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Abstract For 0 < 3 < 1, the aim of the present paper is to define S(3)-summability of se-
quences in neutrosophic soft-n-normed linear spaces, briefly called NS-n-N LS. We also define
S(B)-Cauchy sequences, S(8)-completeness and establish the Cauchy convergence criteria for
S(3)-summability in neutrosophic soft-n-normed linear spaces.

1 Introduction

The concept of statistical convergence was given by Fast [1] and further developed by different
author including Fridy [2], Schoenberg [3], Salat [4], Connor [5] and many others. The notion
was defined using natural density of subsets of N, the set of positive integers. For any set A C N,
the natural density of A is defined by

P(A) = liern%Ha <n:a€A}|

provided the limit exists. Further, a sequence w = (wy,) is said to be statistical convergent to wy,
if foreache > 0

1
lim ~[{k <n:[wy —wy| > e}| =0,
n n

that is ¥(A.) = 0, where A, = {k < n : |wg — wo| > €}.
For 0 < 8 < 1 and any set A C N the natural density of order 3 is defined by

.1
vp(A) = lim —Gl{k<n:keA}
provide the limit exists.
For 0 < g < 1, Colak [6] defined statistical convergence of order /3 as follows.
A sequence w = (wy,) is said to be statistical convergent of order 3 to wy if for each e > 0

n—oo

. 1
Pp(A) = lim mHk <n:|wp—wyl} >el =0.

In this case, we will write S3 — lim wy, = wy.
For more work on statistically convergence and its generalizations, we refers to the readers [7,
8,9,10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27].

2 Preliminaries

In this section we review a few definitions and results required in present paper. For J = [0, 1],
by a t-norm we mean a binary operation o : J x J — J such that for every t,,t,,t;,t, € J,
we have (i) o is continuous; (ii) o is commutative; (iii) o is associative; (iv) t; o 1 = t, and
(v) tyot, < t;ot, whenever t; < t; and t, < t,. If we define (i) ¢; o to = tytp; (ii)
t; oty = min{¢;,ta2}; (iii) ¢ o t» = max{t; + t» — 1,0}, then it is easy to see that o becomes
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t-norm in each cases. Further, a binary operation x : J x J — J is said to be ¢-conorm if for
every t,,t,,t5,t, € J we have (i) « is continuous; (ii) » is commutative; (iii) * is associative;
(iv) t, x0 = t, and (v) t, xt, < t; xt, whenever t;, < t; and t, < t,. If we define (i)
ty *ty =ty + ty — tity, (ii) t; %t = max{ty, tr}, (iii) ¢; x t, = min{¢; + 5, 1}, then it is easy to
see that x is a t-conorm in all the cases.

Molodtsov [10] defined the concept of soft sets to deal with the uncertainty, fuzziness and objects
which are not well defined. He used the set of parameters to define soft sets. For any universe
set U and parameter set E, the soft set is defined as follows:

Definition 2.1. [10] If a pair (H, E) satisfies the necessary and sufficient condition H : E —
P(U) where P(U) is the power set of U then it is called a soft set over U . i.e., the soft set is a
parameterized family of subsets of the set &/. Moreover, every set H(e), e € E, from this family
may be considered as the set of e-elements of the soft set (H, E), or as the set of e-approximate
elements of the set.

Definition 2.2. [10] If a soft set (H, E) over U/ follows the condition V ¢ € E, H(¢) = w then
the soft set is called absolute soft set and it is denoted by U/.

Definition 2.3. [23] Let R be the set of real numbers, B(R) be the collection of all non-empty
bounded subsets of R and E taken as a set of parameters. Then a mapping F : E — B(R) is
called a soft real set. If a soft real set is a singleton soft set, then it is called a soft real number

and denoted by T,3, t, etc. 0, 1 are the soft real numbers where 0(¢) = 0,1(¢) = 1 forall e € E
respectively.

Let R(E) and R* (E) respectively denote the sets of all soft real numbers and all positive soft
real numbers.

