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Abstract In this paper, we study initial-boundary conditions for a coupled nonlinear wave
equations with weak damping terms. The exponential growth for sufficiently large initial data is
proved.

1 Introduction

In this paper, we study the following initial boundary value problem

Ut + up + |Ut|p_l up = div (p (|Vu|2> Vu) + f1(u,v), (z,6) € Qx(0,T),
Vg + v 4 |vt|q*1 vy = div (p (|Vv\2) Vv) + fa(u,v), (z,t) e Qx(0,7),

w(a,t) =v(z,t) =0, (z,t) € 0Q % (0,T), (1.1)
w(z,0) =up (z), u (z,0) = ug (z), r € Q,
v(z,0) =vg (x), v (2,0) = vy (), T €Q,

where Q is a bounded domain of R"™ (n = 1,2,3) with smooth boundary Q in p,q > 1; f; :
R?> — R are given functions to be specified later.
We define p by

p(S) =b + b237n7 q= 07 (12)

where by, b, are nonnegative constants, and b; 4 by > 0.

Wu and Li [6] obtained the blow up of the solution of problem (1.1), for negative initial
energy. In the absence of the linear weak damping (u; and v;) terms, the problem (1.1) reduced
to the following system

gy + P uy = div (p (|Vu|2) Vu) + f1(u,v),

L : (13)
v + o7 v = div (p (\Vv| ) Vv) + f2 (u,v).
Wau et al. [7] obtained the global existence and blow up of the solution of problem (1.3) under
some suitable conditions. Fei and Hongjun [2] considered problem (1.3) and improved the blow
up result obtained in [7], for a large class of initial data in positive initial energy, using the
some techniques as in Payne and Sattinger [4] and some estimates used firstly by Vitillaro [8].
Recently, Pigkin and Polat [5] studied the local and global existence, energy decay and blow up
of the solution of problem (1.3). Also, for more information about (1.1) and (1.3), see references
[2,5,6].

Our purpose in this paper is to give the blow up property in infinity time, i.e. exponential
growth.

This paper is organized as follows. In section 2, we give the local existence result. In section
3, we study the energy will grow up as an exponential as time goes to infinity, provided that the
initial data are large enough or F (0) < E;, where E (0) and E) are defined in (2.5) and (3.2).
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2 Preliminaries

Throughout this paper, we denote ||.|| and |[|.||,, denote the usual L? (Q) norm and L? (Q) norm,
respectively.

Concerning the functions f; (u, v) and f, (u,v), we take

filwe) = afut o (o) + bl ufe]?,
Fr(wv) = alut oY @t v) 4o vlul?,
where a, b > 0 are constants and r satisfies
-1 ifn <2
srunzs 2.1
—1<r<I1ifn=23.
One can easily verify that
u fi (u,v) +vfa (u,v) =2 (r +2) F (u,v), ¥(u,v) € R?, (2.2)
where
_ (r+2) r+2
F(u,v) = 352 [ |u+v| )+ 2b |uv| ] (2.3)
We have the following result.
Lemma 2.1 [3]. There exist two positive constants ¢y and ¢; such that
o (JulP" + [P0) <2+ 2) F(u) < e (Jul 4 pP0) 24
is satisfied.
We define
_ 1 2 2 1 2 2
B(t) = 5 (Il +lleel®) + E/Q (P (IvulP) + P (1vuf)) da
—/ F (u,v) dx. (2.5)
Q
where P (s) = [5 p(£)d¢, s > 0.
Lemma 2.2 [5]. E (t) is a nonincreasing function for ¢ > 0 and
2 2 1 1
B (6) = = (Il + el + el 251 + ol 241) < 0. 2.6)

Lemma 2.3 (Sobolev-Poincare inequality) [1]. Let p be a number with2 < p < oo (n = 1,2)
or2 <p<2n/(n—2)(n>3),then there is a constant C,, = C (€, p) such that

lull, < C. [Vl foru e HE ().

