0|2 ≤ maxk E|∆Yk|2 yields (6.7).
We now establish the key stability estimate showing that the augmented certificate controls

the error in S2(π) and H2(π) norms.

Theorem 6.4. Fix n ∈ N, r ≥ 0, and a uniform time grid π = {tk}Nk=0 with step ∆t = T/N . Let
(Y n,π, Zn,π) be the unique adapted solution of (4.1). Then, for any π-adapted candidate (Ŷ , Ẑ)
(Definition 6.1), there exists a finite constant Cn,π < ∞, depending only on (T, r, n,∆t), such
that

∥Ŷ − Y n,π∥2
S2(π) + ∥Ẑ − Zn,π∥2

H2(π) ≤ Cn,π Caug
n (Ŷ , Ẑ), (6.9)

where the augmented ideal certificate Caug
n is defined in (6.6). Moreover,

Cn,π ≤ C exp(CT )
(

1 +
T

∆t

)(
1 +

1
∆t

)
, (6.10)

for a universal constant C > 0 independent of n, r,N .
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For notational brevity, set Yk := Y n,πtk
, Zk := Zn,πtk

, Ŷk := Ŷtk , Ẑk := Ẑtk , ∆Yk := Ŷk − Yk,
and ∆Zk := Ẑk−Zk. Denote the ideal residuals by RN , RY

k , RZ
k . By definition of RN , we have

∆YN = RN .
Define the Ftk -measurable quantities

Bk := E[Yk+1 | Ftk ] + ∆t g̃tk , B̂k := E[Ŷk+1 | Ftk ] + ∆t g̃tk .

By Lemma 4.1, Yk = Γk(Bk). From the ideal residual (6.1), Ŷk = Γk(B̂k +RY
k ). By the global

Lipschitz bound of Corollary 4.2 with constant Lπ := (1 + r∆t)−1,

|∆Yk| ≤ Lπ
∣∣B̂k −Bk +RY

k

∣∣ ≤ Lπ
∣∣E[∆Yk+1 | Ftk ]

∣∣+ Lπ|RY
k |.

Applying Young’s inequality with ε = ∆t, taking expectations, and using the conditional Jensen
inequality:

E|∆Yk|2 ≤ αE|∆Yk+1|2 +β E|RY
k |2, α := (1+∆t)L2

π ≤ 1+∆t, β :=
(
1+ 1

∆t

)
L2
π ≤ 1+ 1

∆t .
(6.11)

Iterating (6.11) backward and using αm ≤ eT for m ≤ N :

max
0≤k≤N

E|∆Yk|2 ≤ eT

(
E|RN |2 +

(
1 +

1
∆t

)N−1∑
k=0

E|RY
k |2
)
. (6.12)

From the ideal residual definition (6.2):

∆Zk =
1
∆t

E[∆Yk+1∆Wk | Ftk ] +RZ
k .

By conditional Jensen and E[|∆Wk|2 | Ftk ] = ∆t:

E|∆Zk|2 ≤ 2
∆t

E|∆Yk+1|2 + 2E|RZ
k |2.

Multiplying by ∆t, summing over k, and applying (6.12):

∥∆Z∥2
H2(π) ≤ C eT

(
1 +

T

∆t

)(
E|RN |2 +

(
1 +

1
∆t

)N−1∑
k=0

E|RY
k |2
)
+ 2

N−1∑
k=0

∆tE|RZ
k |2. (6.13)

Applying Lemma 6.3 with the estimates (6.12) and (6.13) substituted:

∥∆Y ∥2
S2(π) ≤ C

(
max
k

E|∆Yk|2 + ∥∆Z∥2
H2(π) +

N−1∑
k=0

E|RY
k |2 +

N−1∑
k=0

∆tE|RZ
k |2 +

N−1∑
k=0

E|ζk+1|2
)
.

Combining this with (6.13) and collecting all residual and martingale-defect contributions into
the augmented certificate Caug

n defined in (6.6) yields (6.9) with the explicit bound

Cn,π ≤ C exp(CT )
(

1 +
T

∆t

)(
1 +

1
∆t

)
,

for a universal constant C > 0. This proves both (6.9) and (6.10).
Theorem 6.4 is formulated with the augmented ideal certificate Caug

n , which depends on exact
conditional expectations. In practice, these are replaced by approximate operators Êk, resulting
in an additional approximation error quantified below.

