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Abstract Let S C N be a numerical semigroup with multiplicity m, embedding dimension
v and conductor ¢ = gm — p for some ¢, p € N with p < m. Let n be the cardinality of the set
of elements x € S;x < c. Wilf conjecture says that ¢ < vn. Despite a lot of activities around
this conjecture, it is still open. The aim of this paper is first to prove that Wilf’s conjecture holds
for Sif (2 + é)u > m. This generalizes the case when 2v > m, proved by Sammartano in [9].
We also prove the conjecture for m — v < 5, and also for m = 9. These cases result from the
following: let Ap(S,m) = {wy < wy < ... < wy,_1} be the Apéry set of S. The conjecture
holds if w,, 1 > w; + w, and (2 + QT73)Z/ > m forsome 1 < o < m — 1 (Theorem 4.1).

1 Introduction and notations

Let N denotes the set of natural numbers, including 0. A numerical semigroup S is an additive
submonoid of (N, +) of finite complement in N, thatis 0 € S, if a,b € Sthena + b € S, and
N\ S'is a finite set. The elements of N\ S are called the gaps of S and their cardinality is denoted
by ¢g(S) and is called the genus of S. The largest gap is denoted by f = f(S) =max(N\ )
and is called the Frobenius number of S. The smallest non zero element m = m(S) = min(S*)
is called the multiplicity of S (S* = S\ {0}) and n = |{s € S; s < f(S)}] is also denoted by
n(S). Every numerical semigroup S is minimally generated, i.e.

S=<gi,...,9, >=Ng; + ...+ Ng,

for suitable unique coprime integers gy, . . ., g,,.. The cardinality of the minimal set of generators
of S is denoted by v = v(9) and is called the embedding dimension of S. An integer z € N\ S
is called a pseudo-Frobenius number if x + S* C S. The type of the semigroup, denoted by
t(9) is the cardinality of the set of pseudo-frobenius numbers. The Apéry set of S with respect
to a € S is defined as Ap(S,a) ={s € S;s —a ¢ S}.

The invariants associated with a numerical semigroup S are connected with equalities and in-
equalities. For example, f(S)+ 1 = g(S) +n(S), v(S) < m(S).... In[10], H. S. Wilf proposed
the following conjecture:

£(S) +1 < v(S)n(s).

Suggesting a regularity in the set N \ S. Although the problem has been considered by several
authors (cf. [1], [2], [4], [5], [6], [7], [9]), only special cases have been solved and it remains
wide open. In [4], D. Dobbs and G. Matthews proved Wilf’s conjecture for v < 3. In [7] N.
Kaplan proved it for f + 1 < 2m and in [5] S. Eliahou extended Kaplan’s work for f +1 < 3m.

In this paper, we prove Wilf’s conjecture in some relevant cases. More precisely, we prove
that the conjecture holds for numerical semigroups S when (2 + é)u > m (where f+ 1 =
gm — p,p < m). This generalizes the case proved by A. Sammartano ([9]), who showed that
Wilf’s conjecture holds for 2v > m. We also prove the conjecture when m — v = 5, and also
for m = 9. Our main idea is based on counting the elements of .S in some intervals of length m.
This gives us an equivalent form of Wilf’s conjecture, and allows us to prove the conjecture in
the cases cited above.

The paper is organized as follows. In section 2 we use some notations and prove some results
in order to give an equivalent form of Wilf’s conjecture. In section 3 we give some technical
results needed in the paper. Section 4 is the heart of the paper. Let Ap(S,m) = {0 = wy < w; <
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- < Wy, —1}. First, we show that Wilf’s conjecture holds for numerical semigroups that satisfy
Wm_1 > wy + we and (2 + O‘T_3)V > m for some 1 < o < m — 1 (see Theorem 4.1). Then we
prove Wilf’s conjecture for numerical semigroups with m — v < 4. This implies the case where
2v > m. We also prove that numerical semigroups with m — v = 5 satisfy Wilf’s conjecture.
This allows us to prove the conjecture for m = 9. Finally we prove, using the previous cases,
that Wilf’s conjecture holds for numerical semigroups with (2 + é)y > m.

A good reference on numerical semigroups is [8].