Definition 2.4. [24] Let (H, E) be a soft set over w. The set (H, E) is said to be a soft point,
denoted by HY if there is exactly one ¢ € E s.t H(e) = {w} for some w € U and H(e') = ¢ for
alle’ € E — {e}.
Two soft points HY, Hz/ are said to be equal if e = ¢ and w = v. Let A;; denotes the set of all
soft points on .

In case U is a vector space over R and the parameter set E = R, the soft point is called a soft
vector.

Das, Majumdar and Samanta [22] defined soft normed linear spaces as follows.

Definition 2.5. [22] Let I/ be a absolute soft vector space. Then a mapping || - || : t — RT(E)
is said to be a soft norm on 2/, if | - || satisfies the following conditions:

() Jwe]| > 0 for all w, € U and |well = 0 < w, = 6 where §, denotes the zero element of /.
(ii) [|@we|| = |al|jwe||for all w,. € U and for every soft scalar @.

(iii) |we + w/ || < ||lwel| + |Jwy || forall we,w, € U.

@) we -we || = el .V wewy ed.

The soft vector space U with a soft norm || - || on U is said to be a soft normed linear space and

is denoted by (24, | - ||).

Bera and Mahapatra [26] defined neutrosophic normed linear spaces and studied some of
their properties.

Definition 2.6. [26] Let w be a soft linear space over the field F and R(E), A;; denote respec-
tively, the set of all soft real numbers and the set of all soft points on U. Then a neutrosophic
subset N over A;; x R(E) is called a neutrosophic soft norm on U if for we,w, € Uanda €F
(o being soft scalar), the following conditions hold.

»HO0< GN(we,El) BN(we@l) Yiv(we, &) < 1,V& € R(E).

(i) 0 < GN(weafl) + BN(we,f]) + YN(wevgl) <3 vfl € R( )

(>iii) GN(we,fl) = 0 with 51 <0.

iv) Gy (we,gl) = 1, with 51 > 0 iff We = 50, the null soft vector.
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V) Gy (@we, &) = G (we, f) YV a(#0),& > 0.

(Vl) GN(weagl) OGN(weUgZ) S GN(we @we’agl @é)av&aé € R(E)

(vii) G (we, -) is continuous non-decreasing function for & > 0 and lim Gy (w., &) = 1
El xde el

(viii) BN(we7§1) =1 with 51 <0.
(ix) By (we,gl) = 0, with §1 > 0 iff w, = 6, the null soft vector.

(%) By (e, &) = BN<we, |a) va(0),8 > 0.

(xi) BN(wevgl)*BN(w /&) > By (w, @ w '751 o &) v’flva € R(E).

(xii) By (we, -) is continuous non-increasing function for §1 >0 and 1lim By (w,, 51) 0.
5] — 00

(xiii) Yy (we, &) = 0 with & < 0. -
xiv)Yn (we, &) = 0, with & > 0 iff w, = 6, the null soft vector.
(xv) Yy (Gwe, &1) = Yy (w él),va(# 0),& > 0.

(XVI) YN(weagl) *YN(’LU 'a§2) > YN(we @we’afl @52) v€1a§2 S R( )

(xvii) Yy (we, -) is continuous non-increasing function for 5 1> 0 and 1im Yy (we, & 1) 0.
E]-}OO

We now give the definition of neutrosophic-n-normed linear spaces.

Definition 2.7. Let U be a soft linear space over the field F and R(E), A;; denote respectively,
the set of all soft real numbers and the set of all soft points on ¢/. Then a neutrosophic subset N

over A;; x R(E) is called a neutrosophic soft n-norm on U if for (w, vl 02, ),
(we/,vél,vé,..., vl e U™ and & € F (& being soft scalar), the following conditions hold.
(1) 0 < Gy (we, é”vé,...m% 1751) BN(we,Ué],'ng,...7 vy 1751)
YN(we,vél,vzz,.. U 11,51)<1V£1€R( ).

(ii)OgGN(we,vél7vgz,... v l,51)—1—31\;(106, vl 02, o] 1,51)

Y (we, v 02, .. vl ll,§I)<3V£1€R( ).