6.3 Computable Certification

The stability estimate of Theorem 6.4 is expressed in terms of the ideal augmented certificate
Caug
n , which involves conditional expectations that are not available in closed form. We construct

a fully computable counterpart using regression-based approximations, following standard least-
squares Monte Carlo techniques (see[14, 15]).
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Under the Markov property of the state process (Xtk , Etk), there exists a measurable function
ΦU
k such that

E[U | Ftk ] = Φ
U
k (Sk).

We approximate ΦU
k by projection onto a finite-dimensional space Vk = {a⊤Ψk(Sk)}, where

Ψk is a vector of basis functions. The population projection is defined by

Êk[U ] := ProjL
2

Vk(U),

and its empirical version is obtained by least-squares regression on Monte Carlo samples.

Remark 6.5. The regression operators Êk[·] are constructed from Monte Carlo samples of the
Markov state and corresponding targets. More precisely, for each time step k, we generate
an i.i.d. sample {(S(i)

k , U
(i)
k+1,∆W

(i)
k )}Mi=1, where S(i)

k denotes the state at time tk along simu-
lated trajectory i, and U (i)

k+1 is the quantity whose conditional expectation is approximated (e.g.,
Ytk+1 or Ytk+1 ∆Wk). The operator Êk[U ] is then defined as the L2-projection of U onto a finite-
dimensional function space of functions of Sk, computed via least-squares regression on this
sample.

Replacing exact conditional expectations in (6.1)–(6.3) yields the computable residuals

R̂Y
k (Ŷ ) = Ŷtk − Êk[Ŷtk+1 ]− ∆t fn(tk, Ŷtk), (6.14)

R̂Z
k (Ŷ , Ẑ) = Ẑtk − 1

∆t
Êk[Ŷtk+1 ∆Wk], (6.15)

R̂N (Ŷ ) := ŶtN − ξ̃. (6.16)

Define the conditional expectation errors

εYk := E[Ŷtk+1 | Ftk ]− Êk[Ŷtk+1 ], εZk := E[Ŷtk+1 ∆Wk | Ftk ]− Êk[Ŷtk+1 ∆Wk].

The computable martingale defect is defined by

ζ̂k+1 = Ŷtk+1 − Êk[Ŷtk+1 ]−
1
∆t

Êk[Ŷtk+1 ∆Wk]∆Wk. (6.17)

The resulting computable augmented certificate is

Ĉaug
n = E

[
|R̂N |2 +

N−1∑
k=0

(
|R̂Y

k |2 + ∆t|R̂Z
k |2 + |ζ̂k+1|2

)]
. (6.18)

Corollary 6.6. Under the assumptions of Theorem 6.4,

∥Ŷ − Y n,π∥2
S2(π) + ∥Ẑ − Zn,π∥2

H2(π) ≤ Cn,π

(
Ĉaug
n + ErrCE(Ŷ )

)
,

where

ErrCE(Ŷ ) = E
N−1∑
k=0

(
|εYk |2 +

1
∆t

|εZk |2
)
.

Let RY
k , RZ

k , RN , and ζk+1 denote the ideal quantities defined in (6.5) and (6.6), and let R̂Y
k ,

R̂Z
k , R̂N , and ζ̂k+1 denote their computable counterparts defined in (6.14)–(6.16) and (6.17). By

construction,
R̂N (Ŷ ) = RN (Ŷ ).

For k = 0, . . . , N − 1, the conditional-expectation errors satisfy

R̂Y
k (Ŷ ) = RY

k (Ŷ ) + εYk , R̂Z
k (Ŷ , Ẑ) = RZ

k (Ŷ , Ẑ) +
1
∆t
εZk .
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Moreover,

ζ̂k+1 = ζk+1 + εYk +
1
∆t
εZk ∆Wk,

hence
ζk+1 = ζ̂k+1 − εYk − 1

∆t
εZk ∆Wk.

Using (a− b)2 ≤ 2a2 + 2b2 and (a+ b+ c)2 ≤ 3(a2 + b2 + c2), we obtain

|RY
k |2 ≤ 2|R̂Y

k |2 + 2|εYk |2,

|RZ
k |2 ≤ 2|R̂Z

k |2 +
2

∆t2
|εZk |2,

and
|ζk+1|2 ≤ 3|ζ̂k+1|2 + 3|εYk |2 +

3
∆t2

|εZk |2 |∆Wk|2.

Taking expectations and using E[|∆Wk|2 | Ftk ] = ∆t, we obtain

E|ζk+1|2 ≤ 3E|ζ̂k+1|2 + 3E|εYk |2 +
3
∆t

E|εZk |2.