2 Equivalent form of Wilf’s conjecture

Let S be a numerical semigroup and the notations be as in the introduction. For the sake of clarity,
we shall use the notations v, f,n, ¢, m... for v(S), f(S),n(S),c(S), m(S).... In this section, we
will introduce some notations and prove some results in order to give an equivalent form of
Wilf’s conjecture. Let ¢, p € N,0 < p < m such that ¢ = f + 1 = gm — p. Given a nonnegative
integer k, we define the kth interval I of length m as

Iy=lkm—p,(k+1)m—p[={km—p,km—p+1,....(k+1)m—p—1}.

We denote by
ng = |S NIl

Forall j € {1,...,m — 1}, we define 7; to be the number of intervals I}, with n;, = j.
n; = |{k €N; [SNI| = j}|.
Proposition 2.1. Under the previous notations, we have the following:
i) 1<ny<m-—1forall0 <k <g—1landn, =mforall k > gq.
i) X =q
iii) S5 gy = kg nk = n(S) = n.
Proof. i) obvious. We will prove i) and ii7).

i) Y = N RN [0S =5} = ke Ny =5 0< k< g— 1} =

q.
i) S gy = Sk e Ny ILn S| =g} = X7k € Ning = 53 0 < k<
q—l}|zzk:0nk—n. [ |

Remark: We shall use the notation || for the largest integer smaller than or equal to z.

Next, we will express 7; in terms of the Apéry set.

Proposition 2.2. Let Ap(S,m) = {wp =0 < w; < wp < ... < Wy—1}. Under the previous
notations, for all 1 < j <m — 1 we have

wj—l—p wi—1 +p

m

n = | =1 J.

Proof. Fix0 < k<qg—1landletl < j < m — 1. We will show that the interval I contains
exactly j elements of S if and only if w;_; < (k4 1)m — p < w;. Recall to this end that for all
s € S, thereexist 0 < ¢ <m — 1 and a € N such that s = w; + am.

Suppose that I;; contains exactly j elements of S. Suppose, by contradiction, that w;_; >
(k4 1)m — p. We have wy,—1 > ... > w;_1 > (k+ 1)m — p, thus wy,_1,...,wj_; € U, ;.
Hence, Ij contains at most j — 1 elements of S (namely wy + km = km,w; + kym,wy +
kam, ..., wj_» + k;j_om for some ky,...,k;_» € {0,...,k — 1}). This contradicts the fact that
I}, contains exactly j elements of S.

Let us prove that (k+1)m—p < w;. fw; < (k+1)m—p,thenwy < ... <w; < (k+1)m—p,
thus wo, ..., w; € Ufzolt. Hence, I contains at least j + 1 elements of .S which are : wy+km =
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km,w; + kym,wy + kom, ..., w; + k;m for some ki, ..., k; € {0,...,k — 1}. This is again a
contradiction.

Conversely, suppose that w;_; < (k+ 1)m — p < w,. Since w;j_; < (k+ 1)m — p then
wy < ... < wj_1 < (k+ 1)m — p, whence wy, ..., w;—1 € U¥_ I,. In particular I; contains
at least j elements of S, namely wy + km = km,w; + kym,wy + kom, ..., wj—1 + kj—im
for some ki,...,k;j—1 € {0,...,k — 1}. On the other hand w; > (k + 1)m — p implies that
Wip—1 > ... >wj > (k+1)m — p, 0 wy,_1,...,w; € U;’:H]It. Thus, I, contains at most j
elements of S which are: wg + km = km,w; + kym, w2 + kom, ..., wj—1 + k;—ym for some
ki,....kj—1 €{0,...,k—1}. Hence, if w;_; < (k+ 1)m — p < wj, then I;, contains exactly j
elements of S and this proves our assertion.

We finally have the following:

{k € Nsuch that |I; N S| = j}|

nj =
= |{keNsuchthatw;_; < (k+1)m —p < w,}|

[{k € N such that “='"2 < (k4 1) < 2}

= \{keNsuchthatw”"T]ﬂ’—1<k§ij+”—1}\

= |{k € Nsuchthat |[“=12| < | < |“22] 1}

|Lite| | Limtte )

[
Proposition 2.3 gives an equivalent form of Wilf’s conjecture using Proposition 2.1 and Propo-
sition 2.2.

