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Abstract Using the difference operator A™, the present work aims to define Z(A™)-
summability and Z*(A™)-summability in a more general framework, gradual normed linear
spaces. We also demonstrate Z(A™) and Z* (A™)-Cauchy sequences and acquire some intriguing
connections.

1 Introduction

The concept of statistical convergence was introduced by Fast [1] in relation to the notion of
natural density of subsets of N, the set of positive integers.
A sequence w = (wy) is said to be statistical convergent to wy if for each ¢ > 0,

.1
nlggo %|{k <n:|wg—wo| >e€} =0,
ie. d = {k € N: Jwy —wo| > €} [2]. Subsequently, statistical convergence and related notions
have been developed by many authors, including Schoenberg [3], Salat [4], Connor [5], Fridy
and Orhan [6], Mursaleen [7] and many others.

Using the concept of ideals, Kostyrko et al. [8] proposed the concept of ideal convergence,
which is an extension of statistical convergence. Dems [9] defined Z-Cauchy sequence in metric
spaces and studied its connection with ideal convergence. Recently Choudhury and Debnath
[10] introduced Z-convergence, Z*-convergence, Z-Cauchy and Z*-Cauchy in gradual normed
linear spaces. They additionally examined certain properties within these spaces. For further
development on ideal convergence, we refer to [11, 12, 13, 14, 15, 16, 17, 18, 19].

In past years, many sequence spaces have been studied using the difference operator A (see
[20, 21]). For any sequence w = (wy,), the m*" difference operator of wy, is defined as follows.

Aowk = Wk,
1, _ .
A wy, = w — Wiy1;

Ay = S (<) Mgy (k € N).

Many problems of engineering and science cannot be handled via crisp sets due to the presence
of huge uncertainty. To remove this difficulty, Zadeh [22] proposed the idea of fuzzy sets, which
turned out to be a very effective tool to deal with these situations. As fuzzy numbers are fuzzy
intervals, to avoid confusion between fuzzy numbers and fuzzy intervals, Fortin et al. [23]
introduced the notion of gradual real numbers using an assignment function with domain (0,1]
and co-domain R. Recently, Sadeqi and Azari [24] introduced the concept of gradual normed
linear spaces and defined the convergence structure in these spaces. After their pioneer work,
some summability methods have also been discussed, as can be seen in [25, 26, 27, 28, 29, 30,
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31, 32, 33, 34, 35, 36]. In the present paper, we aim to introduce a new summability method
using ideals and the difference operator A™ in gradual normed linear spaces and examine certain
characteristics within these areas.

2 Preliminaries

This section emphasizes a few essential definitions and outcomes necessary for the results.
By a gradual real number 7, we mean an assignment function A; with domain (0,1] and co-
domain R, i.e. Az : (0,1] — R. Let,

G(R) = {# : fuis a gradual real numbers}.

Further, any 72 € G(R) is said to be positive if Az(n) > 0 for n € (0,1]. Fortin et al. [23]
introduced a new representation of fuzzy intervals. They have considered fuzzy intervals as crisp
sets of entities instead of fuzzy sets and called them gradual real numbers. They also defined
gradual operations on G(IR) as follows:

[23] Let 731,77 € G(R) with corresponding assignment functions A,;, , A,;,. then 11y o1, €
G(R) is defined by

AﬂIOﬂz (77) = Aﬁl (77) © Aﬁz (77) f0r77 € (07 ]]’

where A, 0,7, denotes the assignment function of 177 o 11, € G(R).
Similarly, we define gradual addition 17} + 77, and scalar multiplication ¢ for 1,7, €
G(R)andc e R

Aﬁl+ﬁz (77) = Aﬁl (77> + Aﬁz (77) forn € (07 1] and
Acﬂl (n) = CAn] (n) forn S (07 1]

Moreover, the constant gradual real number [ defined by the constant assignment function
Aj(n) =l forn e (0,1].

