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Abstract Recently the authors initiated the concept of corona covering number of graphs. A
vertex cover set S C V(G) is a corona cover set if every vertex v € S such that d(gy(v) = 1 or
there exist a vertex u € S with dgy(u) = 1 and uv € E. The least cardinality of a corona cover
set is the corona covering number of a graph and it is expressed as 7¢. In this paper, we enhance
the investigation of this parameter for cartesian product of paths.

1 Introduction

We consider simple, finite and undirected graphs, vertex and edge set of GG is expressed as V/
and E respectively. Motivated from vertex covering number [1] and corona domination number
[2] the authors have introduced a concept of corona covering number [3]. A vertex cover set
S C V(G) is a corona cover set if every vertex v € S such that d gy (v) = 1 or there exist a vertex
u € S with d(gy(u) = 1 and uv € E. The least cardinality of a corona cover set is the corona
covering number of a graph and it is expressed as 7¢. The corona covering number for some
standard graphs and some special types of graphs has been discussed in [3] and The parameter
has several real-life applications, including military zone allocation and the allocation of medical
facilities, as discussed in [4] and [5]. Let P, = (uy,u, ..., uy) and P, = (v, vz, ..., vy, ) be the
paths. Then the vertex set of cartesian product of paths P, and P,,, V(P, x Pp,) = V(P,) X
V(P,,) with |V (P, x P,,)| = mn and any two vertices in P, x P,, are adjacent say (u,,v,) is
adjacent to (u,, vs) if d(up,u,) = 1 and d(vg, vs) = 0 or d(uy,u,) = 0 and d(vg,vs) = 1 [7].
The corona covering number for cartesian product of two paths will be discussed in the section
2. In all graphical illustrations considered in this work, vertices colored white correspond to the
corona cover set of the graph.

2 Corona Covering number of graphs

Let P, x P, be the cartesian product of paths P,, and P,,, V (P, x Pp,) = {v; ; : 1 <i <m,1
j<n}and E(P, x Pp) = {vijviq15: 1 <i<m—1,1<j<n}U{v v 01 :1<]

n—1,1<i<m}. Assume a = || and b = [ ;7] throughout this section.

INIA

2.1 Corona covering number of P,, X P,,, nis odd

Theorem 2.1.If n is odd and m = 1 or 3 (mod 4), then 7.(P, x P,) = [2](m — [252] +
[222]) + 151 (m = [2521) + [2572 1 (m — [752])

Proof. Assume S = {{v;;:i = 0or2or3(mod4),j = l(mod4)}U{v;;:i = 1 (mod?2),

Jj = 0(mod2)}U{v;;:i = 0orlor2(mod4),j = 3(mod4)},3<i<m,3<j<n}
Then S is a corona cover set of P, x P,, and hence




Corona Covering Number in the Tensor Product 221

e(P % P) < |8 = [§1(m — [52] + 252 ]) + [ 5] (m — ["52]) + [252 1 (m — [752])
Let S be a corona cover set of P, Pm Suppose D is a vertex cover set of cardinality at most
N =[§10m = [252] + [ 272 ]) + [5) (m = [252]) + [253) (m = [272]) — 1

then either < D > has a vertex with degree zero or there exist an edge e in (V' — D), Thus we
have |S'| > N + 1 = [§](m — [252] + [ 72 ]) + |5 (m — ["72]) + [252 ] (m — [752])
Hence the result follows O

Example 2.2.

anam

Figure 1. P; x Py

From Figure 1 it is clear that 7o (P5 x P;) = 20
Theorem 2.3.If n is odd, m = 0 or 2 (mod 4) then 7¢ (P, x P,,) = 222

Proof Let S; = {{vij 14 = 0(mod2),j = 1(mod3)}U{v;;:j
i=1(mod2),5=0 (mod 3)}} Sy = {{vij :i= 0or2(mod3),j
i= lor2(mod3)},j = 0(mod?2)}

Sy ifn= 0 (mod3),

Sy ifn# 0(mod3)andm = 0or6 (modl12).
Then S is a corona cover set of P, x P,, and hence

7c(Py x Pp) < |S| = 222 if either n = 0 (mod 3) or m = 0 or 6 (mod 12). Let
S’ be a corona cover set of P, x P,,. Suppose D is a vertex cover set of cardinality at most
N =22 — 1 if eithern = 0 (m0d3) orm = 0or 6 (mod 12)

then either < D > has a vertex with degree zero or there exist an edge e in (V — D), Thus we
have [S'| > N + 1 = 22

Hence the result follows o

2 (mod 3)} U {v;; :
1 (mod 2)} U{v;; :

Assume S =

Remark
Let n be odd and m = 0 or 2 (mod 4). Then the graph P, x P,, has no corona cover set if
neither n = 0 (mod 3) norm = 0 or 6 (mod 12)

Example 2.4.