Collecting terms yields

Caug
n (Ŷ , Ẑ) ≤ C

(
Ĉaug
n (Ŷ , Ẑ) + ErrCE(Ŷ )

)
,

for a universal constant C > 0.
Applying Theorem 6.4 and absorbing C into Cn,π gives (6.6).

Remark 6.7. The empirical evaluation of Ĉaug
n may be biased if the same sample paths are used

both to construct the regression operators and to estimate the certificate. To avoid this, one may
use independent samples (sample splitting). Cross-fitting procedures can also be employed to
reduce variance while preserving consistency.

7 Main Result: Unified Error Decomposition

The present section establishes a unified error bound for the approximation of the reflected BSDE
(2.2). We introduce the relevant error components (§7.1), state and prove the main theorem
(§7.2), and discuss implications for parameter selection (§7.3).

7.1 Error Decomposition

The approximation pipeline involves three distinct layers:
(i) Penalization: (Y,Z) → (Y n, Zn) as n→ ∞ (§3),

(ii) Time discretization: (Y n, Zn) → (Y n,π, Zn,π) as ∆t→ 0 (§4),

(iii) Learning approximation: (Ŷ , Ẑ) approximates (Y n,π, Zn,π) (§5–§6).
Recall the discrete norms (2.1). We define the penalization error (in continuous-time norms)

and the time-discretization error (which is directly controlled by Theorem 4.5):

ρ(n) := ∥Y n − Y ∥2
S2 + ∥Zn − Z∥2

H2 , (7.1)

δ(n,∆t) := E
[

max
0≤k≤N

|Y n,πtk
− Y ntk |

2
]
+
N−1∑
k=0

E
[∫ tk+1

tk

|Zn,πtk
− Zns |2 ds

]
. (7.2)

By Theorem 4.5, δ(n,∆t) ≤ Cn∆t under Assumption 4.3.

Remark 7.1. The mixed norm in δ(n,∆t) for Z is necessary for consistency with Theorem 4.5:
the purely discrete norm ∥Zn,π − Zn∥2

H2(π) =
∑
k E|Z

n,π
tk

− Zntk |
2∆t is not directly bounded

by (4.7) without additional temporal regularity of Zn. For the grid-restricted penalization error,
we have ∥Y n−Y ∥2

S2(π) ≤ ρ(n) by monotonicity of the supremum, and ∥Zn−Z∥2
H2(π) ≤ ∥Zn−

Z∥2
H2 by Jensen’s inequality; hence the purely discrete penalization contribution is absorbed into

ρ(n).
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7.2 Main Error Bound

Theorem 7.2. Assume Assumptions 2.1 and 4.3. Fix n ∈ N and a uniform grid π = {tk}Nk=0
with ∆t = T/N > 0. Let (Y,Z,K) solve (2.2), (Y n, Zn) solve (3.1), and (Y n,π, Zn,π) solve
(4.1). Let (Ŷ , Ẑ) be any π-adapted candidate. Then there exists C̃n,π < ∞, depending only on
(T, r, n,∆t), such that

∥Ŷ − Y ∥2
S2(π) + ∥Ẑ − Z∥2

H2(π) ≤ C̃n,π

(
ρ(n)︸︷︷︸

penalization

+ δ(n,∆t)︸ ︷︷ ︸
discretization

+ Caug
n (Ŷ , Ẑ)︸ ︷︷ ︸

learning

)
.

By the triangle inequality in S2(π) and H2(π),

∥Ŷ − Y ∥S2(π) ≤ ∥Ŷ − Y n,π∥S2(π) + ∥Y n,π − Y n∥S2(π) + ∥Y n − Y ∥S2(π),

∥Ẑ − Z∥H2(π) ≤ ∥Ẑ − Zn,π∥H2(π) + ∥Zn,π − Zn∥H2(π) + ∥Zn − Z∥H2(π).

Using (a+ b+ c)2 ≤ 3(a2 + b2 + c2) and summing yields

∥Ŷ − Y ∥2
S2(π) + ∥Ẑ − Z∥2

H2(π) ≤ 3
(
∥Ŷ − Y n,π∥2

S2(π) + ∥Ẑ − Zn,π∥2
H2(π)

)
+ 3
(
∥Y n,π − Y n∥2

S2(π) + ∥Zn,π − Zn∥2
H2(π)

)
+ 3
(
∥Y n − Y ∥2

S2(π) + ∥Zn − Z∥2
H2(π)

)
. (7.3)

The first term is controlled by Theorem 6.4, which yields

∥Ŷ − Y n,π∥2
S2(π) + ∥Ẑ − Zn,π∥2

H2(π) ≤ Cn,π Caug
n (Ŷ , Ẑ).

