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Abstract Let f : A −→ B be a ring homomorphism and let J be an ideal of B. In this paper,
we inverstigate the weakly coherent property that the amalgamation A ◃▹f J might inherit from
the ring A for some classes of ideals J and homomorphisms f . Our results generates original
examples which enrich the current literature with new families of examples of non-coherent
weakly coherent rings.

1 Introduction

Throughout this paper, all rings are commutative with identity element, and all modules are
unitary.

Let A and B be two rings, let J be an ideal of B and let f : A −→ B be a ring homomorphism.
In this setting, we can consider the following subring of A×B:

A ◃▹f J = {(a, f(a) + j) /a ∈ A, j ∈ J}

called the amalgamation of A and B along J with respect to f (introduced and studied by
D’Anna, Finocchiaro, and Fontana in [9, 10]). This constuction is a generalization of the amal-
gamated duplication of a ring along an ideal (introduced and studied by D’Anna and Fontana
in [11, 12, 13] and denoted by A ◃▹ I). Moreover, other classical constructions (such as the
A+XB[X], A+XB[[X]], and the D +M constructions) can be studied as particular cases of
the amalgamation ([9, Examples 2.5 and 2.6]) and other classical constructions, such as the Na-
gata’s idealizations(cf. [23, page 2]) and the CPI extensions (in the sense of Boisen and Sheldon
[6]) are strictly related to it (see [9, Example 2.7 and Remark 2.8]).

Let R be a commutative ring. For a nonnegative integer n, an R-module E is called n-
presented if there is an exact sequence of R-modules:

Fn
// