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Abstract This study explores the algebraic characteristics of intuitionistic fuzzy (IF) ide-
als and their associated radicals under &-homomorphisms on rings. In addition, it examines
how image and inverse image of IF ®-primary and IF &-semiprimary ideals behave under &-
homomorphism. Furthermore, conditions under which an IF semiprimary ideal becomes an IF
prime ideal, along with the resulting implications, are investigated.

1 Introduction

After Zadeh’s seminal introduction of fuzzy sets [14], a generalization of crisp sets, there was
a major development in the field of mathematical reasoning and modelling. Rosenfeld [7] ex-
panded and developed the idea of fuzzy subgroups of a group in 1971 and used the concept of
fuzzy sets to group theory. Subsequently, Liu defined fuzzy rings, fuzzy ideals and provided sev-
eral fundamental ideas of fuzzy algebra such as fuzzy invariant subgroups as well as he proved
certain associated facts in [12]. The new notions of fuzzy rings and fuzzy ideals were developed
in [6, 16]. The concepts of prime L-fuzzy ideals and primary L-fuzzy ideals were introduced in
[13], where some of their basic properties were also proven. In 1992, Kumar [5] generalized the
established notion of fuzzy primary ideals by introducing the more encompassing class of fuzzy
semiprimary ideals. In [17], fuzzy points have been used to redefine semiprimary ideals and it
has been demonstrated that such a definition is very similar to Kumar’s definition [5]. In 1992,
Zahedi [15] defined the L-fuzzy primary ideal in terms of the L-fuzzy points. Furthermore, Ali
et al. [11] studied the notion of fuzzy primary, fuzzy semiprimary ideals of a ring 2R under group
actions.

Unfortunately, the fuzzy set theory failed because inadequate information was known about
the negative membership degree of the function. To solve this challenge, Atanassov [1] devel-
oped and presented the concept of the IF set. This set employed the function’s negative member-
ship degree in fuzzy set theory, ensuring that the sum of the positive and negative membership
degrees did not exceed 1. Moreover, Atanassov defined a few new operations on IF set and ex-
amined their characteristics in [2, 3]. In 2007, Jun et al. [10] introduced the notion of nil radicals
of an IF ideal and characterized notion of IF semiprime ideals.

In this paper, we introduce a generalization of IF primary and IF semiprimary ideals of a ring
R under group action and say IF &-primary and IF &-semiprimary ideals of R. Moreover, we
investigate the conservation properties concerning both the images and the inverse images of an
IF ®-semiprimary ideal of a ring JR. Further, we show that when an IF semiprimary ideal is an
IF prime. We also establish the relation between IF primary ideals and IF prime ideals of a ring
R. Throughout the paper A is a commutative ring unless and otherwise stated.

2 Preliminaries

Definition 2.1 ([11]). A group & is said to act on a set X if there is a function ¢ : & x X — X.
This function, which is commonly written as g ¢ instead of ¢(g, ), satisfy the following two
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properties:
(1) e1 x (ep 1) = (e1ep) x 3, forallej,ep € &, 3€ X
(i4) e =3 =3, ¢ is the identity of &.

The function ¢ is called the action of & on X, and the set X equipped with this operation is
called a &-set.

Definition 2.2 ([11]). A ring homomorphism ¥ : R; — R, is said to be a &-homomorphism, if it
is compatible with the action of group & on the rings. Forany g € &,r € Ry, I(gx7r) = god(r),
where * and ¢ are the respective group actions on rings 2R; and R, respectively.

Definition 2.3 ([4]). Assume that 2 = ({g,n9) and B = ((m,nm) are IF subsets of a set
X and 9) respectively and ¥ : X — 2) is a map. Then the image of 2 under ¥ denoted by
I(A) = (Coan)» Mo(a1)) is defined as follows:

Coc(4) = {Sup{@‘(z)' ced ()} H(y) £ 0

0 otherwise

1 otherwise

o) (y) = {inf{ﬂm(Z)l z€97(y)} 07 N(y) # ¢

for all y € 9 and inverse image of B = ({3, 7) is defined as ¥~ (B) = (Cy-1(), M9-1(3));
where C,Lg—l(sB)(Z) =(» (19(2)) and 777971(%)(2) =8 (19(2’)) for all z € X.

Definition 2.4 ([4]). An («, 8)-cut of an IF subset 2 = ((y,m2) of a set X is defined as
A ={zeX | Gulz) 2o, mulz) < B,
where , 8 € [0, 1] such that « 4+ 8 < 1.

Definition 2.5 ([10]). Let X and ) be sets, and let 9 : X — ) be a map. An IF set 2 = (Car, nor)
of X is called J-invariant if ¥(x1) = J(x,) implies that (g (x1) = Co(z2) and ng (z1) = na(z2),
where z1, 1, € X.

Let & be a finite group that acts on a ring fR. In this case, group action on an IF ideal
A = (Ca,mu) of R is define as follows:

Definition 2.6 ([8]). An action of a group & on an IF set 2L = ({g(, 7o) of the ring R is defined
as A9 = (Cauo, Mt ), where oo (2) = Cu(27), maws (z) = neu(29), g € &, x € R and 29 means g
acts on x.

In Definition 2.6, if group & is trivial group, then IF ideal under group action coincide with
itself.

3 IF &-Primary Ideals

Definition 3.1 ([9]). An IF ideal 20 = (g, 7o) of a ring %R is said to be IF primary ideal of R if

for any r1,1m € 9{, either Cg{(T’]T’z) = CQ((T‘]) and ng((’l”ﬂ’z) = T]Q[(T‘]) or CQ[(T]TQ) = Cg{(’l"g) and
ne(r17m2) = na(ry") for some positive integer m.

Definition 3.2. Let & be a group acting on a ring R. Then an IF primary ideal 2 of R is said to
be an IF &-primary ideal of R if 2 is G-invariant.

Example 3.1. Consider the IF ideal of the ring of integers Z, denoted by 2 = (o, ). This
ideal is formally specified as:

] 08 =0 )01 =0
CQL(F){ 0.1 0, 7791(?){ 07 r#0.

Hence, 2l is an IF primary ideal of Z.
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Definition 3.3. Let 2 = (g, o) be an IF ideal of a ring JR. Then IF nil radical of 2 denoted by
VA = (C /g, myq) 1s defined as

Calr) = sup{Ga(r™)},  mya(r) = inf{na(r™)}.

n>1

for all » € R and some n € N, the set of natural numbers.

Example 3.2. Suppose that ring Zg of integers modulo 8. Then an IF ideal 20 = ({q, no() of Zg
can be, represented by ordered triplet (x, o (), no(z)), defined by

2 = {(0,1,0),(1,0,1),(2,0.5,0.4), (3,0, 1), (4,0.6,0.3), (5,0, 1), (6,0.5,0.4), (7,0, 1) }.

Hence, IF radical of 2 can be, represented by ordered triplet vV = (2, ( (), n 5 (2)), given
by

VA= {(0,1,0),(1,0,1),(2,1,0),(3,0,1), (41,0, (5,0,1), (6,1,0), (7,0, 1)},

Proposition 3.1. Let J : 23] — R, be a homomorphism from a ring fR; to a ring R, and
2A = (Ca,ma) an IF ideal of R,. If A is constant on kerd, then J(A)(¥(r)) = A(ry), for all
t; € ARy

Proof. Let us assume that 2 is constant on kerd, that is, Co(z) = Ca(y), na(z) = nu(y) for all
z,y € kerd and v; € R;. Consequently, for t; € R,, we have J(t;) = t,. Furthermore, for any
t € 97! (x2), we have 9(t) = vo = 9(xy),
d(t—1t,) =0
t—1t, ckerd
Cau(t—t1) = Cu(0)
Cau(t) = Cau(r1)-

Now,
Cota) (9(81)) = o (2)

= sup{Ca(t) [t € 97! (r2)}

= sup{Ca(t1)} = Ca(r1).
Moreover,

na(t—t1) = 1o (0)
na(t) = na(t1).

Now,

N9 (21) (I(e1)) = I(na)(r2)
= inf{ny(t) | t€ 9~ (2)}
= inf{ng (1)} = na(t1).

Lemma 3.1. Let a group & act on rings 9R; and MR,, and let J : R} — R, a G-epimorphism.
Then

(7) If 2Ais an IF &-primary ideal of R, that is constant on ker ¥, then ¥() is an IF &-primary
ideal of R,.

(ii) If B is an IF G-primary ideal of R,, then ¥~ (B) is an IF &-primary ideal of R;.
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Proof. (i) Assume that 2( is an IF &-primary ideal of the ring 91, which is constant on kerd and
z,y € Ry. If v = 9(u) and y = ¥(v) for some u,v € Ry, thenu — v € ¥~ (z — y) and

Goca (= y) = sup{Cu(2) | z € V7! (z — )}
= sup{Cu(u—v) [u—ve v (z—y)}
> sup{min{Ca (), Cu(v)} | u € 97} (2),0 € V7' (y)}
= min{sup{Ca(u) | u € 9" ()}, sup{Cau(v) | v € 97" (y)}}
= min{Cy(ar) (), Cocan) (¥) }- (3.1)
Since uv € 9~ (xy) forallu € ¥~'(z) and v € 9~ (y), then

Coany (zy) = sup{Ca(2) | z € 97" (zy)}

= sup{Ca(wv) | wv € 9" (zy)}

> sup{max{¢a(u), Ga(v)} | u € 97" (z),0 € 97 (y)}

= max{sup{Ca(u) | u € ¥~ (2)}, sup{¢a(v) [v €V~ (y)}}

= max{(ya)(2), Coay ()} (3.2)

Furthermore,
oy (x —y) = inf{na(2) [z €97 (z — )}

=inf{ng(u—v) |u—ved " (z—1y)}
< inf{max {7 (u), na(v)} | u €9~ (z),0 €97 (y)}
= max{inf{ny (u) | u € ¥~ (z)},inf{ne (v) | v € I (y)}}
= max{ny ) (), N (¥) }- (3.3)

Now

Moy (zy) = inf{ng(2) | € 9" (zy)}
= inf{ny (w) | wv € 97" (xy)}
< inf{min{na (u),na(v)} | u € 97" (z),v € 97" ()}
= min{inf{na(v) | u € 9" (2)},inf{na(v) [ v € 97" (y)}}
= min{ny(21)(2), Coca) (¥) }- (34

Equations (3.1) — (3.4) show that 9(%() is an IF ideal of fR;.

Now, we will show that ©(2l) is an IF &-primary ideal of 9R,. Since ¥ is an epimorphism, then

for r,s € MRy, there exists ¢ € MR, such that J(¢) = rs and also there exist ry,s; € R such

that 9(ry) = r and J(s;) = s. Therefore, (g (rs) = sup (u(t). Since 2 is an IF &-primary
I(t)=r

ideal and 2l is constant on ker ), then by Proposition 3.1 either () (rs) = Ca(r1) = Coan)(r)
Y(ry)=r

and nyq)) (1) = 77?1(;" ) = mgea)(r) or Coeany)(rs) = Ca(s]) = Cyeany(s™) and nyap)) (rs) =
Y(ry)=r I(sn)=s"

i
na(s}) = nya(s™), for some positive integer n. Thus, ©(2l) is an IF primary ideal of 9.
Y(s])=sm
Moreover, we need to prove that J(2() is ®-invariant. Let » € 9. Then

Cocy(r®) = sup Cau(z) = sup  Cu(2)
9(z)=re (@(=))8 " =r
= sup Cu(z" )
9(z8~N=r

= Cﬁ(m) (7")
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and
no(r®) = inf me(z) = inf  ne(z)
9(z)=r9 (9(z))8 ' =r
= inf pu(e?)
9(z87)=r
:7719(2()(7" )-

Thus, ¥(2) is an IF &-primary ideal of R;.
(7) Let B be an IF B-primary ideal of R,. Then for s, ¢ € R,, either

Co-1()(st) = G (V(st)) = (s (V(5)9(1)) = (s (V(s)) = Co-1(m)(5)

and
m-1(8)(st) = nes (9(st)) = nas (V(s)I(t)) = nes (9(s)) = ng-1()(s)
Co1m)(st) = Ca (I(st)) = (o (V(s)9(t)) = Ca (I(1)") = Co-1(m)(t")
and

1) (st) = 0 (V(st)) = 0 (V)9 () = 18 (9()") = ng-1(m) ("),

for some positive integer n. Therefore, ¥~!(B) is an IF primary ideal. Now our claim is that
9~1(B) is G-invariant. Since 9B is G-invariant, then for s € PRy, we have

Co1m)(87) = (a (9(s7)) = (. ((9(s))?)
= (8 (9(s))
= Cy-1(m)(5)-

Similarly, 7y-1(3)(s9) = 19-1()(s). Hence 9! (%B) is an IF &-primary ideal of R;.