Proposition 2.3. Let the notations be as above. We have S satisfies Wilf’s conjecture if and only

if
m—1
WitP | B L Gy )4 p > 0,

m
j=1
Proof. By Proposition 2.1, we have
q—1 a—
f+H1<nv s gm— p<1/2nk<:>2m p<an1/<:>an1/f )+p>0s
k=0 = k=0

Z jV— +p>0

And by Proposition 2.2, we get

m—1 m—1 w +p W, 1+p
doniliv—m)+p=0e Y (=] = |=——=)(r—m)+p>0
Jj=1 j=1

3 Technical results

Let S be a numerical semigroup and let the notations be as in sections 1 and 2. In this section,
we give some technical results used through the paper. Recall that Ap(S,m) = {wy =0 < w; <
< Wp—1 }
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Remark 3.1. With the notations above, we have the following:

i) || =0,

i) Forall 1 <i<m— 1, wehave [“22] > 1 (as w; > m).
iii) Forall 1 <i<m — 1, wehave Y| = |%i|or | YL | = | %] 4
i) If | Y2 | = | %] 4 |, then 2] > 2 and p > 1.

v) Forall 0 <i<j<m—1,wehave 22| < |“f2]

m

vi) Lw”‘;l‘J’pJ = Lqm_”:nl*m*pj =q @ wn_1=f+m). [

Let 1 < @ < m—1. Using Remark 3.1 we get the following inequalities which will be used later
in the paper:

SRR - Iy —m) = 3 = m) = 3D = m)
j=1 j=1 J=1
e X a-l Wi
=S Gy —m) = ST (G 1 - m)
j=1 m Jj=0 m
:Lwaerj(aufm)fLwOerJ( *m)*ZLwJ—H}J
j=1
a—1 .
= M faw —m) — [P - ST M
i=2
a—1
szanij(aV* ) \_ 17:L’PJ *tha+pJ
j=2
:L”“Uanjpj(ayf ) Lw‘r:pJV—Lw“T:pJ( 2
7—\_w17:pJV+Lwanij(2V_m)
Consequently,
S UL ML g — ) 2 [P o [P o ), G
j=1
On the other hand,
m—1 . Wi m—1 . Wi
Z (ijn:pj |- Tll+pj)(]1/—m) > Z (ijnij - |- nl;er)((aJrl)u—m)
j=a+l J=otl
n—1 . m Wi
=l y—m)( Y [MEEE - 3 LR,
j=a+l j=a+l
—1 ) m—2 w
—(a+r-m( Y BT Y| MEy)
J=a+l J=a
— (| |22 (a1 = m)
Hence,
S B Gy > (|2 - P (- m). ()
Jj=a+l

Lemma 3.2. Suppose that w; > w; + wy. We have the following:

i) |25 > 2202 4 | mte) - 1,

i) If [Wit2] = | WL 4 |WEt2| _ | then
w; + p

|

1= Lw]JH Lw’“”jpj LW]:J+1andp21.

In particular, | %22 | > 2, [“.%2| > 2 and p > 1.
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Proof. ) Since w; > w; + wy, then w“’p > w . Consequently, L“’;:p | > Lw-i:p

By Remark 3.1 (iii), %] > |“e52| — ], Hence |fite | > | Wity | wete )

m m

I+

ii) Suppose by the way of contradiction that | “272 | o | %4 |41 or |“EX2| £ | %k |41 orp < 1.

By Remark 3.1 (i) and that p > 0, it follows that | =L e = [ L] or [EXL| = |2k ] or p = 0.
Since w; > w; + wy, we have

w1+p w]+wk+p

L =1 J-
Since [ 4| = [72] or [“AX2 | = Lw"J orp =0, it follows that [Wite| > Wit | wete |

. m m m
which contradicts the hypothesis. Hence

Ry ]J+1 I ’“+pj I kj+1andp>1.
m
Using Remark 3.1 (i), it follows that |“22 | = [%4] 1 > 2, [“s42] = |%&| 4 | > 2 and
p=>1 u

4 Main Results

Let S be a numerical semigroup and let the notations be as in sections 1, 2 and 3. The aim of
this section is to prove that Wilf’s conjecture holds for S in the following cases:

() Wy—1 2w1+waand(2+a7*3)y2mforsome1<a<m—1.

