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Abstract This paper explores the concept of deferred statistical summability for functions
sequences within the framework of intuitionistic fuzzy normed linear spaces (briefly termed as
IFNLS). We introduce and formalize two key variants: pointwise deferred statistical summabil-
ity and uniform deferred statistical summability. Through illustrative examples, we clarify these
new summability concepts and examine their distinctive properties. Additionally, we examine re-
lated notions of Cauchy sequences and equicontinuity in this setting. Intuitionistic fuzzy normed
spaces offer a valuable framework for modeling situations with uncertainty or partial truth.

1 Introduction

The concept of summability has long been a cornerstone of mathematical analysis, offering
ways to assign finite values to divergent sequences and analyze the convergence behavior of
sequences. Various summability methods have been developed and studied extensively, provid-
ing powerful tools for theoretical and practical applications. Among these methods, statistical
convergence stands out as a significant extension. Independent ideas for statistical convergence,
which extends the concept of ordinary convergence, were made for a sequence of integers by
Steinhaus[28] and Fast[9]. This approach differs from matrix summability approaches, and it is
based on the idea of natural density (represented by 9) for sets of positive integers. Subsequently,
many authors have generalized the concept of statistical convergence; one of these generaliza-
tions is deferred statistical convergence. For any pair of sequences u = () and v = (vy,),
where n € N, satisfying the following properties: u, < vy, and v, — 00 as n — oo, Ag-
new [1] introduced a generalization of the Cesaro mean known as the deferred Cesaro mean,
which offers stronger properties. By using this concept to statistical convergence, Kiiciikaslan
and Yilmaztiirk [19] presented deferred statistical convergence. They studied this generalized
summability method for number sequences with the help of deferred density ¢, of subsets of
N. For # C N, itis defined by dg, (%) = nll}ngoﬁ Hbn <k<w,: ke X}.

In parallel with these developments, the fuzzy set theory given by Zadeh [29] and its later
extensions, intuitionistic fuzzy sets defined by Atanassov [2]. Compared to standard fuzzy sets,
intuitionistic fuzzy sets provide a more advanced approach, since they are defined by using both
membership function .# and non-membership function .#". Katsaras [18] defines fuzzy norms
through the use of fuzzy sets. This idea of a fuzzy norm is valuable for addressing problems
where a crisp norm cannot be precisely determined due to huge uncertainty or vagueness. The
field of fuzzy normed spaces has seen significant growth, with valuable contributions from many
authors (see [3], [5], [10]). Saadati and Park [26] proposed an intuitionistic fuzzy norm, an ex-
tension of the fuzzy norm. This extension is useful in handling the uncertainty and imprecision in
mathematical modeling and has applications in multiple areas such as decision-making, control
theory, and image processing, etc.



92 R. Kumari*, V. Kumar and A. Sharma

The combination of these two ideas—summability theory and intuitionistic fuzzy set the-
ory—has led to the exploration of summability methods within the framework of intuitionistic
fuzzy normed linear spaces. This combination not only enriches the theory of summability but
also enhances the modeling capabilities in environments with inherent uncertainty and fuzziness.
For some additional research in this area, we refer to [13], [14], [15], [16], [20], [21], [24], [22],
[23].

Additionally, a fundamental concept in the study of sequences of functions is convergence.
There exist two primary types of convergence: Pointwise convergence and uniform convergence.
Many authors have investigated statistical convergence for sequences of functions (e,) from
various angles (see [11], [12], [6], [4], [7])-

In this context, the present research aims to introduce deferred statistical summability for
function sequences in intuitionistic fuzzy normed linear spaces. This concept is a more general-
ized version of all variants of statistical convergence. This extension is motivated by the need to
handle more complex forms of uncertainty and to address the convergence of function sequences
in a fuzzy environment more effectively. We establish some notions and properties of this con-
cept. Additionally, we provide illustrative examples to demonstrate the applicability of deferred
statistical summability for function sequences in the context of IFNLS.