(iii) GN(we,vél,vgz,..., oph &) = Owith & <0.

(iv) Gn (we, v}, 02, . vl ],51) = 1,with & > 0 iff w. = 6y, the null soft vector.

V) Gy (Qwe, v} 02, .. 00 l,51) (we,vél,vgz,...,v;‘;ﬂ, |il ) YV &(#0),& > 0.
(Vi)GN(we,vél,ng,...7 vl 1751)OGN(we/7vél,v§2,..., vy~ 1,52)<G’N(weEBw/7 vl VR
vl 6@ &),V E,& e R(E )

(i) Gy (we, vl , 02, ..., 02! ) is continuous non-decreasing function for & >0 and
lim GN(we,vé],vgz,..., vy 1,51)

£1—o0

(viii) BN(we,vél,vgz,..., (. ],51) =1 with & <0.

(ix) By (we, vl 02, ..., 007} (€)= 0,with & >0 iff w, = 6, the null soft vector.
(x) By (Qwe, v} 02, ... 00 1,51) (we,vél,vgz,...,vgnll,%),V&(;ﬁa),a > 0.
(xi) BN(we,v;l,vgz,..., A l],fl)*BN(we/,vél,ng,..., s l,52) > By (we D w,,
vé],vgz,...,vgj,g] @EZ)V&,& e R(E).

(xii) By (we, vél , vgz, e ,v;’;l] ,-) is continuous non-increasing function for g] >0 and
lim By (we,v! 02, ... ,vg—j],fl) =0.

&1—00

(xiil) Y (we, v}, 02, ..., 00" 1,51) =0 with & <0.

xivV)Yn (we, vl 02, ... 00! 1,51) = 0,with & > 0 iff w, = 6, the null soft vector.

(xv) Yy (awe, vl 02, ... v v 11,51) YN(we,vé],vgz,...,v;zn—lﬂ%ll)ﬁ’&(;é 0),& > 0.
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(XVi) YN(wea’Uél,Ué,..., Ve, l,fl)*YN(we’7vé17U£27" ] en 17§2> > YN(we @we’,vélvvgp
T B QVE, G e R(E).

(XV”) Vi (we, v} ,v2,,..., 02~ ! ) is continuous non-increasing function for & >0 and

im Yy (we, 0l 02, ..., 007 &) = 0.

§|~>OO

In this case N = (G, By, Yn) is called the neutrosophic soft n-norm and
(U(F),Gn, By, YN, 0,%) is an neutrosophic soft n-normed linear space (briefly N.S—n— NLS).

Let (U, ||-||) be a soft normed space. Take the operations o and x as t,0t, = t,t, and t,xt; =
t, +t; — t,t5. For £ > 0, define

é e F )
~ if & > |jwe, vl 02,00
1 2 n—1 _ . ! € Ve Vey? ’ e'n 1
GN(We, g, uz,, .. ug €)= Etllwe,ol w2, 0l L
0 0therw1se.
lwe,vl w2 00! ~
ep’ ey’ Cn 1 3 1 2
~ - if &€ > [Jwe, vl 02, ... 007
1 2 n—1 _ 1 n—1I €1 ¥epr Ve ’ f’n 1
By (we,ve,,v5,, ..., v, 6) = €+Hwe’ve,,vez el
1 otherwise.
Hwe,vé W2 | ~
1’7e’ T en . 1 2
1,2 n—1 & _ = if & > |lwe,v! 02 . 0L
YN(w€7’U61?/U627"'7/Uen717 )* 13 ) €1’ "e en 1
1 otherwise.

Then (U(F), Gy, By, Yy, 0,+) is the NS —n — NLS.
From now onward, unless otherwise stated, W will denote the NS —n — NLS (U(F), Gx, By,
YN, o, *).