Next, we state the local existence theorem [5, 6].
Theorem 2.1 (Local existence). Suppose that (2.1) holds. Then there exist p, ¢ satisfying

1 <p,q ifn<2,
1<pgq <5 ifn=3,

and further (uo, vo) € (Wol’z(’”*” (Q) N L2+ (Q)) x (W(}@(m“) (Q) N L2r+2) (Q)) (u1,v1) €
L?* (Q) x L*(Q) . Then problem (1.1) has a unique local solution

uveC ([O,T) A (@) q LA (Q)) :

u € C([0,T);L*(Q))NLP* (Qx[0,T)) and
v, € C(0,T);L*(Q)NL™ (Qx[0,T)).
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3 Exponential Growth

In this section, we will prove that the energy is unbounded when the initial data are large enough
in some sense.
Lemma 3.1 [2]. Suppose that (2.1) holds. Then there exists » > 0 such that for any (u,v) €

(Wol’z(mH) (Q) N L2r+2) (Q)> % (Wé,z(mﬂ) (Q) N L2r+2) (Q)) the inequality

lu+ o300 53) + 2 uvll] 3 < </Q (P (|Vu|2)+P<Vv|2))dx>H2 3.1)
holds.

For the sake of simplicity and to prove our result, we take « = b = 1 and introduce

_ (! 1 2
- (37757 2

where 7 is the optimal constant in (3.1). Next, we will state a lemma which is similar to the one
introduced firstly by Vitillaro in [8] to study a class of a single wave equation.

Lemma 3.2 [2]. Suppose that (2.1) holds. Let (u, v) be the solution of problem (1.1). Assume
further that £ (0) < E; and

</g (P (17wP)+P (W'z))dx) > ar. (3.3)

Then there exists a constant oy > « such that

(/Q (P (IWIZ) +P (IVv\z)) d:c)% > as, (3.4)

1

(lu+ ol 33) + 2wl 3) ™7 2 Bas, (3.5)

1
B = N oy =

rol—

and

forallt € [0,T).

Theorem 3.1. Assume that (2.1) and 2 (r + 2) > max {p + 1, ¢ + 1} hold. Then any solution
of problem (1.1) with initial data satisfying

(/Q (P (19u0?) + P (17w0F) ) dx); > oy and E (0) < By,

grows exponentially.

Proof. We set
H)=E -E(t), t>0. (3.6)

By the definition of H (¢) and (2.6)
1 1
H' (t) = =B (t) = lluellpi + ol =0,

hence we have H (t) > H (0) = E; — E(0) > 0.
Let us define the functional

L(t):H(t)+a/Q(uut+mt)dx+ (Il + 1o 3.7)

for ¢ small to be chosen later.
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Our goal is to show that L (¢) satisfies a differential inequality of the form
L' (t) > CL(t) forallt> 0.

This, of course, will lead to exponential growth.
By taking the time derivative of (3.7) and using equations (1.1), we have

D) = H O+ (Jul + fol’) + [ (o) dz
Q

+5/ (uug + vvy) do
Q
1 2 2
= (lualin s + el 20) + & (1l + llel)
2 2
—eby (|[Vul* + Vo)
2(m+1 2(m+1
—eby (IVulbin ) + 190l

—|—5/ (v f1 (u,v) +vfa (u,v)) dx
o)
—5/ <u|ut|p71ut +U|Ut‘q71’l)t) dr. (3.8)
o)
From (2.5) and (3.6), it follows that

m+1)
b (IVullzm ) + 19013001

= 2(m+1)H(({t)—2(m+1)E;
+(m+ 1) (el + el
by (m + 1) (IIVul* + [ Volf)
-2 (m+ 1)/ F (u,v)dx. 3.9

Q
Inserting (3.9) into (3.8), we get
L) = (el + ol +e Om+2) (el + el
tebym (IIVul* + [ Vol)

m + 2) r+2
+e (1 _|_2) (||u+ ||2 :iz +2||UU||riz)

+2e(m+1)H (t) —2e(m+1)E;

—5/ (u|ut|p_1ut —I—U|Ut\q_1vt) d.
o

Then using (3.5), we obtain
1 1 2 2
@ = (lalfh+ lediin) +e m+2) (el + o))
tebim (||vu||2 n ||vu||2) +2e (m+ 1) H (1)
r+2
e (lut ol 1) + 2wl )

—6/ (u lueP uy + ooy vt> dz, (3.10)
o
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where ¢ =1 — 24 — 2 (m+ 1) E; (Bay)~ 2+2) Tt is clear that ¢’ > 0, since oy > B~ #7.In
order to estimate the last two terms in (3.10), we use the following Young’s inequality