2 Preliminaries

In this section, we recall some fundamental definitions crucial for our paper. Saadati and Park
[26] used the binary operations continuous t-norm (denoted by ®) and continuous ¢-conorm
(denoted by @) [27] to establish intuitionistic fuzzy normed linear spaces. Their definition of
IFNLS is provided below:

Definition 2.1. The structure (£, .#, ./, ®, @) be an IFNLS, where £, is a linear space over
afield 7. .4, ./ are fuzzy sets on L1 x (0, 00) which fulfills the below axioms V £, s € £ and
S1, $5 >0

A A (L, )+ N (L) <1,
(i) A (L,6) >0, N (L5) <1,
(i) A (0,c)=1<=0=0;, N(l,c) =0 (=0,

(iv) A (cl,<) ://z(z,ﬁ); N (cl,<) :/(4 s ) forc#Oandce F,

Tl
V) A ()@ M(3,0) < ML+ s, +6); A (L) & A (s,0) = A (L+ 5,6 +6),
(vi) A (¢,.)and A (¢,.) : (0,00) — [0, 1] are continuous,
(vii) lim .(£.¢) = 1and lim .#(£.¢) = 0; lim ¥(£,¢) =0, lim 4 (£,5) = 1.
Throughout this work, (.#,.4") represents an intuitionistic fuzzy norm.

Example 2.2. Consider (L1, || e||) as a normed linear space. Define 91 ® g2 = 0102 and o1 ® 02 =
min {g; + 02, 1} for g1, 02 € [0,1]. Consider . (¢,¢) = ey and N (ls) = Jﬂ”ﬂ\ Ve¢>0
and ¢ € £;. Then (Ly,.#, ./ ,®,®) be an IFNLS.

Definition 2.3. [26] Consider (L, .#, /' ,®,®) as an IFNLS. A number sequence ¢ = ({;) in
L, is convergent to ¢, with respect to IF norm-(.#, .4") if for every Y € (0,1) and ¢ > 0, 3
ko € N such that .# (¢ — fo,c) > 1 — Y and A (€ — Lo,s) < YV k > ko. We write it as
(M N) ), = Ly,

Definition 2.4. [8] Let (L, .#, / ,®,®) and (Ly, 4", NV, ®,®) be two IENLS over same field
Fande, : (L1, M, N, Q,®) = (Lo, A, N, @,@) is a function sequence. Then,

(i) The sequence (¢, )ren is referred to as pointwise intuitionistic fuzzy convergent on £; with
respect to (4, .A). If £ € L, then the sequence (e¢,;(¢))ren is convergent with respect to
(A", N).
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(ii) The sequence (¢, )xen is termed uniformly intuitionistic fuzzy convergent on £; to a func-
tion ¢ with respect to (.#, /). If Y € (0, 1), there exists a positive integer kg = ko(Y,<)
such that V¢ € £; and Vk > ko,

M(e(0) —e(),s)>1-0 and A (ex(€) —e(f),s) <.

Definition 2.5. [25] Consider (L, .#, ./ ,®,®) as an IFNLS. A number sequence ¢ = ({;) in
L, is called deferred statistical summable to ¢y w.r.t IF norm-(.#, .#") if for every Y € (0, 1) and
s > 0 we have

lim
n—=00 Vp — [in

{pn <k <yl (l—Llo,c) <1-0

or N (U, — Lo, 6) > Y}‘ —0,
equivalently,

8% ({ttn <k S s A (G —Lo,<) <1 —=Yor A (b, — lo,c) > Y}) =0.

We write it as £ — £o (Ds;(//a/)).

3 Pointwise and Uniform deferred statistical convergence

We begin this section by introducing the concept of pointwise deferred statistical convergence
(PDSC) for sequences of functions. PDSC builds upon the concepts of pointwise convergence
and deferred statistical convergence, which utilizes two auxiliary sequences of non-negative in-
tegers. These sequences denoted by p = (u,,) and v = (v,), where n € N, satisfy the following
properties:

(1) pr < vp,
(i) v, — 00 as n — oo.

Through this work, (L1, #, A ,®,®) and (L, #', N, ®, ®) represents two IFNLS over same
field F.