A sequence w = (wfk) of soft points in W is said to be convergent to a soft point w, € W with
respect to the neutrosophic soft -n- norm (G, By, Yy) if for 0 < € < 1 and §~ > 03 ng €N
such that

k 1,2 n—1 2
Gn(we, © We, v, 05, .. v0 &) >1—¢,
k 1,2 n—1 &
By (wg, © We,y Ve, s Vs -+ o5 Vg s ) <&,
k 1,2 n—1 2
Yy (we, © We, Ve, V5,5 - -, 00, ) <E.

k

In this case, we write (G, By, YN) — klim we = We.
— 00 )

A sequence w = (w’gk) of soft points in W is said to be Cauchy sequence with respect to
neutrosophic -n- norm (G, By, Yy) if for 0 < e < 1 and £~> 0dng € Ns.tforall k,v>ng

1,2
GN(U/ 9“’;,%,,’0@27 LR en 1,£)>17€7
2 n—1 £
BN(w @w;,vel,v&,...,ven_l, ) < e,
1,2 n—1 &
Vv (wh, Owl Ve, vz, -5V 5 E) <.

3 Statistical Summability of order 3 in NS-n-NLS

In this section we introduce and study statistical summability of order S in NS-n-NLS and
develop some of its properties. We begin with our main definition.

Definition 3.1. For 0 < g < 1, a sequence w = (w’gk) of soft points in W is said to statistical
convergent of order 3 (or S3[Gn, Bn,Yn|-summable) to the soft point w, in W if for every
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0<5<1andg>6

1 -
- . k 12 n—1
Tllgrgon—ﬁ kE<n:Gn(ws, ©we,v,v,,... v, ,§)<1—cor
k 12 n—1 2
By (wg, ©we,v,,,v5,, ..., 00, 6) > €,

e’ vey? ? Ven—1’

Vv (wk e we, vl 02, ..., 00! &) > 6}‘ =0,
or equivalently

1/15<{k eN:Gn(wf swe, vl W2, ... 007 ) <1—cor

k 1 2 n—1 £
BN(wek ew(i?velvveza"'aven,lv ) Z g,

k 12 n—1 gz _
Yy (we, © We, Ve, V5, -, 00 &) > 5}) =0.

In present case, we write S3[Gn, By, Yn| — lim,_, wfk = W, .

Let, Sg|Gn, BN, YN]| = {w =(wk) e W : S3lGn, By, Yn] — lim wk exists}

n—oo

denotes the spaces of Sz-summable sequences of soft point in w.

The following lemma is the direct consequences of Definition 3.1

Lemma 3.2. For any sequence wz(w’gk ) of soft points in W and 0 < B < 1, the following
statements are true:

(i) SslGn, By, Yn] — lim wh = w,;
k—oo
(ii)wg{k eN: GN(w’(fk @we,vél,vgz,...,vg7;11,~) <l-¢}=
Ya{k € N: By(wf ow., vl v2,... ,v?;ll,~) >e} =

Yp{k e N: YN(wfk ) we,v;l,vz27 ... ,v;‘:l, ) > g} =0;

(iii) W{k eN:Gy(wF Swe,vl W2, 00 ) > 1 —ecand

k 1 .2 n—l 2
By (wg, © we,v,,v;,, ..., v, 6) <&,
k 1 2 n—1 £ _ 1.
YN(wek © We,y Vg, , Veys - o5 Vg s ) < 5} =1;

(iv)qp/g{k: eN:Gy(wk Swe, vl 02, .. 007l E)>1—¢) =
Ya{k € N: By(wf o w,, vl v2 ...,UZLII,N) <e}=

e

: k 12 n—1 & _1.
Ya{k € N: Yy (wg, © we,ve,v5,,...,00 )<5}1,

(v) S[Gn,Bn,Yn] — kli_)r{)lo Gn(wE 6we, vl 02, ... ,v?;ll,g) = 1and
SglGn,Bn,YN] — k&r& BN(wfk @we,vél,vgz, . .,vg;]l, ~) =

Ss|Gn, BN, YN]| — klirgo YN(wfk @we,vél,v§27 . ’vg;lw )=0.
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We now give the following theorems: first is on uniqueness of limit if exists, and the second
is from algebraic point of view of limits.