@i1) m — v < 5. (Note that the case m — v < 4 results from the fact that Wilf’s conjecture holds
for 2v > m. This case has been proved in [9]), however we shall give a proof in order to
cover it through our techniques).

We shall then deduce the conjecture when (2 + é)u > m, and also when m = 9.
Next, we will show that Wilf’s conjecture holds if w,,—1 > wy + w, and (2 + C“7*3)u > m.

Theorem 4.1. Let the notations be as above. In particular S is a numerical semigroup with
multiplicity m, embedding dimension v and conductor f + 1 = gm — p for some ¢,p € N;
0<p<m-—1,and Ap(S,m) = {wy = 0 < w; < wy < ... < wpy_1}. Suppose that
Wm—1 > Wy + w, for some 1 < @ < m — 1. If (2 + C‘T’3)y > m, then S satisfies Wilf’s
conjecture.

Proof. We are going to use the equivalent form of Wilf’s conjecture given in Proposition 2.3.
Since wy,—1 > wy + wa, Lemma 3.2 (i) implies that | “==t2] > [@EL| 4 |Watp | ] et

x = | ‘+pJ — [“f2| — |%=*2| Then, z > —1 and Lw;;’pj + %22 ] = g — 2. Now using
(3.1) and (3.2), we have
m—1
wj+p, Wi tpe o
> =l Dy —m)+p

Jj=1

w1+p wa+p Wm—1+p

m

2 - v+l J@v =m)+(| =1

war:pj)((aJrl)zzfm) +p

_ Lw'TJ'_'DJ<—V+ ((Oé+1)1/—m) - ((O¢+1)V_m))+|-waT+pJ(2V_m)

+(me;;+pj - Lw“m*pj)((m Dy —m)+p

= LwITMJ(ayf m) + Lﬂj 2w — m)+ (| 2= l+pj Lwar:pj - Lwlnjpj)((aJrl)V*m)ﬂ
= (L2 222 )y oy — )+ | (o — 2y

(e B e e D [(CER) R
— (- 2)2v = m) + [P L)@~ Dva((at Dy —m) +p.

Consequently,

! i wj_
SR - (L )y — )+ p2 (g — )2 — ) + [P o= 2wt ((a+ Dy = m) +p.

wy + p
= "

“4.n
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Since ¢ = Y=t | w2 | %atp| > ] then we have two cases:

« If z = —1, then by Lemma 3.2 (i7), we have L“"T“J > 2. From (4.1), it follows that

m—1

S - (B Gy —m) 4 2 (g4 Dy —m) +2a =2y = ((@+ Dy —m) +p
j=1

=v(2g+a—3)—gm+p
-3
:q(u(Z—i—L)—m)-i-pZO.
q

« If z > 0, then by Remark 3.1 (i7), we have L%J > 1. From (4.1), it follows that

m—1 . Wi
SR P gy —m) 2 (- )2 —m) + (0= v+ a((a+ Dy —m) +p
j=

=v(2q+(a=2)(x+1)+z) —gm+p
>v(2g+a—3)—gm+p
a—3
:q(y(2+T)—m)+p20.
Using Proposition 2.3, we get that S satisfies Wilf’s conjecture. |

Theorem 4.1 will give us some cases where Wilf’s conjecture holds. We shall need the following
notations. Let <g be the partial order defined by a <g b if and only if b — a € S. Then define
the following sets:

min(Ap(S, m)) = {w € Ap(S, m)* such that w is minimal with respect to <g}.

max(Ap(S,m)) = {w € Ap(S, m)* such that w is maximal with respect to <g}.
If S is minimally generated by m, g», ..., g, then, by [3] Lemma 3.2
(i) min(Ap(S, m)={g2, .-, g }
(71) max(Ap(S, m))={w such that w — m is a pseudo-frobenius number of S}.
In particular
i) | Ap(S,m)*\min(Ap(S,m))| =m — v.
i1) | max(Ap(S,m))| = t(S) (where ¢(S) denotes the type of S).