Definition 3.1. Consider ¢, : (L1, 4, N ,®,®) — (L2, A', N, ®,®) is a functions sequence.
Then, (e,,) is pointwise deferred statistical convergent to limit function e with respect to (.#Z, A")

if for each ¢ € L, the sequence (e, (¢)) is deferred statistical convergent to ¢(¢) with respect to
(A, N")ie., if foreach £ € £, and forall Y € (0,1),¢ > 0,

5;({un <k <vn :///'(e,.{(é) —e(0), () <1-T

or m(en(e) —e(0), c) >Y }) —0.
We denote it as DS}, (A, N) — ¢, — e.

Example 3.2. Consider (IR, o) represents the space of real numbers equipped with the standard
norm, and let o1 ® 02 = 0102 and g1 @ 02 = min{g; + g2, 1} for g1, 0, € [0,1]. Forall £ € R
and every ¢ > 0, let

S 14|
=—— and AN (L¢)= ——
¢+ | (&) ¢+ |

with these definitions, (R, .#, .4, ®,®) is an IFNLS (Also, ([0, 1], .#, 4", ®, ®) is an I[FNLS).
Consider the function sequence ¢, : [0, 1] — R defined as

M (4,5)

"+ 1 5[\ vm] —co <k <[] and £ €0, 5)
0 1 ¢ [/l = co, [y and €0, 3)

en(l) ="+ % 3[Von]l —co <k <[] and L€ [1,1)
1 i ¢ [Vl = co, [y and £€ [3,1)
2 =1
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where v, is a monotonically increasing sequence of positive integers and ¢y € N (fixed number).
Also, 0 < pp, < [{/T) — .

Now we will prove that (e,,) is pointwise deferred statistical convergent on [0, 1] with respect
o (#,./). For that we will prove that (e, (¢)) is deferred statistical convergent on [0, 1] for
each ¢ € [0, 1].

(i) If we take £ € [0, %)

e (£) — 0] }
= ceN: ——— <1 —-Yor—~2 " _>7Y
{” st len@) -0 = T Hlen() 0] =

% (Y, )| < ([Vvn]) = ([Vvn] — o
|%(T7C)‘ < €0
(Vn — fn) (Vn - Nn>

6, (% (Y,5)) <0 as n— oo.

As deferred density cannot be negative therefore ¢}, (% (Y,s)) = 0. Hence, in this case (e,)
is deferred statistical convergent to 0 with respect to (.#, A4").

(ii) If we take £ € [4,1).

w'(Y,q) = {FLGN: ///(%(E)—t(ﬁ), g) <1-Y or

/(en(ﬁ) —e(0), g) > Y}

S
= 6N:—<1—Tor
{“ <+w4>—u—

|e“ >Y
St len(0) — 1] —1\ -

|
—{reN: k- 112 175

={k eN: [n] —co <k < [\Vva]}

2'(Y,<)| < (Vo)) — (W) — o)
|6Z/(Y§)\ Co
(on — i) = (om — o)

o (%'(Y,6)) <0 as n— oo.

As deferred density cannot be negative therefore o, (%' (T, g)) = 0. Hence, in this case
(e, is deferred statistical convergent to 1 with respect to (M, N
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(ii1) If we take £ = 1.
WU'Y,¢) = {ﬁ eN: ///(eH(Z) —e(0), §) <1-Y or
JV(e,i(E) —e(0), c) >T }

. len(0) — 2| }
GN:— —Yor —2 ' _>7Y
8 tlea@) -2~ T e -2 T

1-7
|%"(Y,<)| =
02/”( 0
( n) (V *,“n)

oy (2" (X,¢)) =0 as n— oo.

This implies that (e, (¢)) is deferred statistical convergent to 2 with respect to (.#,.4") for
{=1.

By considering all three cases we conclude that

2 4=
DS) (M, N)—e =30 ;L€[0,3)
1 stels 1)

Hence, (¢, (¢)) is pointwise deferred statistical convergent on [0, 1] with respect to (.#, /).