Theorem 3.3. For any sequence w=(w’§k) inWand 0 < B <1, if Ss|Gn,Bn,YN] — klim wfk
— 00

exists, then it is unique.

Proof. 1f possible, let S3[Gn, By, Yn] — lim w! = we, and S5[Gn, By, Yn]| — lim wk =

k—o0 k—o0

wez. Given 0 < € < 1, choose £; > 0 such that

(1—e1)o(l—¢g)>1—cande;xe; <e (3.1
Foranyg>Oandwe,vél,vgz,..., vp! ew
AGN, (e’:‘], {kEN GN(wekewel, el,vgz,...,vgnll,g) <1- }

Ay o(e1,€) = {kEN GN(wkewez, vl o2, ! 5) <1-— }

ABN,I(glvg) {k€N BN( kgwela el,vgzv'“a Gn X g) 251}3

Apy2(e1,6) = {k e N: By (wfk @wez,vll,vgz,. Ve ],§> > 5]},

AYN,I(EI)g) - {k EN:YN( ]eck ewewv;lvvgov“w Zn ]17 ) 251}7

Ay, 2(e1,€) = {k‘ eN: YN<w’§k @wéz,vé],vgz,..., A ], 2> > 51}
Since S3[Gn,Bn,Yn] — klim wk = w,,, by above lemma, we have ¢3(Ag,, 1(e1,8) =

—00

wﬁ(ABN; (Elag)) = wﬁ(AYN (51,5)) = 0 and therefore wﬁ( GNI(Elvg)) =
¢5( By, 1(51,§)) = ’(ﬂﬁ( Y, 1(5176)) = 1. Also usmg Sﬁ[GN,BN,YN] — hm ’LU = We,,
SO Z/JB(AGN 2(51 §) = ¢5(ABN2(51,E)) = ’(/JB(AYN 2(e1,€) = O and therefore
Ps(A GN2(517§)) Pp(A BN2(€1’~§)) Pp(A YN2(517§)) = 1f0r~allf > 0. Define
/CGN,BN,YN£€7§) = {Agy1(e1,8) U Agyaler, &} N {ABy.a(e1,6) U Apyoler, )} N
{Avyia(en§) U Ayya(en )} then ¢p{Kay By,va(e, §)i = 0 and therefore
Va{KGy By vy (86} = 1. Let m € K&, p.yy(6€), then we have following

possibilities.

() m € {Agy.1(1,€) U Agy 2(e1,€)}5;
(i) m &€ {Apy1(e1,€) U Ay a(e1, )15
(iii) m € {Ayy.1(21,€) U Ay, a(e1,€)}0.

C
Casel: Let m € {AGNJ(El,f) U AGN,2(51,€)} ,thenm € A%N,I(El,g) and m € AE}N,2(517£)
and therefore,

m 1 2 n—1 f
Gn <wem @we,,vel,vez,...,ven_l,2) >1—¢rand

(3.2)

m ! 1 2 n—1 3
GN(wem ewewve],vez,...,venil,i >1—¢.
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Now
Gy (we, © wez,vél,vgz, ... ,vf;]l,~) Gny(w' Sw] & we, © wez, él,vgz, .. J)&‘JNN)
> Gy (w?fn @wel,vé],vgz,...,v;’n1},;) oGn (w?fn @w;z,vé],vgz,...,v;‘n1},3)
>(l—er)o(l—e) by(3.2)
S1—e by(3.1)
Given that e > 0 is arbltrary, we now obtain Gy (we, © w,,, v} w2, ... 00 &) =1V € > 0,

which gives w,, © w62 =fie., We, = wez.

C
Case2: Let m € {ABN,l(el,g) U ABN’z(sl,g)} , then m € ACBNJ(s],g) and m €

A, (e, €) and therefore,

m 1 2 n—1 5
By (wem SETE A U AT 2) < ¢ and
~ (3.3)
B moo ! 1 2 n—1 5 <
N| We, wezavelvvezv'”7’Uen,],§ €1-
Now
By (we, ©w, v} v? 06 = By(w™ o w™ S we, Ow,,,v) v} ol E)
N{We, ey Vepr Veyr o Ve, 106) — DN \We, em el err Yerr Yeyr o Ve o
< B moo 1 2 nflg*B m@' 1 2 n71§
< B | we,, © Wey, Vo5 Veyy -5V, 1 5 N | We,, © WeyVe,sVeyy -3 Ve, 1 5
< e xer by(3.3)
<e. by(3.1)
1,2 -1 & —
Given that ¢ > 0 is arbltrary, we now obtain BN(wel o wez,vel,vez, gt €) =1 for all
€ > 0, which gives We, e w =bie., We, = w,,.
- ’
Similarly, we, = w62 in Case3. Hence, in all cases we get we, = w,,. O

Theorem 3.4. Let 0 < 3 < 1 and w = (wk ) and uw = (uf) be any two sequences in W such
that Sﬁ[GN,BN,YN} — lim (wfk) = We, and Sﬁ[GN,BN,YN] — lim (uffk) = Ue,. Then
k—r o0 } k—oo

(i) Ss|Gn, BN, YN]| — klirglo(wsk ®uk ) = we, D ue,
(ii) S3[G . By, Yi] — lim (Gwf, ) = Guwe,, where 0#acF.
—00 ’

Proof. The proof of this theorem can be obtained easily analogous to the above Theorem so
omitted. O

We now give the following characterization of the Sg-summable.

Theorem 3.5. Let w = (wk ) and u = (uf,) in W such that uf, — w,,(Gy, By, Yn) and
¢5(k} eN: wfk 7'é ulék) = 0. Then (wfk) — welSQ[GN,BN,YN].

Proof. Suppose that (w,y) are such that ¢s(k € N @ wf, 75 ufk) = 0 holds and uf —
we, (G N, By, Yn). Thus by definition, VO < e < 1, f > 0 and v} v;’};l] € W, the set

e’ ez,“'a

AS:{kEN Gn(ut we, vl 02, .00 ) <1—¢,

k 1 2 n—1 £
By (ug, © we,vg,,v,,...,vp. &) > ¢and

k 1 2 n—1 &
Y}V(ue;C 6w€7ve|avez7"'avenila ) Z E}
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consist of finitely many numbers of elements and as a result, we have ¢3(A.) = 0.
Now, as the containment

Ba—{kEN:GN(wé“k@we,vl v o] ~)§1—5,

ey rey? 7 Ven—1?
k 12 n—1 &
By (wg, © we,v,,vg,, ... ,v¢ &) > eand
k 1,2 n—1
Y (we, © We, Ve, V55500 &) > 5}

c ok k
CA-n{keN:w; #ug,

holds, so we must have 13(B.) = 0. This shows that w¥, — w,, Ss(Gn, B, Yn]. o

Definition 3.6. A sequence w = (w? ) of soft points in W is said to be statistical Cauchy se-
quence if for 0 < ¢ < 1 and E> 0, 3~ € N such that

1 ~
: . . k o 1 2 n—1 _
Jim. 3 {k<n:Gn(w, 0wl v,ve,,. 0 §) <1 —cor
k 1,2 n—1
By (wg, (SR A ) > e,
k 1 2 n—1 & _
Y (wg, O W, Ves Veyse ey Ve s )>e}b| =0,
or

wg<{k6N:GN(wfk @w;,vél,v§27... ol <l—cor

’Ven—17

k ¥ 1 2 n—1 &
By (wg, S W, Ve, Veys oo+ Ve s ) > e,

k 1,2 n—-1 2 _
Vv (we, © Wl ,ve,, Vg5 -5V )25}) =0.

? Y€n—1?

Theorem 3.7. Every statistically summable sequence of order ( in W is statistical Cauchy.

Proof. Let w = (wf ) be any statistical convergent sequence of order $ in W with
: ko
Sg — klgl;o We, = We.

For £ > 0 and E > 0. Choose €1 > 0 such that

(I—e1)o(l—g)>1—cande;xe; <e (3.4)

Define a set,

K(gl,g):{keN:GN(wfk@we,vél,vz ! §)§1—510r

ey »Ven_17 9
k 1 .2 n—1 5
BN(wek @wevvelvveza s Ve, o i) > €1,
k .2 n—1 E
YN(wek @weavel7veza s Ue s E) > 61}7

then

Kc(sl,g):{keN:GN(w’gk@we,vl v2, . on! £)>1—510r

ey’ vey? > Ven—17 19
B k 1 2 n—I1 5
N(We, © We, Ve, V5, ...V, 5) < e,
k 1 2 n—I1 6
Y (we, © we, v, 05, - - - 7”%4?5) <er}.
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Since S3 —ligw’ék = we, 50 Y (K (£1,€)) = 0 and 15 (KL (e, €)) = 1. Lety € KC(ey,€), then

GN<w§7 @we,vé”vgz,... vl ) >1—¢;and

7 Ven—1? 2
vy 1 2 n—1 §
BN<wewewe,ve],vez,...,ven1,2 <eq, 3.5
Y, ¥ o 1 2 n—1 § <
N{wl we,ve],vez,...,z)en_],2 €1.

Now let

T(e,€) = {keN:Gn(wk owe, vl ,v2,. .. 00! §) <1-—¢or

en—1’9
B k 1 2 n—1 E >
N(We, © We, Ve, V5, .-, V0, 5) > €1,
k 1 2 n—I1 6
YN (we, © We, Ve, 05y, V0, 5) >e}

then we show that T'(, &) C K (e1,£). Let m € T(e, £), then

€m

m 1 2 n—1 ¢
GN(w O Wl Ve, Vgyr -, Ve, )gl—sor

BN<u)an @w;,v;”vgz,...,vgn_]l,~> > e, 3.6)
m 1 2 n—1 £
Yn <w6m o wzw,vel,vez, N A ) > €.
If Gy(w* © w;{/,vél,vi, vt ~) <1 —e¢, then Gy (W ©we, v}, 02, ., 007", %) <
1 — ¢ and so m € T(e,€). As otherwise, if Gy (Wl & we, vl 02,007 5) > 1 -
€1, then by (3.4), (3.5) and (3.6) we get
l—e>Gn(w 9w;,vil,vzz,..,,v2;117~) = GN('LUZ; @we@we@w;,vél,vzz,...,
w1 €€
Ve s 2 S2) 2)
> Gy (w;’fn S we,vll,vgz, o ,vg;]l, g) oGy (w;’7 o we,v;mi, cee
n—1 f
U€n1’2>
>(1—¢g1)o(l—¢p)
> (1—¢),
which is not possible. Thus, T'(c, £) C K(ey, €).
Similarly, if By (wg”m o wzw,vél,vgz, ... ,vgn__ll, ) > ¢, then m € T(e1,€) and if Yy (wg’n o
wgw,vé],vgzw..,v%;ll,N) > e, then m € T(e1,€). So in all the cases T'(c,€) C K(e1,€) and
therefore 13(T'(e,€)) = 0 as Yg(K (e1,£)) = 0. This shows that w = (w?, ) is Cauchy. i

Definition 3.8. A NS — n — NLS : W is said to be statistical complete of order S with respect
to the neutrosophic soft -n-norm (G, By, Yy ) if every statistically Cauchy sequence of order

B1is Sg-summable in W.
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Theorem 3.9. W is statistical complete if every statistical Cauchy sequence of order (3 in W has
a S-summable subsequence of order [3.

Proof. Let w = (wf ) be statistical Cauchy sequence of order 3 in W which has a statistical

k k -
) G _ — (k
convergent subsequence (w% )ie., Sg— hm Wey, = we for some we in W. Since w = (wg,)

is statistically Cauchy of order 3, so for ¢ > 0, W >0ande satisfying (4) we have, ¢g(P) =0
where

: 12 1 €
= {kEN.GN(wfk ew;’w,ve],vez,...,vgﬂ,z) <l-—¢gjor

k 1,2 n-1 &
BN<U)ek @w;,ve],vez,...,ven1,2> > ey,

k 12 no1 §
YN<w€k @w;’w,ve],vez,...,ven_],2) 25]}.