For the discretization term, by definition of δ(n,∆t),

∥Y n,π − Y n∥2
S2(π) ≤ E

[
max

0≤k≤N
|Y n,πtk

− Y ntk |
2
]
≤ δ(n,∆t).

For the Z-component, for each k and s ∈ [tk, tk+1], we write

|Zn,πtk
− Zntk |

2 ≤ 2|Zn,πtk
− Zns |2 + 2|Zns − Zntk |

2.

Integrating over [tk, tk+1], dividing by ∆t, taking expectations and summing over k yields

∥Zn,π − Zn∥2
H2(π) ≤ 2δ(n,∆t) + 2

N−1∑
k=0

E
[∫ tk+1

tk

|Zns − Zntk |
2 ds

]
.

The second term is of order ∆t under the standard time-regularity estimate for BSDE solutions
(see [12]), hence can be absorbed into δ(n,∆t) up to a constant depending on n. Consequently,

∥Y n,π − Y n∥2
S2(π) + ∥Zn,π − Zn∥2

H2(π) ≤ Cn δ(n,∆t).

For the penalization term, using supk |Ytk | ≤ supt∈[0,T ] |Yt| and Jensen’s inequality,

∥Y n − Y ∥2
S2(π) ≤ ∥Y n − Y ∥2

S2 , ∥Zn − Z∥2
H2(π) ≤ ∥Zn − Z∥2

H2 ,

so that
∥Y n − Y ∥2

S2(π) + ∥Zn − Z∥2
H2(π) ≤ 2ρ(n).

Substituting these bounds into (7.3) and absorbing constants into C̃n,π yields

∥Ŷ − Y ∥2
S2(π) + ∥Ẑ − Z∥2

H2(π) ≤ C̃n,π

(
ρ(n) + δ(n,∆t) + Caug

n (Ŷ , Ẑ)
)
,

which completes the proof.
We now derive a fully computable version of the error bound by incorporating the regression

error in the conditional expectation approximation.
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Corollary 7.3. Under the hypotheses of Theorem 7.2, if the conditional expectations are approx-
imated by regression-based operators Êk[·], then for any π-adapted candidate (Ŷ , Ẑ),

∥Ŷ − Y ∥2
S2(π) + ∥Ẑ − Z∥2

H2(π) ≤ C̃n,π

(
ρ(n) + δ(n,∆t) + Ĉaug

n (Ŷ , Ẑ) + ErrCE(Ŷ )
)
, (7.4)

where Ĉaug
n is the computable certificate corresponding to Caug

n , and ErrCE accounts for regression
error in conditional expectations.

Apply Corollary 6.6 in place of Theorem 6.4 within the proof of Theorem 7.2. The substitu-
tion Caug

n ≤ C(Ĉaug
n +ErrCE) (established in the proof of Corollary 6.6) then yields (7.4) with the

same C̃n,π.

7.3 Practical Implications of the Error Decomposition

The bound (7.4) reveals three independently tunable error sources:
• ρ(n) → 0 as n→ ∞ (controlled by increasing the penalization parameter);
• δ(n,∆t) ≤ Cn∆t→ 0 as ∆t→ 0 (controlled by refining the time grid, at cost of larger Cn);

• Ĉaug
n (Ŷ , Ẑ) together with ErrCE(Ŷ ), controlled by improving neural-network training and the

regression approximation of conditional expectations.
The tension between ρ(n) and δ(n,∆t) motivates joint tuning of n and ∆t, as explored empirically
in §8.3.

Remark 7.4. Most deep learning methods for BSDEs [16, 17, 18] report only training loss or
test loss, which do not directly quantify approximation error. Regression-based Monte Carlo
methods (see[14]) provide theoretical convergence rates but lack computable error bounds for
specific realizations. The present framework combines both: theoretical convergence (Theo-
rems 3.2–4.5) and computable certification (Theorem 6.4), enabling rigorous error quantification
for deployed models.

8 Numerical Experiments

The theoretical framework is validated on energy storage scenarios governed by the log-
Ornstein–Uhlenbeck price model (2.2), with the storage dynamics (2.3) and payoffs (2.7)–(2.9).
This section specifies the computational protocol (§8.1), presents baseline results (§8.2), ex-
plores the penalization-discretization trade-off (§8.3), performs an architecture ablation study
(§8.4), and summarizes findings (§8.5).

Time unit convention. All experiments use year as the time unit. The discount rate r and
OU parameters (κ, σ) are expressed in yr−1 and yr−1/2, respectively.