Lemma 3.3. Consider function sequence ¢, : (Ly, M, N ,Q,&8) — (Lo, M, N, ®,D). Then
foreach l € Ly, and for all X € (0,1), ¢ > 0, the following assertions are identical
(i) DSZ(/// , N) — ¢, — e (i.e., pointwise deferred statistical convergence),

(en() —e(0),6) < 1-T}) =
(ex(€) —e(£),5) 2 X }) =0 foreach l € L,
(

(iii) 5Z({/Ln<ﬂ§l/nl (ex(€) —e(f),s) >1-0_
and N (e,(0) —e(l),s) <Y }) = 1foreachl € L,
)

(v) 6 ({pin <k Svp: A (ex(l) —e(f),6) >1-10}) =
0 ({pn <k <vp: A (en(l) —e(€),c) <Y })=1foreacht € L,

(v) Foreacht € Ly, DS, —lim.Z" (¢, (£) — ¢((),s) = 1 and DS —lim A" (e (£) — ¢(£),s) =
0.

(ii) 6y ({pn <k <wy: A’
6,‘;({u”<k§yn: N
%/

In next Theorem (3.4), we prove a relation between pointwise intuitionistic fuzzy convergent
sequences and pointwise deferred statistical convergent sequences in IFNLS.

Theorem 3.4. Let ¢\, : (L1, M, N ,@,®) — (Lo, M, N, ®,D) is a functions sequence. If
(ex) is pointwise intuitionistic fuzzy convergent to a function e on Ly with respect to (M, N),
then DS] (M, N) — ¢ — €.

Proof. Since (e, )ren is pointwise intuitionistic fuzzy convergent therefore by definition (2.4)
for given Y € (0, 1), ¢ > 0, there exists a positive integer ko(Y) € N such that for each ¢ € £,
we have

M (e(0) —e(l),s)>1—=0Y and A7 (ex(f) —e(f),s) <Y
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for all k > k. Thus, the following set has finite number of terms for each ¢ € Ly,
U(YX,s) ={pn <k <wvp: M (e(l)—e(l),s) <1—-Yor
N (e (€) —e(€),5) > T}.

Since finite set has deferred density zero. So, 6},(% (Y,<)) = 0.
Hence, DS} (A, N) — ¢, — ¢. O

Theorem 3.5. Let ¢,, and ¢, from (L, M, N ,R,®) to (Lo, ', N ,@,B) be two function
sequence. If DS, (M, N ) — ¢, — e and DS, (M, N) — ¢ .. — ¢ then DS} (M, N) — (c1¢, +
Czel,ﬁ) — (C]t + CQQI).

Proof. Case I: Argument is simple if both ¢; = 0 and ¢; = 0.
Case II: Suppose ¢; # 0 and ¢, # 0. Since DS} (A, N) —¢,, — eand DS} (M, N ) — ¢/, — ¢
then for each ¢ € L, if we define

U = {Mn<ff§yn:///’ (en(f)—e(é),zé ) <1-TYor
1

Uy = {Mn <Kk<vn: M (aﬁ(z) —¢(0), g) <1-Yor
2leo|

fean-so ) en)

then we have d;,(%) = 0 and 6,,(%) = 0. If we define % = 2 U % then 6,,(% ) = 0. As
% = U U% # N and 3 kg € N such that

M (eﬁo(é)— e(£), 2|C]> >1-Yand 4"’ (e,{o(ﬁ) e(0), e 1|) <T,

M (e’m(e) —(0), 2|;> —Yand A" (e o (0) = ¢(0), 2;') <Y

Let
V= {,Un <k<uvp: %/((Clen +628/H)(£) — (cle(ﬁ) +cze/(£)),c) >1-7_

and A"’ ((cle,.C +2¢') (0) = (cre(€) + e’ (€)), g) < Y}

We will demonstrate that for every £ € Ly, % Ccv. Let ko€ ¥ C. In this case

Vi <%(4) - e(é)’2|21|) >1-TYand 4" (%( ) — e(f),;q') <7,

A (e’ﬁo(f) —¢(0), 2|<2> >1—Yand 4" (e'no(é) — (0, 2<2|> <T.

Now

M ((cleﬁo + ¢’ 1y) (€) = (cre + cze’)(é),<>
> (cle’mo(é) —ere(0), ;) ® .M (cZe',w(e) — el (1), ;)

S ACTUREUR ) ER CRURBEIONSY
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and

N <(cle,€o + ¢4, ) (€) — (cre + c2¢’) (€), g)

SJW(qgmw)_CW@L;)@JW(QdMM)—q€@%§>

_ l 7 S 1 o S
=N (e,io(é) e(), 2|Cl|> e N (e o (£) — €' (), 2|02|>
<TYeY
=T
This implies %¢ . Since ¥ ¢ % and 6" (%) = 0, thus 6(¥®) = 0 i.e.
5Z<{un <Kk <uvpy: ///’((clen + ¢’ ) (€) — (cre(0) +cze’(€))7<) <1-7
or m((cleﬁ +e2¢ ) () — (cre(l) + cze’(z)),g) > r}) —0.

Hence,
DS} (M, N) = (cren + 2¢' ) = (cre + c2¢’).

O

Definition 3.6. Lete, : (L1, 4, N ,®,®) = (Lo, A", V', ®,®) is a functions sequence. Then,
(e,) is called pointwise deferred statistical Cauchy sequence with respect to (.#, .4") if for each
¢ € L, the sequence (e (¢)) is deferred statistical Cauchy sequence with respect to (.#’, 4")
i.e., if forevery Y € (0, 1) and ¢ > 0, 3 a number r = 7(¢, Y, 5) such that

8 ({pn <k Syt Al (ex(0) = er(€),5) <1 =0 or
N (e(l) —er(f),s) > Y foreach ¢ € L;}) = 0.
Theorem 3.7. Let ¢, : (Ly, 4, N ,Q,D) = (Lo, M, N, R, D) is a functions sequence. If (e,)

is DS] (M, N ) — ¢, — ¢ with respect to (M ,.N'), then (e,) is pointwise deferred statistical
Cauchy sequence with respect to (M, N).

Proof. For Y € (0, 1), choose U € (0, 1) such that

(1-0)®(1-0U)>1-YandU @ U< Y. (3.1
Since DS;(///,JV) — ¢, — ¢, so for every ¢ > 0 we have ¢, , ()}g(U,g)) = 0 and 0,

(y@(U, g)) ‘ =1, where

Ve(U,¢) = {,un <tk<uv,: M (e,@(ﬁ) —e(0), %) <1-0Uor

N (eﬁ,(e) - e(é),%) > U}

C
foreach ¢ € L. Letr € (M(Ux)) , then

<

V4 (er(f) —(0),5

)>1-0 and 47 (e(0) fe(é),%) <0, 3.2)
Our aim is to demonstrate that there exists a number r = (¢, Y, ¢) such that

0 ({pn <k <wp i A (ex(€) — ¢, (£),6) <1 =0 or
N (ex(€) —e.(€),s) > Y foreach £ € L;}) =0.
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However we define,
Zi(X,6) = {pn <k <y M (e(l) —¢,(£),) <1 -7 or
N (ex(£) —er(£),5) > Y foreach £ € L;}.

To verify the result, it is necessary to demonstrate that Z,(Y,<) C Vi(U,<). Let s € Z,(Y,5)
then

M (ex(0) —er(0),6) <1=0 or A" (e(l) —er(£),s) >7_ (3.3)
Case (i): If 4" (e, () —e,(£),6) <1-1, then we have M (e () —e(£),5) <1 -0 therefore
k € Vo(U,s). As otherwise .#" (¢, (¢) —¢(¢),5) > 1—0U, then by (3.1), (3.2) and (3.3) we have
1-T > '(e,{()—er() <)
/ S S
= (e +e(l) = er(0), 5 + 5)
> (e,{ 0,5) @ (e(0) = er(0), 5)
> ( —0)e (- )
> 1—1Y (not possible).

Hence Z,(Y,<) C W (U, ).
Case (ii): If A7 (e (£) — ¢, (€)

,¢) > Y, then we have .4’ (¢, (¢) — e(¢),5) > U therefore k €
Vi(U,5). As otherwise .#" (e, (¢) —
N

¢(£),5) < U, then by (3.1), (3.2) and (3.3) we have
)

T < e,{(ﬁ _er() )
= (o= + o) =005 + )
< A (eal0) - e(0), 2) A" (60 = 0).5)
< U000
< Y (not possible).