Note that (see [6], Lemma 6, for example), if w € Ap(S,m) and u <g w with u € S, then
u € Ap(S,m). This implies the following:

Corollary 4.2. Let € Ap(S, m)*. We have the following:
i) x € min(Ap(S,m)) if and only if = # w; + w; for all w;, w; € Ap(S, m)*.
it) x € max(Ap(S,m)) if and only if w; # = + w; for all w;, w; € Ap(S, m)*.
The results above imply also the following:

Lemma 4.3. Let the notations be as in Theorem 4.1. If m — v > @ for some v € N*, then

Wip—1 2 W] + We.

Proof. Suppose by the way of contradiction that w,,—1 < w; + w, and let w be such that
w € Ap(S, m)*\min(Ap(S,m)) (such an element exists because m > v). Hence, w < wy,—1 <
w; + w, and from Corollary 4.2 (¢), it follows that w = w; 4+ w; for some w;, w; € Ap(S, m)*.
Thus the only possible values for w are included in {w; + w1 <i<j<a— 1}. Tt follows
that | Ap(S, m)*\min(Ap(S,m))| =m —v < w, which contradicts the hypothesis. [ |

Next, we will deduce Wilf’s conjecture for numerical Semigroups with m — v > @ and

2+ QT%)V > m for some o > 1 in N. This will be used later in order to show that the

conjecture holds for numerical semigroups with (2 + %)u > m, and also to cover the result in
[9] saying that the conjecture is true for 2v > m.
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(

Corollary 4.4. Let the notations be as above. Suppose that m — v > %_l) for some 1 < a <

m—1.1f (2 + QT’3)1/ > m, then S satisfies Wilf’s conjecture.

Proof. If m — v > w, then, by Lemma 4.3, w,,,_; > w; + ws. Now use Theorem 4.1. W

In the following Lemma, we will show that Wilf’s conjecture holds for numerical semigroups
with m — v < 3. This will enable us later to prove the conjecture for numerical semigroups with
2+ é)u > m and to cover the result in [9] saying that the conjecture is true for 2v > m.

Lemma 4.5. Let the notations be as above. If m — v < 3, then S satisfies Wilf’s conjecture.

Proof. We shall assume that v > 4 (the case v < 3 is solved in [4]).

i) fm—v=1,thenm=v+12>5 @ >4). We are going to show Wilf’s conjecture holds
by using Proposition 2.3. By taking o = 1 in (3.2), we get

m—1

SR - B g — ) > (M2 L oy — ). Hence,
j=2

R

m

jv—m)+p

j=

m—1

— () )+ 3D (P | Gy —m) 4

m = m
> |2 - m) + (2R ) 4
= (=t (2 = m) = (v =) + (2 | oy — )4
m m
— 1L 3y — 2m) 4 (|22 - P oy — ) 4
= 1 = 3) 4 (| R By 2) 4
Therefore,
m—1
L B R ) (I ) LR R
i=1 m m m m m
L — 3).
m
@.2)
Sincem —-—v =1>0 = %, then by Lemma 4.3, it follows that w,,,_; > w; + w.
Consequently, by Lemma 3.2 (i), we have | “m=172 | > | Witp | g witp |,
o If |UmotP) | Witp| | Wit2 | — . Then by Lemma 3.2, we have [“f2] > 2.

By using (4.2) and m > 5, then
m—1

S L) (B G — )+ 2 20m = 3) = (= 2) + p 2 0.

Jj=1

o If [Ymo) | witp) | wite | > (), By using (4.2) and m > S, then

m m

m—1

S R Gy )t (m-3) 4 20,

o
Now the assertion results from Proposition 2.3.

ii) Ifm—ve {23} Wehavem —v > 1= @ If (2 — é)u > m, then by Corollary 4.4 S
satisfies Wilf’s conjecture. Now suppose that (2 — 1) < m. Since Wilf’s conjecture holds
for g < 3 (see [7], [5]), we may assume that ¢ > 4.

o If m — v = 2. Then (2 — é)u <v+2. Hence, v < 2(;%;) < 5. By [4], S satisfies
Wilf’s conjecture.