Again since Sg — lim wf“()) = w,. So we have (D) = 0, where
Jj—o0

D= {k( ) eN: GN<wpk 9w67vé1,U§27~-~7U2;:_l]7i) <l—¢gjor

1 2 n—I1 6
BN<we,c @we,uel,vez,...,venl,z) > €,

1 2 n—1 5
YN(wek @we,vel,ve,,...,venl,z) 261}.

Now define

{kEN GN(w O We, v el,vgz,...,ygn_ll’g)gl—sor

k 1 2 n—I1 6
By (we,c O We, Ve s Vgys - -5 Ve 2) > e,

k 1 2 n—1 5
YN <we;C eweavelavezv'“ aven,la 2> Z 5}~

Now we claim that P n Dt - RC. Letm € Pt n DG, then m € PC andm € DC. If m € PC,
then

m 1 2 n—1 g
Gn (wem O Wl Ve, Vgyr -, Ve, 2> <1—¢;and

€m €n—1’ 2

BN(wm ew’ey»wvéwvzza“wvn_l §> > €y, (3.7)

m 1 2 n—1 5
Yn (wem @’U)Z’W’UGI,’UGN. < Ve, 1o 2> > e,

and if m € DC, then m = k(jo) for jo € N and

(do) 1 2 -1 5
Gy <w6k(o o We, Vg, 5 Vgys - - - "UZ,L,I’ 2) >1—¢pand

kq 1.2 a1 €
BN(wek(] @we,vel,vez,...,vzn_l,i < g1, (3.8)

K £
Jo) 1,2 n—1
YN(wek ewe,ve],vez,...,venl,2> <&

(do)
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Now

) ) ) )
€1 €2 €n—1 k(; jo) (

o~ k k
GN(ngn @we,vl ’1}2 Cm 1 )—GN< m @we(m) @w (J()

1 €
en—129

1 2
> G (wEnL Sw )2 Vers Veys v+ ) Vg, ) oGn (wek( © We, v

>1—¢,
and
B m 1 2 n—1 & — B m k(jo) k]o)
N(wem O We, Ve, s Vgyy -5 Ve, s ) = DN | w,, @wek(m) D We,, Ko
kg £ k(
m (40) 1 2 n—1 S
< By <wem S] Wi, 13 Vers Veys -+ = Ven 1> 2) * By (wek(
<e xep for v =k(j)
<e,
Y ( m fa 1 2 é—) Y @ (Jo @ (Jo @
N (we, ©we, v, Vg5,V e" Y N wl Wey, Wey, We, U

Ky

m i) 12 n-1 & kq
<Yy (wem o wekm)) B e A 2) * YN (wek( © We, v

< g1 xefor v = k(jo)
<eg, by(3.7) and (3.8)

1

11)2

e Veyrs s

11)2

e’ Yeyr st

I,U2

e1r Veyr st o

1

2
© We, Ve, 3 Vgys -+

’U2

err Yerr sty

1 2

(%

e’ Yeyrtt

which implies that m € RC, so PPN D € RC or R € PUD. Therefore, 15(R) < ¢3(PUD) =

0. This shows that w = (w’gk) is statistically convergent and compete.

4 Conclusion remarks

m}

Neutrosophic soft norm is a powerful tool to estimate length and differences in many problems
including decision making, medical diagnose and data mining which can be parameterized and
contain huge uncertainty. In this paper a new method of summability is given in more general
setting i.e. neutrosophic soft-n- normed linear spaces. The results presented in this paper will
be helpful to resolve many convergence related problems where neutrosophic norm is not suffi-
cient and we look forward towards a more general setting i.e. neutrosophic soft-n- norm due to

parameterized family.
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