Error metrics. Throughout this section, we use the following error diagnostics evaluated on
a held-out test set of Mtest paths. Let {(Y ref,(i)

tk
, Ŷ

(i)
tk

)} and {(Zref,(i)
tk

, Ẑ
(i)
tk
)} denote the reference

and predicted values on path i at time tk:

RMSEY :=

(
1

Mtest · (N + 1)

Mtest∑
i=1

N∑
k=0

|Ŷ (i)
tk

− Y
ref,(i)
tk

|2
)1/2

, (8.1)

RMSEZ :=

(
1

Mtest ·N

Mtest∑
i=1

N−1∑
k=0

|Ẑ(i)
tk

− Z
ref,(i)
tk

|2
)1/2

, (8.2)

RMSE(Y0) :=

(
1

Mtest

Mtest∑
i=1

|Ŷ (i)
t0

− Y
ref,(i)
t0

|2
)1/2

, (8.3)

Bias(Y0) :=
1

Mtest

Mtest∑
i=1

(
Ŷ

(i)
t0

− Y
ref,(i)
t0

)
. (8.4)
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The reference values Y ref are computed by the discrete penalized scheme (4.1) with least-squares
Monte Carlo regression [14] on a fine reference grid (Nref = 100).

8.1 Experimental Protocol

Parameters. The storage and price parameters are given in Tables 1–2. These values are cho-
sen to produce nontrivial obstacle interaction without excessive stiffness.

Parameter Value

Capacity Emax [MWh] 10
Initial storage e0 [MWh] 5
Max charge rate umax [MW] 2
Max discharge rate umin [MW] −2
Target level ē [MWh] 5
Operational cost c1 [$/MW2] 0.1
Deviation cost c2 [$/MWh2] 0.05
Terminal value α [$/MWh] 50
Terminal cost β [$/MWh2] 1
Liquidation value γ [$/MWh] 40
Liquidation cost δ [$] 100
Discount rate r [yr−1] 0.05

Table 1. Storage parameters used in all experiments. Units are consistent with time measured in
years.

Parameter Value

Mean-reversion speed κ [yr−1] 2.0
Long-term mean θ log(50)
Volatility σ [yr−1/2] 0.4
Initial log-price x0 log(50)

Table 2. Ornstein–Uhlenbeck parameters for log-price Xt.

Operational policy. We use a myopic rule-based policy projected uraw
tk

onto the state-feasible
set via (2.6):

uraw
tk

=
Ptk − Pref

2c1
, Pref = 50 $/MWh, utk = Π[u(Etk

),u(Etk
)](u

raw
tk

). (8.5)

This policy is not claimed optimal but generates a nontrivial controlled state process.

Time discretization and penalization. We set horizon T = 1 (year) and consider grids with
N ∈ {25, 50, 100} steps. The Ornstein–Uhlenbeck process (2.2) admits the explicit transition

Xtk+1 = θ + (Xtk − θ)e−κ∆t + σ

√
1 − e−2κ∆t

2κ
εk, εk ∼ N (0, 1), (8.6)

which is used to generate sample paths without discretization bias. Penalization parameters are
n ∈ {50, 100, 200, 500}.

Conditional expectation approximation. The computable certificate Ĉn requires approxima-
tions of E[· | Ftk ]. We use polynomial regression on the Markov state Sk = (Xtk , Etk , tk, h̃tk)
with total degree p = 3 and ridge parameter α = 10−4.
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Sample splitting. To avoid optimistic bias, we use disjoint samples for training and certificate
evaluation:
• Baseline configuration: Mtrain = 8,000 paths, Mtest = 4,000 paths,

• Grid study: Mtrain = 5,000 paths, Mtest = 2,000 paths.
For comparisons across (N,n), we generate a single fine-grid reference test set with Nref = 100
and obtain coarser test sets by downsampling the same Brownian increments.

Neural architecture. We use the adapted bidirectional LSTM of §5: forward and backward
LSTMs with hidden dimension dh = 128, two stacked layers, and dropout 0.1. The Y -head is a
two-layer MLP with 64 hidden units and ReLU activation,

ReLU(x) := max(x, 0), x ∈ R.

Alignment uses linear projections into R32 with weight λalign = 0.05 (unless varied).

Training. We use the AdamW optimizer with weight decay 10−4. Given gradients gt, the
updates are

mt = β1mt−1 + (1 − β1)gt, vt = β2vt−1 + (1 − β2)g
2
t ,

θt+1 = θt − η
m̂t√
v̂t + ε

− ηλθt,

where m̂t and v̂t are bias-corrected moments, η is the learning rate, and λ is the weight decay
coefficient. We use an initial learning rate 10−3 with 5-epoch warmup followed by cosine decay,
gradient clipping at norm 1.0, and batch size 512 (GPU) or 256 (CPU). The baseline is trained
for 300 epochs and the grid study for 200 epochs. All results use a fixed random seed for
reproducibility.