Figure 2. P5 x P
From Figure 2 it is clear that 7« (Ps x Ps) = 20

2.2 Corona covering number of P,, X P,,,nis even

Throughout this section we assume S;, 1 <14 < 10 as follows S| = {v; ; : j = 0 (mod 4),
i = k (mod2n+2), where k= 1 (mod?2)if 1 <k< 3+4([W] —1or(2j+5)+



222 Niveditha P, G. Mahadevan and C. Sivagnanam

4142 )< k<2n+1,k= 0orlor3(modd)ifd+4([""42] 1)<k

2 +3) + 442 1)

Sy = A{vi; : j = 1(mod4),i = k(mod 2n + 2), where k = 0 (mod 2) and
2n+14f0 <k <2nandifn=j5+1, k= 0or2or3(modd)if 0 <
6+ 4(["=UTT 1), k= 0 (mod 2)if 8+ 4(["=UTN] —1) < k < (25 4 6) +4(] "= J*”]
1), k= oorlorz(mod4)zf7+4([ﬂ1 1)<k<2n+1)

Sy = {vi; 1 j = 2(mod 4),i = k (mod 2n + 2) where k = 1 (mod 2) if 1 < k <
1+4((<71— 1) or (2j+2)+4(["=U=01 1) < k < 2n+1, k= lor2or3 (mod4)if 2+
MY 1) <k < (24 D) + 4T - 1))

Sy ={vij:j= 3(mod4), i =k (mod2n+2)wherek= 0orlor2(mod4)if0<k<
444101 — 1), k= 0 (mod2)if 6+4(["=4=1]— 1) <k < (2j+4)+4(["=4=)] -
1), k= 00r20r3(m0d4)if(2j+5)+4(fw]—1)§k§2n}

Ss = {vij 1 j = 0(mod4), i = k (mod2n+2), where k = 1 (mod 2) if 1
4[5 =G —Dor (j+3)+4[31<k<2n+1, k= lor2or3(mod4)if4[%]—(j
k< (+1)+441}

Se ={vi; 17 = 1(mod4), i = k (mod2n+2) wherek = 0or1or2(mod4)i
E<43l-0G-1, k = O(md)zf4(1—(3—3)§k§(j+) 4771
2n, k= Oor20r3(mod4) (j+2)+4[2] <k <2n}

S =A{vij 7= 2(mod4),i= k (m0d2n—|—2) where k = 1 (mod 2) if 1 < k
4[%]—(j—1)0r(]+3)+4[%]§k§2n+1 k= 0orlor3(mod4)if4[4]—(j+2)
E<(+1)+4[%] <2n+1}

IN

VAT

<k
_2)

ININA
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INIA

Sy ={v;j:j= 3(mod4)7 i = k (mod2n+2) where k= 0or2or3 (mod4)if 0<k<
4[2]-(-1), k= O(modZ) if4[%]1—(j-3) <k < (j+1)+4[%], k= 0orlor2(mod4)if
(J+2)+4[3] <k<2n+1}

So = {{vi; i = O(mod 3), j= 1(mod2)}U{v;;, i= 1(mod3), j = 0(mod2)}U{v;; :
i= 2(mod3),1<j<n}}

Sio={{vij 5= 0(mod3),i= 1(mod2)}U{v;;:j= 1(mod3), i= 0 (mod2)}U
{vij, 7= 2(mod3),1 <i<m}}

Also we assume (;, 1<z’§18asf0110ws§1221r)?( —("722p+4))a+pL“J Zrz](m—
<%+W Na+q([2] - 1)+ 1] (ntdr=2 >>a+r+2 132 4 |25 o+ s
G =04 m (2 - 2) e 1+zq41m <4+r‘q No—-2)+q[2) + X m

)b~
(3 = (Z -2 -2) +2r[3] + Sl m— (3 + T4 - Db =2) +2a13)
= m e (= - >+pu EL m—(
)

)

f\

_I_

(2+ f4 Mo 1) +qle]+ X m
(2 (2 - ) —1)+2 +z£ — (2 + (7= + )b - 2) + 2a(3)
G =Y m— (2H)a) + L A =GBl + 142 at g+ (n— (61 5] +
142 )a+r+ S m - (127 + T2 )a + 1) + 5[2]
=y (et 2p+4>b 2)+p[2]+ zgilm (1274 4427 —2) +2q &+ 30 F m—
(2 - (L‘" 2] 1) - >+2m+z m - muww)b 2) +s4)
Dy lea== AT NS S A B = S S G N N TS S N (E I

L“S 1J>bﬁ+sL%J
=y m <%> Pl ]+ m— (G4 TR Datal$14 5,5 (5 + 2570+
< + |25t 1J>+24<§ 425t a — (3 — [247L))

G =Y m— (2222 2>+pH+zf1 — (241 4 b-2)+qle] + 3 m -
(3 = (125 - )b -2) +20[8] + X0 m — (3 + (71T + )b - 2) +25(4

&= m— (22D 1) p[a] S o (2 T2 1) gl 2]+ -
(2 — (12— 1)) - )+2rH + 0 = (4 (T + )b - 2) +2a(3)
clo—z,i (222 Dyg) 4 p 2]+ I3 - 122 Nat g+ 2T (2 + 12 )a+

—(
r+ S m - (121 + ( N)a+ 1)+ s[4]
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((f%1 + [*21)b - 2) + 29[ 5] +
((f%1 + [ 11)b—2)+8L%
92 )b—g+ 3,5 (3 4+ T2 )b+

=0 m - (22220~ 2) 1 p[g] + 200E

(LZ“ 1))b — 2)+2rf 1+Z
Co =5 m—(("2=2)b— 1) +pg Zqzl(f
S m - (131 + m—wng ~1)+ sm

49—

Gy = 5,50 m— (2 a) +plg ]+ S5 m— (3 + P2 Da+ ) +al§1+ 2,5 (5 +
ke w>b+r+2£zﬂ<%—m>a+s
G =Y, m— (2=)b-2) +p[$1+ 2,5 m— (3

+42N)b-2) +qlg)+ S m—
2]+ 1))b—-2) +25( %)
(ﬁ "TW)b—l)ML [ES
))b 2)+28L5J
J)b+q+2 1@+ )b+ +

—(
(3 - <L2?"2 ‘J ~ 1)) -2) + 2041+ S m ~ (G
Gs =Y m —<<%)b—1>+pm+z” —(
((%—(L” L) — 1) +2r[8] + X0 m— (2 +
G = o1 H] (r2e=D) ”)b+p+pLJ+Zq1(f3”1 |42
SR — 12 )b+ s+ 5[ 2]

¢ = i m = (20— 2) +p[g] + S0 lm—m%w + 423700 - 2) + 2| 2] +
S m (G- (125 — 1)~ 2>+2m+z — (27 + 4710 - 2) + s3]
Gs = Y0 (e g p| & 3ol (13— e i q+zf (2T ok 8 (2 -
e 1 s

Theorem 2.5. If n = 0 (mod 12), then

G form= 1(modn+1),
€) form= (n—2) (modn+1),

(4
Tl
=1

P, xP,) =
7elPn x Fm) € form= n (modn+1)
2an otherwise.
U St form= lorn (modn+1),
Proof. Assume S =< U8 .S, form= (n—2) (modn+1),

S0 otherwise.
Then S is a corona cover set of P, x P,, and hence
G form= 1(modn+1),
G form= (n—2) (modn+1),
G form= n (modn+1)
2an otherwise.
Let S’ be a corona cover set of P, X P,,. Suppose D is a vertex cover set of cardinality at most
G -1 form=1(modn+1),
G-1 form= (n—2) (modn+1),
G-1 form= n(modn+1)
% —1 otherwise.
then either < D > has a vertex with degree zero or there exist an edge e in (V' — D), Thus we
G form= 1(modn+1),
G form= (n—2) (modn+1),
G form= n(modn+1)

2mn

To(Pn X Pp) <|S| =

N =

have |S'| > N+ 1=

otherwise.
Hence the result follows O
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Example 2.6.