Hence Z¢(Y, <) € V,(U,<). Thus in all the cases, Z,(Y,<) C Vy(U,<). Since 6., (Ve(U,5)) =0
$0 8, (Z¢(Y,<)) = 0 and therefore (e¢,,) is pointwise deferred statistical Cauchy sequence w.r.t.
intuitionistic fuzzy norm (.#, 4").

Now in subsequent part we study uniform deferred statistical convergence and its properties.

Definition 3.8. Lete, : (L1, 4, N ,®,®) = (Lo, A", V', ®,®) is a functions sequence. Then,
(e,) is called uniform deferred statistical convergent to limit function ¢ w.r.t. IF norm-(.#, 4")
if for all £ € L, the sequence (e, (¢)) is deferred statistical convergent to ¢(¢) w.r.t. IF-norm
(A", N")ie., ifforall £ € £; and forall Y € (0,1),¢ > 0,

5;({% <k <, :///'(eﬁ(e) —e(0), g) <1-T
or /W(e,{(é) —e(0), g) > }) =0.

We denote it as DS, (A, N) — ¢ = ¢.

Example 3.9. Consider an IFNLS (R, .#Z, ./, ®, ®) as in Example(3.2).
Consider a function sequence ¢, : [0, 1] — R defined as

e(ﬂ)‘{l Lvinl -~ e <</l
. sk ¢ V] = o, [vn]]

where v, is a monotonically increasing sequence of positive integers and ¢y € N (fixed number).
Also, 0 < py, < [\/Vn] — 0.
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We shall now demonstrate that, (e¢,,) is uniform deferred statistical convergent to 0 on [0, 1)
with respect to (., .4).
Foreach /€ [0,1),

o*(Y,¢) = {/{ eN: //z’(eﬁ(z) —e(0), g) <1-Y or

o{r g v - o [Vl Jen®] 2 125 )
= tne [Vl — o, [V el =1}
o{r g v - o vl 10 2 o )

T
= U .

where,
o = {w € [Vl o, W] eal) =1},
o=k ¢ (177 = o VTR 16412 oo )

As o is either finite or empty set in relation to Y and ¢, its deferred density is consequently zero.
Hence, we obtain

o, (*(Y,<)) = 6y, (o) + 6, ()
co
(Vn_ﬂn)
<0 as n— oo.

< +0

As deferred density cannot be negative therefore o), («/*(Y,<)) = 0. Hence, (e.(¢)) is deferred
statistical convergent to 0 with respect to (., .4") for every ¢ € [0, 1). Hence,

DS, (M, N) —¢ex = 0.
Lemma 3.10. Consider function sequence ¢, : (L1, M, N ,Q,8) — (Lay M, N, Q,D).
Then for all £ € Ly, and for all Y € (0,1), ¢ > 0, the following assertions are identical
(i) DS}, (A, N ) — ¢, = ¢ (i.e., uniform deferred statistical convergence),

(ii) 6% ({ttn < k < vyt A (0u(£) = ¢(£),6) < 1-T}) =
08 ({pn <k < vt A (en(6) —e(0),6) > Y }) = O0forall £ € Ly,

(iii) 84({ptn <k <vm: M (ex(0) —e(0),6) >1-0
and A" (e () —e(£),s) <Y })=1foralll € Ly,
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(v) 0 ({pn <k <wp: A (ex(l) —e(l),6) >1-0}) =
o ({pn <k Svpt A7 (e(l) —e(f),6) <Y }) = 1foralll € L,

(v) 0Forall€ € Ly, DS; —lim A" (¢ (£) — ¢(£),5) = 1 and DS}, —lim A" (e (£) — e({),<) =

Proposition 3.11. Let ¢,, and ¢ be bounded function from (L1, M, N, ®,®) to (Lo, M, N,
®,®). Then (e,;) is uniform deferred statistical intuitionistic fuzzy convergent to ¢ iff

DS}, —liminf.Z" (ex(€) —¢(£),c) =1, and
DS, —limsup A (e, (£) — ¢(£),s) = 0.
where the sup and inf are taken over all { € L.

Remark 3.12. DS} (.4, /) — ¢, = ¢ (i.e., uniform deferred statistical convergence) implies
DSZ((//Z , A) — e, — e (i.e., pointwise deferred statistical convergence).