» If m —v = 3. Then (2 — ;)v < v+ 3. Hence, v < 3(;%7) < 4. By [4], S satisfies
Wilf’s conjecture.
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Thus Wilf’s conjecture holds if m — v < 3. |

The next Corollary covers the result of Sammartano for numerical semigroups with 2v > m ([9])
using Corollary 4.4 and Lemma 4.5.

Corollary 4.6. Let the notations be as above. If 2v > m, then S satisfies Wilf’s conjecture.

Proof. If m —v > 3 = @ and 2v > m, then by Corollary 4.4 Wilf’s conjecture holds. If
m — v < 3, then, by Lemma 4.5, S satisfies Wilf’s conjecture. ]

In the following Corollary, we will deduce Wilf’s conjecture for numerical semigroups with
m — v = 4. This will enable us later to prove the conjecture for those with (2 + %)1/ > m.

Corollary 4.7. Let the notations be as above. If m — v = 4, then S satisfies Wilf’s conjecture.

Proof. Since Wilf’s conjecture holds for v < 3 ([4]), then we may assume that v > 4. Hence,
v > m — v. Consequently, 2v > m, and S satisfies Wilf’s conjecture by Corollary 4.6. |

The following technical Lemma will be used through the paper.

Lemma 4.8. Let the notations be as above. If m — v > w —1forsome3 < a<m-—2,
then Wm—1 2 W] + W OF Wy | = Wa—2 + Wa—1.

Proof. Suppose by the way of contradiction that w,,—| < w] + we and wy,—| < We—2 + We—_1-
Let

w € Ap(S, m)*\min(Ap(S,m)), then w < w,,_; and w = w; +w, for some w;, w; €Ap(S,m
(Corollary 4.2 7). In this case, the only possible values of w are included in {w; +w;; 1 <@ < j
a—1}\{wa-2 +wa-1,Wa—1+ wa—1}. Consequently, m — v = |Ap(S, m)*\min(Ap(S, m))|
@ — 2. But O‘(‘?l) -2 < a<a271) — 1, which contradicts the hypothesis. Hence, w,,_; >
W1 + W OF Wy = Wa—2 + Wa—1.

\/

<
<

In the next theorem, we will show that Wilf’s conjecture holds for numerical semigroups with
m—v =>5.

Theorem 4.9. Let the notations be as above. If m — v = 5, then S satisfies Wilf’s conjecture.

Proof. Let m — v = 5. Since Wilf’s conjecture holds for 2v > m, then we may assume that
2v < m. This implies that v < 3 = ”;5 i.e. v < 5. Since the case v < 3 is known ([4]), then
we shall assume that v = 4. This also implies thatm = v +5 = 9.

Since m — v =5 = 23 _ 1, by Lemma 4.8, it follows that wg > w, + w3 or wg > w; + wy.

i) If wg > wy + w3. By taking o« = 3in (3.2) (m =9, v = 4), we get

8 . W w w w w
S - [ g - 9) 2 (1272) = 122 a6 - 9) = (1572) - 12522 )a).
=4

<.

(4.3)
By using (4.3), we get

STUEEE) | )y —9) +p

= m

= (L) - (PR s L) - PR (| ) - | 22 )3

8 : W,

+Z(Lw]+pJ—L L2 )45 - 9) +p

J=
> L“””J( e R [ e O I S (R
> (L2520 + L2 (G )2 D B L1255 - 125y
+p
= 2R+ ) + (1) - R )+
R (L~ R I R R
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Hence,

wg + p
9

wy + p
9

w3 + p
9

=1 =1

8 i w4
S - ML g —9) 2 | 2E2)2) 4 (|
j=1

Since ws > w, + w3, by Lemma 3.2, it follows that | “572| > [“2f2 | 4 | ¥t | — ],

o If WSR2 | — | M2fe| — | M3t | > 0, then (4.4) gives

S .
S - | - 9) + p 2 0.