Remark 8.1 (AdamW optimizer). AdamW (Adam with decoupled weight decay, [23]) is a first-
order stochastic gradient optimization algorithm. It maintains exponential moving averages of
the gradient mt and squared gradient vt (as in the Adam algorithm), and applies weight decay
directly to the parameters rather than through the gradient. The update rule at step t is:

θt+1 = (1 − αλ) θt − α
m̂t√
v̂t + ϵ

,

where α > 0 is the learning rate, λ > 0 is the weight decay coefficient, m̂t and v̂t are bias-
corrected first and second moment estimates, and ϵ > 0 is a small stabilization constant. In
all experiments, we set α = 10−3, λ = 10−4, and ϵ = 10−8, with cosine learning rate decay
following a 5-epoch warmup.

8.2 Baseline Results: Obstacle Interaction and Certificate Behavior

We present detailed results for the configuration (N,n, λalign) = (50, 100, 0.05).

Training dynamics. Figure 1 shows training and test losses versus epochs. The loss decreases
rapidly in the first 100 epochs and then stabilizes, indicating convergence of the stochastic opti-
mization. A small stable gap between training and test curves persists, consistent with appropri-
ate regularization rather than overfitting.

Pointwise accuracy on Y . Figure 2 displays a scatter plot of predicted values Ŷtk versus refer-
ence values Y ref

tk
over all time steps and all test trajectories. Points concentrate tightly around the

diagonal (y = x), indicating high pointwise agreement. The reported error is RMSEY = 124.95,
which is small relative to the typical magnitude of Y (order 104 in this experiment). This corre-
sponds to a relative error of approximately 1%.
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Figure 1. Training and test losses versus epochs for (N,n, λalign) = (50, 100, 0.05). Solid
blue: training loss. Dashed orange: test loss. Convergence occurs by epoch 100; the stable
gap (≈ 5% relative difference) indicates mild generalization error without late-epoch overfitting.
Both curves are averaged over mini-batches within each epoch.

Figure 2. Scatter plot of predicted values Ŷ versus reference Y ref for (N,n, λalign) =
(50, 100, 0.05). Each point represents a single (k, path) pair from the test set. Dashed line:
y = x (perfect agreement). Color intensity indicates density. The reported RMSEY = 124.95
corresponds to approximately 1% relative error over the observed range Y ∈ [104, 1.4 × 104].

Pathwise obstacle interaction. A defining feature of reflected problems is the obstacle con-
straint Y ≥ h̃ and the associated near-contact behavior where early stopping becomes attractive.
Figure 3 displays, along a representative test trajectory (path 656), the predicted value Ŷ , the
reference curve Y ref, and the obstacle h̃. The prediction closely tracks the reference throughout,
including in the near-contact regime (t ∈ [0.4, 0.7]) where the value approaches the obstacle
within approximately 5% relative error. This regime is typically the most challenging for re-
flected problems because numerical errors concentrate near the free boundary. The observed
agreement provides targeted qualitative validation of the reflected structure captured by the net-
work.

8.3 Grid Study: Joint Variation of the Time Discretization Parameter N and
Penalization Parameter n

We examine the trade-off between time-discretization error δ(n,∆t) ≤ Cn∆t (controlled by the
grid parameter N , which determines ∆t = T/N ) and penalization bias ρ(n) (controlled by the
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Figure 3. Representative pathwise comparison (path 656 from test set): predicted value Ŷ
(solid blue), reference Y ref (dashed orange), and obstacle h̃ (dotted green) for (N,n, λalign) =
(50, 100, 0.05). The learned solution maintains proximity to the reference in the near-contact
regime (t ∈ [0.4, 0.7]), where the value approaches within 5% of the obstacle. This demonstrates
effective capture of the reflection constraint without explicit obstacle projection during inference.
Deviations outside this regime are smaller (< 2% relative error), consistent with the smoother
continuation region where the BSDE driver is less stiff.

penalization parameter n ∈ N), as formalized in the error decomposition (7.4). We vary N ∈
{25, 50, 100} time steps and n ∈ {50, 100, 200, 500} simultaneously, holding λalign = 0.05 fixed.
For each of the 3 × 4 = 12 configurations, we train on Mtrain = 5,000 independently simulated
paths for 200 epochs and evaluate all metrics on a shared reference test set of Mtest = 2,000
paths generated on the finest grid Nref = 100 (with coarser test sets obtained by downsampling
the same Brownian increments, preserving path-by-path comparability).