Proposition 3.2. If 2 is an IF ®-primary ideal of a ring R, then each of its («, 3)-cut 2, g is an
IF &-primary ideal of A.

Proof. Let 2 be an IF &-primary ideal of R. Then 3 € U, 3, i.e., (u(93) > o, na(n3) < B, for
any 1), 3 € R. Since 2 is an IF primary ideal, then

Ca(93) = Ca(n) > aand na(n3) = n(y) < 6,

or
Ca(v3) = C(3™) > aand ny(n3) = na(3") < B.

Therefore, ) € 2, g or 3" € A, 3. Subsequently 2, g is a primary ideal of R.
Moreover, 2, g is B-invariant, since

AT 5 = {29 € R Cu(29) > a,mau(2?) < B}
= {2 € R| (oo () > 772{9( ) < B}
={r € R | Cu(z) > a,nu(x) < B}
= U

Theorem 3.1. Suppose that & is a group acting on rings 3, and R,. If ¥ is a G-homomorphism
from 2R, onto MRy; Ay, A, and B, *B; are IF ideals of rings R and 9, respectively, then
(1) (0~1(B1)9~1(B2))® C (¥~1(B1B,)?). Equality holds if ¥ is one-one.
(i) (9(2A1)0(2A2))® C (9(A:12A))®
(433) If By C By, then (V~'(B1))® C I~ (BY).
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Proof. (i) Let ¥ be a - homomorphism from 2R, onto R, and B, B, are IF ideals of the ring
R,. Then

Co-1(B )01 (By))e (8) = ggé(C(w(%l)ﬁ—w%z)))(s‘q)

= QQ@ [Sgligb{min(%—l(%l) (a), Co—1(8,) (D)) }]

< O {min(Css, (9(a)), G, (0(0)))}
< gQ@C%I%Z (19(89))

= 0 ({3,3,)9)((s))

geS

= (p1m)0 ) (V(5))

= (C(ﬁ_](%]%z)(’j))(s)

and

1 1 = —1 —1 9
No=18)9- 1B (8) = 0O (0o-181)0-1(52))) (57)

= Oy Linf {max(19-1,) (@), 7915, ()]

> 0 {max (s, (9(a), ns, (9(0)))}
> gg®77%1‘32 (19(39))

= 926(77(%1%2)9)(19(8))

= N(3,3,)e (V(5))
= U(ﬂ—l(%,%z)m(s)a

where a, b, s € R;.
Thus, (971(B1)971(8,))® C (9~1(B1B,)®). Now, assume that o is one-one. Then for s €

mla

Co-rmimne)(s) = 0, (Gzimy)0) (9(5))

= gg@g%l%z)(ﬁ(s))g
= ggﬁ(g%l%z)(ﬁ(sg))

= 0 [ sup {min((¢s,)(a1), (¢m,)(01))}]-

ge® ﬁ(sg):albl

Since 9 is onto and a1, b; € Ry, then there exist a,b € MR, such that J(a) = ay and I(b) = b;.
Also given that 9 is one-one, then 9(s9) = ¥(ab) implies that s9 = ab. Thus,

N [ sup {min((¢w,)(a), (¢,)(0))}]

geo 9(s9)=a by

= n [ sup  {min((¢w,)(DHar)), (Cs,)(9(01)))}]

9EB 9(59)=0(a)9 ()

= N [sup {min((Cy-1(m,))(a1), (Co-1(m,))(01))}]

9gES 9—qb

= 996(4(1971(%1)1971(%2)))(59)

= gQQi(C(ﬁ*I(%I)ﬁ*I(‘Bz))")(S)

= Clo-1(m,)9-1(1,))e (5)-
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Co=1(31%2)®) = Co-1(B1)9-1(B))®)- SImilarly, 1ig-1(,3,)0) = o -1(8,)9-1(2))®)- Therefore,
(=1 (B1)0~1(B2))® 2 (¥ 1(%1‘32) )-