o If [P — [“3F2| — | 52| = —1. By Lemma 3.2, we have p > 1. Since for
g < 3 Wilf’s conjecture is solved ([5], [7]), then may assume that ¢ > 4. Since
| %22 < [“3"2] and [“32] 4 Y52 ] = [“552| + 1 = ¢ + 1, in this case it follows

z-‘rPJ + Lwﬁ—ﬂj > sz-‘rPJ + I—ws-‘rPJ — q+1 > 5. Hence I—sz-i—pJ > 3. Now

w; + p
9

wjfl +P
9

8
(4.4) gives, > (| =1 D@Ei=9+p 232)-7+1 =0

j=1
Using Proposition 2.3, we get that S satisfies Wilf’s conjecture in this case.

i) If wg > w; + ws. We may assume that wg < wy + w3, since otherwise we are back
to case 7). Hence, the possible values of w € Ap(S,9)*\min(Ap(S,9)) are included in
{wi +w;;1 <j <T}U{ws + ws}.

« If Ap(S,9)*\min(Ap(S,9)) € {w; +w;; 1 < j <7} Then5 = m —v =
|Ap(S,9)*\min(Ap(S,9))|. By using Corollary 4.2 (i) and (ii)), it follows that there
exists at least five elements in Ap(S,9)* that are not maximal (five elements from
{wy ..., ws}), hence ¢(S) = |[{max(Ap(S5,9))}| <8 —5 =3 = v — 1. Consequently,
S satisfies Wilf’s conjecture ([4] Proposition 2.3).

o If wy4wy € Ap(S,9)*\min(Ap(S,9)), then wy+w, € Ap(S,9) namely wg > wy+w;.
By Lemma 3.2 we have [ 2] > 2[“2"2| — 1. In particular,

wy +p q+1
= < 4.5
L 9 ] < ) 4.5)

By taking « =4 1in (3.2) (m =9, v = 4), we get

8 X ,w W w.
SR - [ - 0) > (152 - (P ). “6)
j=5

Now using m = 9, v = 4, (4.5) and (4.6), we get

8 i Wy —
S - [ g - 9) 4+

9
j=1
L witp wo + p wy + p wy + p w3 + p wy + p
= (52 = RGNS - L0252 - L2 E00)
H(BEL) -2 L0 +Z [ |2 4 —9)+
wy +p 2+P w%+P wy + p wg + p wy + p
> | )+ [ (- bl LI+ L 01 - P an +p
wy + p qg+1 w4+p wy + p wg + p wg + p
> |52y () a2 () + |22 ) (22 - (P a4
= 1 - 2g+ 1)+ L“‘T”J@)HL”*T“’J — 12 +p
= 122 1= 1) 200+ D+ 230+ (12 - 1 iy
= 122 i) - 20+ 1)+ 12 @)+ (1) - 122 - 2 a4 p
= (122 1222 )0) + 2@ — 26g + 1)+ (122 ) - | 222 - | 222 )

+p.
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Therefore,
8 ; wj_
SUE R g0y
j=1
(VL) 22 gy 5) 4 | 2 ) (g 1) 4+ (152 (2 P ) 4

We have wg > wy + wy, then by Lemma 3.2 (i) [ 52| > | W52 | 4 | 2452 | — 1.

- If [958 ] — |52 ] — [®42] > 0. Letx = |42 ] — | =572 | — [*452]. Hence,
v >0and W52 | 4 [“te) — |22 | 5 — g — o (Remark 3.1 vi). Then (4.7)

gives,

8 ) W
S (D4 =9 4 2 (@—2)3)+4-2g+ 1)+ Lot p
j=1

=q+8x+2+p>0.

- If[w*‘;pJ—L“";pJ —L“"‘;pj = —1. Then Lw‘;{pJ+Lw49+pJ = ng;pﬂ-l =q+1
(Remark 3.1 vi). By Lemma 3.2, we have L“"T”J >2andp > 1. Since g > 1
(S # N), then (4.7) gives,

8

wj; + p _
> (L 9 =1

1

wi—1 +p
9

DA =9 +p>(g+1)B)+8—2(q+1)—11+1=g—1>0.

J

By Proposition 2.3, S satisfies Wilf’s conjecture in this case.

Thus, Wilf’s conjecture holds if m — v = 5. |

In the next corollary, we will deduce the conjecture for m = 9.
Corollary 4.10. If m = 9, then S satisfies Wilf’s conjecture.