Using the above operations on G(R) Sadeqi and Azari [24] defined gradual normed linear
space as follows :

Definition 2.1. Let WV be a real vector space. The function ||.||g : W — G*(R) is called a gradual
norm, for every n € (0, 1], it satisfies the following properties for any w,t € W,

(G1)Ajuyg (1) = Ag(n) iff w = 0;

(G2)Ajrwlig (1) = [A|A}jwig (n) for any A € R;

(G3) Ajjwt]16 (1) < Ajjwig (1) + Ajjey () [24].
The pair (W, ||.||g) is called a gradual normed linear space (GNLS).[24]

Let W = R"™ and w = (wy, w3, ...,w,) € R™ be any point and 0 < n < 1. If the function
|.||g is defined by

Ajjwlig () = €Y |wy]
i=1

then Sadeqi and Azari [24] have shown that (W, ||.||g) becomes a GNLS.

We now give the convergence structure and the Cauchy sequence in GNLS as given in [24].
A sequence w = (wy,) in the (W, |].]|g) is said to be convergent to wy with respect to the ||.||g, if
for every n € (0, 1] and € > 0, there exist m(= m(n)) € N such that A, |, (1) < €,YVEk >
m. In this case we will write, G — kli_}ngo wy = wy [24].

A sequence w = (wy) in the W, ||.||g) is said to be Cauchy with respect to ||.||g, if for every
1 € (0,1] and e > 0, there exists mo(= mo. (1)) € N such that A),, (|, (1) < €,V k,1 > mg
[24].

We now recall the terminology of ideal convergence as given in [8]. A family of subsets
Z C P(X) is said to be an ideal on X if and only if (i) @ € Z; (ii) for each C, D € T implies
C UD € T, (iii) for each C' € T and C C D implies D € Z[8]. A family of subsets F C P(X)



Z(A™)- SUMMABILITY 85

is called a filter on X if and only if (i) ) # F; (ii) for each C, D € F implies C N D € F; (iii) for
each C € Fand C C D implies D € F. An ideal Z is called a non-trivial if Z = ) and X ¢ Z
[8]. The filter F = F(Z) = {X — A : A € 7} is called the filter associated with the ideal Z [8].
A non-trivial ideal Z C P(X) is called an admissible ideal in X if and only if {z : 2z € X} C Z
[8]. Further, an admissible ideal Z is said to satisfy the condition (AP), if for every countable
family of mutually disjoint sets {L, } ;e from Z, there exists a countable family of sets { K }jen

such that the symmetric difference L;AK} is finite for every j € N and U K; e Z[8].

Kostryrko et al. [8] defined ideal convergence of number sequences as follows LetZ c P(N)

be a non-trivial ideal, a real sequence (wy,) is said to be Z-convergent to wy if for each € > 0,

the set T(e) = {k € N : |wy — wy| < €} € Z, in this case, we’ll write Z — klim wE = Wo
—00

[8]. Further, a sequence w = (wy,) is said to be Z*-summable to wy if there exists an infinite set

K ={k <k <..<kj<..} €F(),such that . 11(11131 wg = wp. In this case we write,
eK,k—oco
¥ — lim wg; = wo [8].
j—oo
Dems [9] define Z-Cauchy sequence as follows.
A sequence w = (wy,) of real numbers is said to be Z—Cauchy, if for every € > 0, there exists

am € Nsuch that {k € N : |wk—wm|>e}eI[9]

A sequence w = (wy) of real numbers is said to be Z*—Cauchy, if there exists a set
K ={k <ky < ..<kj <..} € F(Z) such that the subsequence (wy,) is a Cauchy sequence
i.e. lim |’LUk — wk3| =0 [9]

7_]—}OO

3 Z(A™)-summability in W, ||.||g)

This section presents our primary findings. We start with the definition is motivated by the notion
of ideal convergence and difference operators introduced in earlier works [8, 9].

Definition 3.1. Let WV, ||.||g) be a GNLS and A™ is the m‘" order difference operator. A se-
quence w = (wy) in W is said to be gradually Z(A™)-summable to wy € W, forevery 0 < n < 1
and for every positive real number e then,

S(’I],G) = {]{,‘ eN: A||Amwk*wo||g(n) > 6} el

. . . Z(A™:
Here, we write Z[A™ : G] — khm Wy, = wo; or simply wy, Tm9), wo. Let,
—00

I[A": G = {w = (wy) € Wsuch that for somewo}‘

Theorem 3.2. If a sequence w = (wy,) is gradual summable to wy € W then (wy,) is gradually
Z(A™)-summable to wy € W.