S
Eessases
EEEns

JESesEses

Figure 3. Plz X P]o

EEEERaEEn

From Figure 3 it is clear that 7o (Pja x Pjg) = 78

Theorem 2.7. If n = 2 (mod 12), then
G4 form= 1(modn+1),
(s form= (n—2) (modn—+1),

P, x P,,) =
7e{Pa X Frn) o form = n (modn+ 1),
o form= 3i(modn+1),0<i< %] —1.
U?:lSl form= (n—2)or (n—1) (modn+ 1),
Proof. Assume S =< U .S, form = 1(modn+1),

So form= 3i(modn+1),0<i<[§] -1
Then S is a corona cover set of P, x P,, and hence
@ form=1(modn+1),
s form= (n—2) (modn+1),
o form = n (modn+ 1),
mn - form = 3i(modn+1),0<i< 2] —1.
Let S’ be a corona cover set of P, X P,,. Suppose D is a vertex cover set of cardinality at most
G—1 form=1(modn+1),
G —1 form= (n—2) (modn+1),
G —1 form = n (modn+ 1),
mn 1 form= 3i(modn+1),0<i<[2] -2
then either < D > has a vertex with degree zero or there exist an edge e in (V' — D), Thus we
Ca form= 1(modn+1),
Cs form= (n—2) (modn+1),
o form = n (modn+ 1),
mn - form= 3i(modn+1),0<i< %] —1.
Hence the result follows O

To(Pn X Pp) <|S| =

N =

have |S'| > N+ 1=

Remark
If n =2 (mod 12) and m # 1 or (n —2) or n or 3i (mod n + 1),0 < i < [§] — 1 then the
corona cover set of P, x P,, does not exist.
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Example 2.8.

Figure 4. P14 X P]4

From Figure 4 it is clear that 7¢ (P4 X Pi4) = 126

Theorem 2.9. If n = 4 (mod 12), then

G form=1(modn+1),

s form= (n—2) (modn—+1),
o form = n (modn+ 1),

- form# lor (n—2)orn(modn+1)andm= 0 (mod3).

Te(Pn X Pp) =

Proof. Assume
Ut S; form= lorn (modn+1),
S=4q WS  form= (n—2)(modn—+1),
So form % lor (n—2)orn(modn+1)andm= 0 (mod 3).
Then S is a corona cover set of P, x P,, and hence
G form= 1 (modn+ 1),
s form= (n—2) (modn-+1),
Co form = n (modn+1),
mn form# lor (n—2)orn(modn+1)andm= 0 (mod 3).
Let S’ be a corona cover set of P, X P,,. Suppose D is a vertex cover set of cardinality at most
G -1 form=1(modn+1),
g — 1 form= (n—2) (modn+1),
o —1 form = n (modn+ 1),
mn 1 form# lor (n—2)orn(modn+1)andm= 0 (mod3).
then either < D > has a vertex with degree zero or there exist an edge e in (V — D), Thus we have
(7 form=1(modn+1),

(g form= (n—2) (modn+1),

To(PoxPp) < |S| =

N =

S"N>N+1=
151> o form = n(modn+1),

mn form# lor (n—2)orn(modn+1)andm= 0 (mod 3).
Hence the result follows O
Remark

If n =4 (mod 12) and m # 1 or (n — 2) or n (mod n + 1) and m % 0 (mod 3) then the corona
cover set of P,, x P,, does not exist.
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Example 2.10.

Figure 5. P x Py

From Figure 5 it is clear that 7o (Pjg X Pig) = 145

Theorem 2.11. If n = 6 (mod 12), then
C1o form=1(modn+1),
Ci form= (n—2) (modn+1),

P, x P,) =
el ) 2 form= n(modn+1),
mn . otherwise.
U St form= (n—2)orn(modn+1),
Proof. Assume S =< U .S, form = 1(modn+1),

S1o otherwise.
Then S is a corona cover set of P, x P,,, and hence
Clo form= 1(modn+1),
¢1 o form= (n—2) (modn+1),
(12 form= n (modn+ 1),

2mn
3

To(Py X Py) < |S| =

otherwise.