Proof. By Lemma 4.5, Corollary 4.7 and Theorem 4.9, we may assume that m — v > 5, hence
v <m —5 =4. By ([4]) S satisfies Wilf’s conjecture. |

The following Lemma will enable us later to show that Wilf’s conjecture holds for numerical
semigroups with (2 + é)l/ > m.

Lemma 4.11. Let the notations be as above. If m — v = 6 and (2 + é)y > m, then S satisfies
Wilf’s conjecture.

Proof. Since m —v = 6 > @ — 1, by Lemma 4.8, it follows that w,,_; > w; 4+ w4 or

Wpp—1 2 Wy + w3.

i) If wy,—1 > w; +wy. By hypothesis (2+ %)u > m and Theorem 4.1 Wilf’s conjecture holds
in this case.

it) If wy,—1 > wy + ws. We may assume that w,,,_; < w; 4 wy, since otherwise we are back to
case 7). Hence, Ap(S, m)*\min(Ap(S,m)) = {w + wi,w; + wa, wy + w3, wy + wy, wy +
ws, w3 + w3} (@as 6 =m — v = [Ap(S, m)*\min(Ap(S, m))|).
By taking o = 3 in (3.2), we get

m—1

SRR MLy — ) > (L | 22 4y — ). Hence,
j=4
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m—1

S - [ Gy —m) +

j=1

(L = l=—Dl=m)+(l =1

B L IR P

w|+p wo + p wy + p wy +p
m m m

Dy =m0 - 2210

1By —m)

> 22 2Ry P2y iy | B B
> (20 + 122 () 2 (o) 3w — m)
e e (RO R
e B R L N (e e B L m | ER R
= RIS = m) — (o= ) — (L L
= 2L ) [Py (R ML) Ly
= MY )4 LS g (| M My )
Hence,
et
> (L) = |22 G — ) 4 2 s
R [ R (e e B R B ek
We have w,,_; > wy-+ws3, by Lemma 3.2, it follows that me;r'L+pJ S L P Y

o If (WmotFe2te Lw’+pj >0, using v > 4 in (4.8) (v < 3 is solved [4]), we
m
get

m—1

SR = R — )+ p 20
j=1

e If me71+pJ_Lw2+pJ Lw3+pJ _1. Then, Lw2+PJ+Lw3+PJ:me71+PJ+1’
t L’w2+p
m

I+l

CRay ) 4.9)
m

We have w3 + w3 € Ap(S, m)*\min(Ap(S,m)) namely w; + w3 € Ap(S,m), then
Wp—1 > w3 + w3. By Lemma 3.2, we have | == | > 2[ %2 | — 1. In particular,

1
MJ < & (4.10)
m 2

|

Since Wilf’s conjecture holds for ¢ < 3 ([5], [7]), so we may assume that ¢ > 4. Since
|42t | < | ®t2 | by (4.9) and (4.10), it follows that [“22] = |“t2| = 2fl jp

particular ¢ is odd, so we have to assume that ¢ > 5. Now using Now using (4.9),
q > 5 and the hypothesis (2 + é)y > m = v + 6 (in particular —6¢ > —qv — v) in

(4.8), we get
m—1 . Wi 14
Z(Lw]T:PJ_L ]Tln+pJ)(jV_m)+p Z(q+1)(37—6)—(3l/—6)+ﬂ
j=1
S E
% 3
(?_5)—qy—u+p
_y(%7§)+p>0

By Proposition 2.3, S satisfies Wilf’s conjecture in this case.

By the results above we get that Wilf conjecture holds for numerical semigroups satisfying (2 +
é)u > m. More precisely we have the following.
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Theorem 4.12. Let the notations be as above. If (2+ é)u > m, then S satisfies Wilf’s conjecture.

Proof. If m — v < 3, then by Lemma 4.5 Wilf’s conjecture holds.

If m — v = 4, then by Corollary 4.7 Wilf’s conjecture holds.

If m — v =5, then by Theorem 4.9 Wilf’s conjecture holds.

If m—v==6and (2+ é)u > m, then by Lemma 4.11 Wilf’s conjecture holds.

fm—-v>6= @ and (2 + é)y > m, then by Corollary 4.4 Wilf’s conjecture holds. [
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