(74) Assume that ¢ is a -homomorphism from ring R; onto ring PR, and 2,2, are IF ide-
als of 2. Then for v € Ry,

Cw@noee (v) = ggqu 21,))s (t)
= O Soocen) ()
= gg@[tgugb{mm(% 2,)(a), Coat) (6))}]
= N [sup {min( sup (o (a1), sup (o, (b))}
9€6 tg—qp a €9~ 1(a) b ev~1(b)

Now,

N [ sup {min( sup (o (1), sup Cat, (1))} < N {min(Cay, (a2), Ca1, (b2))}
9€8 to—qp a9 (a) b9 (b) ged

IN
©

Qﬁ(g‘ﬂlﬂz)(albl)

< sup N (Cayap,)(c)
ced—1(ve) 9€G i

= sup (C(m1m2)® )(x)
ced—1(x9)

= Clo(,2u)e) (1)
foray € 97!(a), by € ¥7'(b), a,b, = c. This shows that {9, )9 (21,))e S C(o(21,21,)®)- Moreover,

ooy (£) = O o)) (v)

= (%( Do) (€9)

B BQGS [tglnﬁb{max(nﬁ( )(ﬂ), 7719(9[2) (b))}]

= N f inf , inf b .
geoﬁ[tsmab{max(ulelﬂnf'(a)ml'(al) blet?n*'(b)n%( l))}}

Now,

: : -
oDl dnf {max( inf (@), inf e, (b)) = 0 {max (e (a2), 7, (02))}

IV
©

Qﬁ(nmlﬁz)(albl)

> inf
Z ceﬂl (ca) gG@ (77911212)( )

= f t
ceén ()77(91,9(2) s (t)

= (U(ﬁ(mlmz)ﬁ))(t)

for some a, € ¥~!(a),by € 97'(b), a,b, = c. This shows that 1. (a(, 19(21,)) 2 M(w(2A20)®)-
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(77i) Let s € Q. Then

oty (8) = 0G0 1m,e(6)
- M(cﬂ 5.)(s")
= 0,6 ((0:)")
< 0,6 (05"
= Gup ((916))

= 1971(%;‘5)(5)-

Therefore, Co-1(m e © Cﬂ_lwzes). Furthermore,

(Nw-1mye)E) = 0 (Mu-108,))s)(5) = ﬁé(%fl(ml))(ﬁg)

ged g€
— 0 (906%) = 0, (9(6))7)
= O ((9())) = 0 s ((9())

— e (9(5))) = 1+ ().
Therefore, (9~'(B;))® C 9~ 1(BY).

4 IF &-Semiprimary ideals

Definition 4.1 ([9]). An IF ideal 2 = (g, o) of a ring R is said to be IF semiprimary if for any

z,y € R, Gulwy) < Cu(z") and na(zy) = na(a™) or Cau(zy) < Caly™) and na(zy) = naly™)
for some positive integers m and n.

Definition 4.2. Let & be a group acting on a ring R. Then an IF semiprimary ideal 2 of %R is
said to be an IF &-semiprimary ideal of R if 2l is &-invariant.

Lemma 4.1. Every IF primary ideal of a ring R is an IF semiprimary ideal of fA.
Remark 4.1. In a general context, the converse of Lemma 4.1 does not hold true.

Example 4.1. Consider an IF ideal 24 = (g, 7791) of the ring of integers Z, defined as follows:

0 for 3¢ (p) 1 for 3¢ (p),
Cu(3) :{ o for 5 € (") ~ (p"*), and na(3) :{ arz for g€ (") ~ ("),
1 53=0 0 3=0,

where 7 is any positive integer. Then (o (p*p?) = Cu(p®) = 2 = (o (p?) and 779[( 2pd) =

na(p’) = & # 1 = na(p?). Also for any positive integer m, CQ[(( 3)m) # 2 = (u(p?p®) and
na((p*)™) # na((p®)) = &. Thus A is not an IF primary ideal. However, it is an IF semiprimary
ideal of Z.

Lemma 4.2. Let & be a group acting on rings R, R, and ¥ : R} — R, be a G-epimorphism.
Then

(i) If 2 is an IF &-semiprimary ideal of 2R , which is constant on ker ¢, then ¥(2) is an IF
®-semiprimary ideal of NR,.