SEXk n syt
k I

XY <

where X,Y > 0, § > 0, k,l € R* such that % + % = 1. Consequently, applying the above
inequality we have

_ ptl
p—1 5p+1 p+1 ?
uug g d$< 7 llullpr + bl (3.11)
Q
and
_ g+l
B 5e* g6, ° »
/th ol < 22 || I8+ 2 ol (3.12)
Inserting the estimates (3.11) and (3.12) into (3.10), we have
/ 2 2 2 2
L) = e(m+2) (lul’+ o)) +ebrm (I9ul + [ 7o]*)
2(r+2 2(r+2
+2¢ (m+ 1) H (1) + eca (ull353) + o5 53))
11 -zt
RS S pB T
p+1 € p+1 U p+1
q+1 —al
q+1 q52 ¢
o LG R s ol N PR (3.13)

where ¢; = c/cp.
Since 2 (r +2) > max {p+ 1,¢+ 1}, from the embedding L>"*?) (Q) — LP*!(Q) and
LX) (Q) «— LPT1(Q), we have

lullp5y < s ulls

p+1 2(r+2)

and

q+1
q+1

q+1

o]l i)

<ol

for some positive constants c¢3 and c¢4. Using the algebraic inequality
1
z“§z+1§<1+>(z—|—a),VzZ0,0<v§1,aZO, (3.14)
a

and since H (t) > H (0) , we get

2(r+2
lulihy < d (lull33) + H (0))
2(r+2
< d(Julb)+H®), (3.15)

whered = 1 + H( Ik Similarly

ol < d (0313 +H (). (3.16)
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Inserting (3.15) and (3.16) into (3.13), we have

L) = e(m+2) (lul’+ o )+€b1m(||Vu|| +Ivel?)

p+1 q+1
—|—5<2(m—|—1)—d >H
AR &t 2(r42) 2(r+2)
+e <02 Aot —d <||u||2(r+2) +0l5075)
_ ptl g+l
pd; * p+ q5 !
1 - 1-— . 3.17
+ € Pt [ -&-1+ q+1 [|v th+1 ( )

Now, once d; and 6, are fixed, we can choose £ small enough such that

and
zmmzfum+e/@W“+mmmx>o
Q

Consequently (3.17) takes the form

L) = e(m+2) (llul’ + o)) +ebim (IVal® + [ 90)?)

5P+1 6q+1
+5<2(m+1)—d )H

5f+1 5q+1
+eca—dp+1 2o ) (B3] + el )

2 2 2 2 2(r+2 2(r+2
>0 (JJul + ool + H @) + IVul> + Vol + lul353) + ol3053)) (3.18)

p+1 q+1 p+1 q+1
where 6 = min {E(m+2), ebym, (2(m+ 1) - do —d‘;{l) e (cz—d(;l_:l —djizﬂ)}.

Then we have
L(t)>L(0)>0,Vt>0.

On the other hand, applying Holder inequality, we obtain

/uutdx—i—/vvtdx
Q Q

Young inequality gives

/uutdx—i—/vvtdx
Q Q

< ull fJwell 4+ ffoll o

A

< C (lullyrsgy el + 10y Neell) - 3.19)

&
< o (Wl + el + 013 ) + el

¢ 2(r+2) 72 2r42)) 72 )
< Z ((H“||2(r+2) + ||ut|| + (||U||2(T+2)) + HUtH 3.20)

Since r > —1, the algebraic inequality (3.14) yields

C 1
/uutdm—i-/ vV dT
Q Q

2(r+2) 2
< S((1+ ) (B3 + 2 0) + fu
1 2(r+2) 2

(14 g75) (WBE2 + 8 0) + Iul?).
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Note that

L(t) < H(t)—i—e/(uut—l-wt)dx

/uutdﬂc+/vvtdm
Q Q

2 2 2 2
C’(IIUtII + ol + H (@) + [[Vul]” + [[Vo

IA

H(t)+

IN

2(r+2 2(r+2
+ lul3 s + o)) - (3.21)

Combination of (3.18) and (3.21), gives

L' (t)>CL(t) forallt>0. (3.22)

An integration of (3.22) from 0 to ¢ gives to

L(t) > L(0)e“".

This completes the proof.

Remark 3.1. When E (0) < 0, by setting H (t) = —E (t), the similar result is obtained by
applying the same arguments in proof of Theorem 3.1.
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