Theorem 3.13. Let ¢, : (L1, M, N ,@,8) — (Lo, M, N, ®,D) be a functions sequence. If
(ex) is uniform intuitionistic fuzzy convergent to a function ¢ on L with respect to (M , N, then
DS, (M, N ) —ex e

Proof. Using a similar approach to Theorem (3.4), we can easily prove this result. Therefore,
the proof is left out. O

Theorem 3.14. Let ¢,, and ¢\, from (L1, M, N ,@,D) to (Lo, M, N, @,®) be two function
sequence. If DS, (M, N ) — ¢, = ¢ and DS, (M, N ) —¢'; =3 ¢ then DS} (M, N ) — (c1e, +
CQQI,{) = (cle + Czel).

Proof. Since the argument is similar to Theorem (3.5) therefore, it is omitted. O
Let % represents the collection of all uniformly bounded functions sequences in £; i.e.,
B ={e.(l) € Ly:]e.(f)] <C forall k € N, £ € L1 and for some C > 0}. (3.4)

Theorem 3.15. Let ¢, @ (L1, 4, N ,Q,8) — (Lo, M, N, ®,D) be a uniformly bounded
functions sequence. If DS, (M, N ) — ¢, = ¢ and ¢({) is bounded for all £ € L, then
DS (M, N) —eE =3 e

Proof. Since ¢, (¢) be a uniformly bounded functions sequence then by using 3.4 we have
lex(£)] < Cy forall Kk € N, £ € £;, and for some C; > 0. Also DS;(///,JV) —e. =% ¢
then for all £ € £; and forall Y € (0,1),¢ > 0,

v v C

6 (P(X,<)) =0 and 3% ((P(1,6))°) =1
where

P(Y,s)={pn <k <vn: A (ex(l)—e(l), s) <1-X or

(P(Y,6))¢ = {pn <k <vyt d'(en(0)

As given that ¢(¢) is also bounded for all ¢ € £, then there exist C; > 0 such that [e¢(¢)] < Ca.
Now for Y € (0, 1), and ¢ > 0 consider the following sets

9(Y,s) = {,un <k<uvn: M

(Q(T,<))C ={pn <k<vy: M
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Our aim is to prove that §; (Q(Y7 g)) =0 and 0}, ((Q(Y, g))c) = 1. For this we have to show
that (P(Y, g))c C (Q(Y,g))c. Let ko € (P(Y, g))c, then we have

M (e (€) —e(0), <) > 1 =0 and A" (., (£) —¢(£), <) < Y. (3.5)
Now
A (2,(0) = (), <) = ' ((en, (0) = £(0)) (e, () +2(0)) . <)
/ S
= (=) )
= ((eal) - e0). 50 )
= (((eny(0) — 2(0)) . 1)
>1-Y (byusing3.5)
and
A, = 0, ) = A" ((enO) = 0) (e, (0) +€(0) <)
/ S
- (““‘) |en<6>+e<e>|)
/ S
_ <em, ,C1+C2>
= JV/( eno §1)
<Y (byusing3.5),
where ¢; = 5 > 0. This implies xo € (Q(Y, g))c. Therefore, (P(Y, c))[J C (Q(T, g))c.

Consequently, we get ((Q(Y, g))c) =1,ied, (Q(Y7 g)) = 0. Hence, the proof is verified.
o

Definition 3.16. Let ¢, : (L1, 4,4 ,2,®) — (Lo, A, N, ®,®) is a functions sequence.
The sequence (e,) is called uniform deferred statistical Cauchy sequence with respect to
(A, ) if for all £ € Ly, the sequence (e, (¢)) is deferred statistical Cauchy with respect to
(A', N")ie.,if forevery Y € (0,1) and ¢ > 0, there exists a number r = (Y, ¢) such that

6 ({pn <k <wp: M (e(0) —er(£),s) <1-=0 or
N (en(0) — er(6),6) > T forall € € £1}) =0

Theorem 3.17. Let ¢, : (L1, M, N ,®,D) — (Lo, A", N, R,®) is a functions sequence. If
(¢x) is DS, (M, N) — ¢ = e w.rit. IF norm-(M , N'), then (e) is uniform deferred statistical
Cauchy sequence w.r.t. IF norm-(.# , N").