Proof. Letw = (wy,) is gradually summable to wy € Z and consider Z to be an admissible ideal.
For a given ¢ > 0 and 0 < n < 1, then a natural number exists m thus,

AHAka—ong<77) <€ Vk 2 m,

and therefore, {k € N : Ajjamu, —uy||, (1) = €} € T since it is a finite set [10]. This shows that
(wy,) is gradually Z(A™)-summable to wy. i

. . I(Anlig)
Theorem 3.3. If a sequence w = (wy,) is gradually T(A™)- summable to wy i.e. wy, ——
wo € W. Then wy is uniquely determined.

Proof. To show uniqueness, suppose on the contrary that there exist two distinct limits wy and

wy, satisfying wy, & wp and wy, % wo forany e > 0 and O < n < 1, representing sets
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as

€
81(7776) = {k eN: A||Amwk—ong(n) < 2} and

[a))

San, €) = {k €N Ay -, (1) < 2}

then by assumptions, both sets Sy (1, €) and S (7, €) belongs toF(Z). Here, via definition of F(Z),
0 # Si(n,e) NSy(n,€) € F(T).
So, Let ko € Si(n,€) NSa(n,€) then

€ €
AHAmkafong(n) < 5 and AHA’"w;cO—w(/)Hg(n) < 5
Hence, by triangle inequality

AHwo—wéHg(n) S AHAmwko—ong(n) + AHAmka_wéHg(n)

AL
2 2
<€

Since ¢ is arbitary, hence A\Iwo—w/ll (n) = Ag(n) and therefore, wy = w('). Hence wy is uniquely
ollg
determined. O

Theorem 3.4. Let (wy,) and (zy,) be two sequences in (W, ||.||g) and A™ is the m'" order differ-

T(A™:G T(A™:G
ence operator, such that wy, g wo and zy, g zo. Then

. T(A™:G
(i) (wi + z1) 189, (wo + 20),

.. Z(A™: .
(ii) cw, —— cwy where c is any scalar:

Proof. (i) Suppose wy, M wo and 2, M 20, for given ¢ > 0, Si(n,€) , S2(n,€) € Z,

€
Si(n,e) ={keN: AIIA""wk—ong(ﬁ) > 5} and
€
SZ(T]aG) = {k’ e N N AHAmzk—Z()Hg(n) Z 5}

Since Si(n,¢€), S2(n,€) € Z and T is closed with respect to union, now by using the concept as
given in [10] we have,

Si(n, €) USa(n,€) € L
(S1(n,€) USa(n, €))® € F(T);
ie. S, ) NS (n,€) € F(T);
S¥(n,e)NSE(n,€) # pas o ¢ F(2).

It is enough to demonstrate (i) that,
SE(n, ) NS, €) € {k € Nt Ajamugramz,—wn—sll, (1) < €} = S(say) .
Let ko € SE(n,e) NSE(n,€) then ko € SE(n,€), ko € SE(n, €) and therefore,

€ €
Ajjamag,—woll, (1) < 5 a0d Ajjamz )i (1) < 5 G.D

(n)
< A||A7”wk0—wo\ \g (77) + AHA"sz“—ong (77)

Now, Aj Ay +m 2y — w0201, (1) = AJj Ay —w0) + (& 20, —20)

P
2727¢
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soky € {keN: AHAmwﬁAmzk_wo_ZOHg(n) < €}; therefore, SF(n,e) N Szc(n,e) C S . This
implies that St C 51U S,. Since S1U S, € Z, so St = {keN: AI\A”warA’"z;c—wo—ong(77> >

€} € Z. Therefore, (wy + 2x) a9, (wo + 20)-

(i1) Case I: When ¢ = 0, It is not necessary for us to prove anything.

Case IT: When ¢ # 0, since wy, Lam9), wy, for given € > 0, S1(n,¢;) = {k € N : A amawy —wollg
(7]) > 61} € 7 where, ¢; = ﬁ Let 82(77,6) = {k} eN: AHAmcwk_CU}UHg(n) > 6} .

Now, let ko € Sy(n, €1), then AHA’"cwko—cong(n) > eand |C‘AHAT”'ka—ong(77> > ¢. This implies

AHA’"ka*wOHg(n) > %l = €. Thus ky € {k € N : AHAmwk*ong (n) > e} = Si(n,e),
therefore, S»(n, €) C S1(n, €1). Hence Sa(n,¢) € Z as Si(n,e1) € T . m|

Theorem 3.5. [f every subsequence of w = (wy) € Z is gradual Z(A™)- summable to wy, then
(wy,) is gradual T(A™)- summable to wy.

Proof. If possible, let (wy,) is not gradually Z(A™)-summable to wy. Then 3 e > 0 and n € (0, 1]
such that S(n,€) ¢ Z; where S(n,€) = {k € N : Ajjamu, —wy||, (1) = €}, s0 S(n, €) must be
an infinite set, suppose S(n,e) = {k1 < ky < ... < k; < ...}; we define another sequence
(2;) as (z;) = (wg,) for j € N [10]. Then (z;) is a subsequence of (wy) that is not gradually
Z-summable to wy, which is a contradiction. Therefore, (wy,) is gradually Z(A™)-summable to
wo. O

Theorem 3.6. Let (wy) and (z) be two sequences in (W, ||.||g) such that (zy) is A™ gradual
summable and {k € N : A™wy, # A"z} € I. Then (wy,) is gradually T(A™)-summable.

Proof. Suppose {k € N : A™wy, # A"z} € T and 2 ANl 20, for every ¢ > 0 and
0<n<1,{keN:Ajamz, ), (n) > e} is a finite set, and therefore,
{k e N: AHA7"Z’C_ZUHQ(77> > 6} cl.

Having been included,

{k‘ eN: A”Amwk,zmg(n) > 6} - {k eN: AHAmzk,zOHg(r]) > 6} N {k € N A™wy, 7é Amzk}
holds, by applying the above equation along with the hypothesis, we conclude,
wr Z(A™:G) . O

Definition 3.7. A sequence (wy) € (W, ||.||g) is said to be gradually Z(A™)-Cauchy if for each
e > 0and 0 < p < 1, 3 a natural number j(= j.(n)) such that the set S(n,e) = {k € N :
AHAmwk—Amu’ng(n) > 6} el

Theorem 3.8. Any sequence in W that is gradually T(A™)-summable necessarily satisfies the
gradually T(A™)-Cauchy condition.

Proof. Letw = (wg) € W i.e. wy I<A—mg)> wo, forevery e > 0and 0 < n < 1,

S(n,¢€) € Z, where S(n,€) = {k € Nt Ajjamuy—uy||, (1) > €}
Clearly, S®(n), €) € F(Z) and therefore, SC(1, €) # ¢ as ¢ ¢ F(Z). Choose ko € SE(n, €). Then,
AHAmka—wOHg(n) < €. 3.2)

Suppose, U(n,e) = {k € N : AHAmwk,AmkaHg(n) > 2¢}. We will now demonstrate that the
subsequent inclusion holds true,

U(n,e) € S(n,e).
If p € U(n, €) then,
A\\Ame—Amwkng(Tl) > 2e
Now, 2€ < Ajjamu, —amuwyy ||, (1) < Ajjamw, —wollg (1) + Ajjwg—amw ||, (1)
2 < Ajjamay—uoll, (1) + € (by 3.2)

Ajjamaw, —uoll (1) 2 €.
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ie. {peN: AHA’"wp—ong(”) > e} € 7 therefore, p € S(n, €). This implies that U (n,¢) € I; as
a result, the sequence (wy,) is gradually Z(A™)-Cauchy. i

4 T*(A™)- summability in W, ||.||g)

Definition 4.1. A sequence w = (wy) in (W, || - ||g) is said to be gradually Z*(A™)-summable
to an element wy € W if there exists an infinite set K = {k; < kp < --- < k; < ---} € F(I)
such that the subsequence (wy, ) is gradually convergent to wy. In this case, we write

I*(Am : g)—kli_>ngo WE = Wo.