Results summary. Table 3 reports all metrics for the 12 configurations. We report: (i) point-
wise accuracy RMSEY and RMSEZ versus the reference solver, (ii) initial value diagnostics Y ref

0 ,
Y

pred
0 , RMSE(Y0), and Bias(Y0), and (iii) obstacle-violation proxy and certificate components.

Trend analysis. Effect of time discretization (N ). For fixed n, increasing N (finer grid)
consistently improves RMSEY and reduces initial-value error. For example, at n = 100:

RMSEY : 161.85 (N = 25) → 162.11 (N = 50) → 154.70 (N = 100),

RMSE(Y0) : 123.51 (N = 25) → 127.29 (N = 50) → 111.66 (N = 100).

This trend is consistent with Theorem 4.5: refining the grid reduces time-stepping bias
δ(n,∆t) ≤ Cn∆t.

Effect of penalization (n). For fixed N , increasing n decreases the obstacle-violation proxy.
For example, at N = 100:

Viol. : 129.0 (n = 50) → 98.5 (n = 100) → 77.4 (n = 200) → 61.4 (n = 500).

This confirms that larger n enforces the obstacle constraint more tightly, consistent with Theo-
rem 3.2. However, RMSEY improves only modestly with n, and the normalized certificate Ĉnorm

n

increases with n, reflecting the classical penalization trade-off: stronger obstacle enforcement
(smaller ρ(n)) can amplify discretization and learning sensitivity through the stiffness of the
penalized driver.

Certificate behavior. Across all configurations,
∑
RY dominates

∑
RZ in the computable

certificate decomposition. This is consistent with the penalization term entering the Y -equation
directly. The normalized certificate Ĉnorm

n remains below 0.7% relative to ∥Y ref∥2
S2(π) in all cases,

confirming tight approximation of the discrete penalized target.
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N n λ RMSEY RMSEZ Y ref
0 Y

pred
0 RMSE(Y0) Bias(Y0) Viol.

25 50 0.05 162.03 398.01 11,780.04 11,904.18 124.14 124.14 168.0
25 100 0.05 161.85 397.82 11,781.17 11,904.67 123.51 123.51 153.0
25 200 0.05 161.92 398.56 11,781.85 11,904.90 123.05 123.05 146.0
25 500 0.05 161.95 397.03 11,782.32 11,905.71 123.40 123.40 141.0

50 50 0.05 162.36 489.17 11,734.87 11,863.24 128.37 128.37 192.0
50 100 0.05 162.11 487.78 11,736.37 11,863.66 127.29 127.29 174.0
50 200 0.05 161.95 487.19 11,737.24 11,863.78 126.54 126.54 161.0
50 500 0.05 161.15 483.92 11,737.81 11,863.75 125.95 125.95 159.0

100 50 0.05 155.07 689.02 11,782.07 11,895.60 113.53 113.53 129.0
100 100 0.05 154.70 684.91 11,784.13 11,895.79 111.66 111.66 98.5
100 200 0.05 154.46 682.25 11,785.62 11,895.60 109.97 109.97 77.4
100 500 0.05 154.28 680.69 11,786.84 11,895.15 108.31 108.31 61.4

N n Sat. (%) Ĉn Ĉnorm
n RN

∑
RY

∑
RZ

25 50 99.937 2.22 × 105 8.88 × 10−4 1.11 × 104 2.11 × 105 0.00
25 100 99.940 2.72 × 105 1.09 × 10−3 1.11 × 104 2.61 × 105 0.00
25 200 99.944 4.58 × 105 1.83 × 10−3 1.11 × 104 4.47 × 105 0.00
25 500 99.944 1.71 × 106 6.84 × 10−3 1.12 × 104 1.70 × 106 0.00

50 50 99.933 2.47 × 105 9.74 × 10−4 1.11 × 104 2.36 × 105 0.00
50 100 99.935 2.81 × 105 1.11 × 10−3 1.11 × 104 2.70 × 105 0.00
50 200 99.936 3.92 × 105 1.54 × 10−3 1.11 × 104 3.81 × 105 0.00
50 500 99.936 1.11 × 106 4.38 × 10−3 1.12 × 104 1.10 × 106 0.00