Proof. The approach is analogous to Theorem 3.7, thus proof is omitted. O
We use the following definition 3.18 of intuitionistic fuzzy continuity to prove Theorem 3.21.

Definition 3.18. [8] For a given 7 > 0 and Y € (0, 1), there exist¢ = ¢(Y,7) > 0, p = p(Y,7) €
(0, 1) such that for all £ € £, then the mapping ¢ : (L1, #, N ,@,D) — (Lo, M, N, @,B) is
called intuitionistic fuzzy continuous at ¢y € £ if

ML —Ly,s)>1—p and A (£ —Ly,s) < p.
implies

M (e(0) —e(ly), ) >1—=0 and A" (e(f) —e(by),T) < Y.
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Definition 3.19. Consider (L1, #, 4 ,®,®) and (Ly, A#', V', ®, &) are two IFNLS. The fam-
ily of functions .# from £, to £, is called intuitionistic fuzzy equicontinuous at a point ¢y € £;
if forevery Y € (0, 1) and ¢ > 0, there exists p = p(4o, Y, s) such that
A (e(ly) —e(0),s) >1 =0 and A" (e(ly) —e(£),s) <Y
for all ¢ € .% and all ¢ such that
M (by—L,6)>1—p and A (by—£,5) < p.

If the family is equicontinuous at every point of L, then it is intuitionistic fuzzy equicontinuous.

Remark 3.20. In the context of continuity, p can depend on three factors: Y, /¢y and ¢. But in
case of equicontinuity, p must be independent of e.

Theorem 3.21. Let ¢, : (L1, M, N, Q,®) = (Lo, M', N',®,®) be a intuitionistic fuzzy
equicontinuous functions sequence on Ly for each k € N and (e,) is also DS}, (M , N ) —¢,; = ¢.
Then the function ¢ : L1 — L, is intuitionistic fuzzy continuous on L.

Proof. Assume that an arbitrary point £y € £;. For any Y € (0,1) and ¢ > 0, there exists a
p = p(lo,Y,5) > 0 such that, by using the intuitionistic fuzzy equicontinuity of ¢, we have

M (em(ﬁo) - eﬁ(z),g) >1-Y and A" (eﬁ(zo) - en(ﬁ),g) <Y

for all £ such that . (¢g — ¢, <) > 1—p and A (¢y — £, <) < p. Let B(4y, p, s) denote the open
ball in (Ly,.#, ./, ®,®) with radius p and center ¢,. Consider a fixed point £ € B({y, p,s).
Define the sets

P(Y,s) = {un <k<uvy: M (e,{(é) —e(0), %) <1-7 or
N (en(e) —e(0), %) > forall e cl},
9(T,s) = {,un <k<uvn: M (e,{(ﬁo) —e(lp), %) <1-7 or

N (eﬁ(eo) —e(y), %) > forall £ e El}.

Since DS}, (A, N) — ¢, = ¢, then 67/ (P(Y, <)) = 0 and 67, (Q(Y, <)) = 0. Hence oy, (P(Y,s) U
9(Y,5)) =0and P(Y,s) U Q(Y,¢) is different from N. Thus there exist ; € N such that
"e.(0) — S _ "o (p) — s
M (ej(g) e(0), 3) <1-Yor W (e,(é) e(0), 3) >,

S
'3

<

V4 (ej(zg) —e(t) ) <1-Yor A (ej(eo) —e(by), g) >

Now, we shall demonstrate that at £y, limit function ¢ is an intuitionistic fuzzy continuous.

///’(6(6) —e(by), §)
= (&(0) = &) + &5(0) = &5(00) + &5 (to) — e(o),)
> (e(0) = e5(0). 5) @ (&(0) = &5(t0). 5 ) @ (&,(t0) — e(t0). 5)

1-MNe(l-T)e(1-Y)
=(1-Y)

V
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and
JV’(e(E) — e(ﬁo),§>
= " (el0) = & (0) + &5(0) — &5 (t0) + &5 (1) — e(to).)
<A (e(0) =50 5) @ (&0 = &), 5 ) & A (&5(00) — e(t0). 5)
<TeYoeY
=T.
Hence, the proof is completed. O
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