Theorem 4.2. If w = (wy.) € (W, ||.lg) such that w, > wy. Then wy, 259

Proof. Let wy — "9 . Then, 3K = {ky < ks < .... < k; < ...} € F(Z) such that the
subsequence (wk].) is gradual convergent to wy so, foreache > 0and 0 <n <1,30< ky € N

such that Ajamy, —w il (7) < €V k > ko. Therefore,
1A wy; —wol | ;

(kEN: Ajjuy—wylio (1) > €} C{1,2,.., kg — 1JUK® €T,

as {1,2,....ko— 1} € T since it is finite set and KC € Z. This shows that Z(A™ : G) —klim wy, =
— 00
wo. O

The proof of following theorem follows the classical method used in ideal convergence theory
(see, e.g.,[8, 10]).

Theorem 4.3. If Z satisfies the condition (AP) and w = (wy) € (W, ||.||g) such that wy, Tana),
wo, then wy, M wo.
Proof. Suppose, wy, M wy, then for each ¢ > 0 and 0 < n < 1, the set

S(n,€) = {k € Nt Ajjamu,—wy||g (1) > €} € L.
Now, define a set {S;(n,€)},en € Z by considering

31(7’], 1) ={keN: AllA"”wk*ong(n) > 1} and
. 1 1 .
Sj("773> = {k eN: ; < A||A’”wk—wo||g(77) < ]i} forj > 2.

Now, applying the method which is used in [8, 10]. Here, clearly {S; (7, €)};en is a countable
family of mutually disjoint sets in Z and Z satisfies the condition (AP), so there exists an another
countable family of sets {7;(1n,€)};en € Z such that S;AT; is a finite set for each j € N and

oo
T=UT,eZ Since T € Zso T =N—T eF(Z). Itis enough to demonstrate that to prove
j=1

the result, lim  wy = wp. Let € > 0 be given and n € (0, 1]. Choose a positive integer r
keT ,k—oo

such that ¢ > ﬁ Then we have

1 r+1
{k eN: AHAm'LUk_'U)UHQ(n) > 6} - {k eN: AllAm’wk—wullg(n) > m} = U Sj. (41)
j=1

Since we have S;AT; is a finite set for every j = {1,2,3,.....,r + 1}, therefore there exists a
positive integer ng such that

(Umawenzall = [{Usineenes )l

j=1 j=1
If k> ngand k € TC, then k € 7, this implies that & ¢ U;;l 7; and therefore k ¢ U:;l Sj,
hence for every k > ng and k € TC; then we have by (4.1) Ajjamwy—wo||g (1) < € ]
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Definition 4.4. A sequence w = (wi) € (W, ||.||g) with A™ is said to be gradually Z*(A™)-
Cauchy if there exists a set K = {k; < k < ... < k; < ...} € F(Z) and a subsequence (wy; ) is
gradual Cauchy sequence.

The proof of the following theorems 4.5 and 4.6 can be obtained analogously.

Theorem 4.5. Let T be an admissible ideal, w = (wg) € W, ||.|lg). If (wg) is gradually
T*(A™)-Cauchy, then it is gradually T(A™)-Cauchy.

Proof. Omitted. O

Theorem 4.6. If T satisfy the property (AP), w = (wy) be a sequence in (W, ||.||g). Then the
Z(A™)-Cauchy and T*(A™)-Cauchy coincides.

Proof. Omitted. O

5 Conclusion remarks

Statistical convergence is a non-matrix summable method and has wide application in many
areas of mathematical analysis such as summability theory, approximation theory, Fourier se-
ries, functional analysis etc. The present study proposes a new summability approach, namely
Z*(A™)-summability, formulated in the framework of gradual normed linear spaces. The es-
tablished results offer an effective means to investigate convergence phenomena in these spaces
involving high levels of uncertainty and ordinary norms fails to work in these situations.
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