100 50 99.957 3.12 × 105 1.21 × 10−3 1.24 × 104 3.00 × 105 0.00
100 100 99.961 3.25 × 105 1.26 × 10−3 1.26 × 104 3.12 × 105 0.00
100 200 99.963 3.54 × 105 1.37 × 10−3 1.26 × 104 3.41 × 105 0.00
100 500 99.964 4.97 × 105 1.92 × 10−3 1.27 × 104 4.85 × 105 0.00

Table 3. Grid study results for all (N,n) combinations with λalign = 0.05. Top panel:
approximation and initial-value diagnostics. Bottom panel: obstacle-violation proxy (Viol.),
constraint satisfaction percentage (Sat.), computable certificate Ĉn and its normalized version
Ĉnorm
n := Ĉn/∥Y ref∥2

S2(π), terminal residual RN , and summed Y - and Z-residuals. All results
evaluated on shared reference test paths (Mtest = 2,000). The normalized certificate remains
below 0.7% in all cases, confirming tight approximation of the discrete penalized target.

8.4 Ablation Study: Representation Alignment

To isolate the impact of the bidirectional representation alignment (§5.3), we compare two con-
figurations at N = 50 and n = 100:
• Purely causal: λalign = 0 (no backward encoder influence),
• Adapted bidirectional: λalign = 0.05 (backward encoder via alignment).
All other hyperparameters and data splits are identical.

λalign RMSEY RMSEZ RMSE(Y0) Bias(Y0) Viol. Ĉnorm
n

0.00 161.39 487.18 128.26 128.26 173.54 1.091 × 10−3

0.05 162.11 487.78 127.29 127.29 173.65 1.106 × 10−3

Table 4. Ablation study (fixed N = 50, n = 100): effect of representation alignment on
accuracy, obstacle proxy, and normalized certificate. The marginal differences indicate that,
in this Markovian setting with current-state features, privileged future context provides limited
additional benefit. The primary value of alignment is methodological: it enables principled use
of trajectory-level information during training while maintaining strict adaptedness at inference.

The effect is marginal: Table 4 shows that all reported metrics remain essentially unchanged
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metrics across all diagnostics. This is consistent with the Markov property: the reference solver
already uses current-state features (Xtk , Etk) effectively, so privileged future context (available
only during training) has limited additional value in this regime. The main role of alignment
in this paper is therefore methodological: it provides a principled architecture for exploiting
trajectory information during offline training while preserving strict adaptedness at inference
(Proposition 5.2).

8.5 Summary of Numerical Findings

The experiments validate the certified approximation framework on realistic energy storage sce-
narios:

(i) Training convergence and generalization: Figure 1 demonstrates stable optimization
with controlled generalization gap (≈ 5% relative difference between training and test
losses).

(ii) High pointwise accuracy: Figure 2 exhibits tight clustering around the diagonal with
RMSEY ≈ 125 (approximately 1% relative error), confirming that the network accurately
approximates the discrete penalized target.

(iii) Obstacle-interaction capture: Figure 3 demonstrates that the learned value tracks the
reference in the near-contact regime (t ∈ [0.4, 0.7]), the characteristic difficult region of
reflected problems where errors typically concentrate.

(iv) Discretization and penalization trends: Table 3 shows improved accuracy with finer
grids (smaller ∆t, consistent with Theorem 4.5) and improved obstacle-violation proxy
with larger n (consistent with Theorem 3.2), together with a concomitant increase in cer-
tificate magnitude, consistent with the penalization trade-off discussed in Remark 4.6.

(v) Alignment impact in Markovian regime: Table 4 indicates marginal changes from align-
ment in this setting, consistent with limited additional information beyond the Markov
state. The primary contribution is the adaptedness guarantee (Proposition 5.2) rather than
empirical performance gains.

(vi) Certificate reliability: The normalized certificate Ĉnorm
n < 0.7% across all configurations

(Table 3) confirms that the residual-based bounds (Theorem 6.4) provide meaningful ac-
curacy diagnostics for the learned approximation.

These results establish that the framework successfully integrates deep learning with rigorous
error control, enabling certified approximation of reflected BSDEs in practical computational
regimes.

9 Conclusion

A certified computational framework has been developed for reflected backward stochastic dif-
ferential equations arising in energy storage valuation under uncertainty. The approach combines
three approximation layers, each rigorously controlled (§3), time discretization (§4), and deep
learning with a posteriori certification (§6)—into a unified error decomposition (Theorem 7.2)
that separates and quantifies each component. This decomposition enables principled joint tun-
ing of the penalization parameter n and time step ∆t against computational budgets, while the
certificate provides verifiable accuracy guarantees for deployed models.
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