(i) If B is an IF G-semiprimary ideal of JR,, then =1 (B) is an IF &-semiprimary ideal of R;.
Proof. Proof is similar to that of Lemma 3.1.
The behavior of IF ideals under a group action is determined by a key identity stated in the

following theorem. An important structural result shows that the &-invariant radical operator
can be distributed over the intersection of ideals.
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Theorem 4.1. Let & be a group acting on a ring R, and A; = ({g(,, e, ) and Ay = (Ca,, 21, ) be
IF ideals of R. Then (v/2 N2)% = (vV21)® N (V2)®.

Proof. Since (o, C (qr; and (o, € Cqp;, then lecs C C(\/QTI)"S and (lees - C(\/QTZ)@' Thus
Cvamen(vame S Cvannvan C Cvanmaeg)e - For other side assume that « € 9. Then
Cvammmye (@) = 0 Cammm)e (2)

= gQQsC(\/leQG)(mg)

= 0, sup{(Gayron) (@) 1> 0)]

= 0, [sup{min (Ga, (2°)", Gac (7)) | 1> 0}]

< 0, [min{sup (Ga,(2%)', [ 1> 0), sup (Gau, ()" [ L > 0)}]
=min[{ 0 Coa (@)} { 0, Coa(a?)}]

= min{¢ /e (x), Sy ()}

= Svamen(va® (#)- “.D

Moreover, 79, 2 7,/ and 1w, 2 1,45, then Nae 2 1) e and Nae 2 1N(yag)e- This implies
that 0 amyen(vam)e 2 Nvannvas 2 Mvanmmg)e - For other side,
N NA,)® (z) = ggeﬁﬁ(\/mm‘mz)s (z)

= ggﬁ(nm)(l‘g)

0, finf{(,00) (@) | 1> 0}

- gg@ [inf{min (ng(, (29)", ey, (z9)") | 1 > 0}]

> Q@[min{inf (2, (z9)", | 1> 0),inf (ner, (29)" | 1> 0)}]

= min [{grew@nm(xg)}, {ggﬁﬁm(ﬂfg)}}

= Nvanenvage (©)- (42)

Thus, (vR N2)% = (VA)®N(v/RA;)®. The ideas of IF prime, IF semiprime, and IF semipri-
mary ideals play a key role in studying the structure of rings. The following theorem connects
these concepts directly, showing that the combination of IF semiprime and IF semiprimary prop-
erties leads to the important condition of being IF prime.

Theorem 4.2. If 2 is an IF semiprime as well as IF semiprimary ideal of a ring R, then 2l is an
IF prime ideal of R.

Proof. Let A = ({a, no) be an IF semiprime as well as semiprimary ideal of the ring R. Then

Ca(z") = Cu(x) or  na(z") = na(x) (4.3)
as well as
Ca(zy) < Cu(z™) and g (zy) > na(z")
or Ca(zy) < Cu(y™) and  malzy) > naa(y™) (4.4)
for x,y € R, m,n € Z*. From Equations (4.3) and (4.4),
Culzy) < Cu(z) and  no(zy) > nu(x)
or Culzy) < Culy) and  na(zy) > nu(y).
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Since 2 is an IF ideal, then

Cu(z) < Cu(wy) < Caulz) and  na(x) > nalzy) > na(x)
or Cu(y) < Calzy) < Culy) and  na(y) > na(ry) > naly).

Thus, (o (zy) = Cu(z) and ny(zy) = na(x) or o (zy) = Ca(y) and ng (zy) = na(y). There-
fore, 2 is an IF prime ideal of R.
The following corollary is direct from Theorem 4.2.

Corollary 4.1. If 2 is an IF primary as well as IF semiprime ideal of a ring R, then 2 is an IF
prime ideal of R.

5 Conclusion

In this paper we studied how intuitionistic fuzzy ideals work together with &-homomorphisms.
We have explained how certain properties, like IF &-primary and semiprimary, are kept under
these mappings. We also proved an important result that connects IF semiprimary and IF prime
ideals. These findings help us better understand the structure of such systems and point to new
research directions. In the future, this work could be extended to other algebraic systems, such
as semirings, near rings or used in fields where fuzzy algebraic ideas are applied.
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