Let S’ be a corona cover set of P, x P,,. Suppose D is a vertex cover set of cardinality at most
Clo—1 form= 1(modn+1),

¢n—=1  form= (n—2)(modn+1),

Cp—1 form = n (modn+1),

% —1 otherwise.

then either < D > has a vertex with degree zero or there exist an edge e in (V — D), Thus we
have

N =

o form=1(modn+1),

¢ form= (n—2) (modn+1),

2 form= n(modn+1),

2an otherwise.

Hence the result follows o

S| > N+1=
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Example 2.12.

s
|

Figure 6. Ps x Py

-

From Figure 6 it is clear that 7o (P x P3) = 32

Theorem 2.13.If n = 8 (mod 12), then
¢z form=1(modn—+1),
Ca  form= (n—2) (modn+1),

P, xP,) =
ol ) Cs  form= n(modn+1),
o form = 3i(modn+1),0<i< %] — 1.
UiSi form= lorn (modn+1),
Proof. Assume S = ¢ U8 .S, form= (n—2) (modn+1),

So form= 3i(modn+1),0<i<[§] -1
Then S is a corona cover set of P, x P,, and hence
3 form= 1 (modn+1),
Ca form= (n—2) (modn+1),
(15 form= n (modn+ 1),
mn - form= 3i (modn+1),0<i<[2]—1.
Let S’ be a corona cover set of P,, X P,,. Suppose D is a vertex cover set of cardinality at most
(i3 —1 form=1(modn+1),
CGa—1  form= (n—2) (modn+1),
(15— 1 form= n (modn+ 1),
mn 1 form= 3i(modn+1),0<i< [2]—1.
then either < D > has a vertex with degree zero or there exist an edge e in (V — D), Thus we
have

TC(PnXPm)SLS‘:

N =

3 form=1(modn+1),
(14 form= (n—2) (modn+1),

SNI>N+1=
15 2 Cis form = n (modn+ 1),
mn - form= 3i(modn+1),0<i< %] —1.
Hence the result follows O
Remark

If n = 8 (mod 12) and m # 1 or (n —2) or n or 3i (mod n + 1),0 < i < [§] — 1 then the
corona cover set of P, x P,, does not exist.
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Example 2.14.

=
-
HEEEEn

Figure 7. Py x Py

LT

O—

.

From Figure 7 it is clear that 7 (Ps x Pjg) = 52

Theorem 2.15. If n = 10 (mod 12), then

(16 form=1(modn+1),

G7 form= (n—2) (modn+1),

CGs  form= n(modn+1),

mn form# lor (n—2)orn(modn+1)andm= 0 (mod 3).

Tc(Pn X Pm) =

Proof. Assume
Ut S, form= (n—2)orn (modn+1),
S=4q WS form=1(modn+1),
Sy form# lor (n—2)orn(modn+1)andm= 0 (mod3).
Then S is a corona cover set of P, x P,, and hence
Ce  form=1(modn+1),
G7 form= (n—2)(modn—+1),
CGs  form= n(modn+1),
mn form# lor (n—2)orn(modn+1)andm= 0 (mod 3).
Let S’ be a corona cover set of P,, X P,,. Suppose D is a vertex cover set of cardinality at most
Cr6— 1 form=1(modn+1),
G7—1  form= (n—2) (modn+1),
Gig — 1 form = n (modn+ 1),
mn 1 form# lor (n—2)orn(modn+1)andm= 0 (mod3).
then either < D > has a vertex with degree zero or there exist an edge e in (V — D), Thus we

have

TC(PnXPm) S |S| =

N =

Cle  form=1(modn+1),
C7 form= (n—2) (modn+1),

SN > N+1 =
15 2 + (18 form = n (modn+ 1),

mn o form# lor (n—2)orn(modn+1)andm= 0 (mod 3).
Hence the result follows O
Remark

If n =10 (mod 12) and m % 1 or (n —2) or n (mod n+ 1) and m # 0 (mod 3) then the corona
cover set of P,, x P,, does not exist.
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Example 2.16.

o

Figure 8. Py x Pi5

From Figure 8 it is clear that 7o (Pjg X Pis) = 99

3 Conclusion

This study concludes by characterizing the corona covering number of Cartesian path products
and presenting an optimal covering configuration. It is evident from the analysis that the structure
of the corona cover set changes systematically with the order of P,.
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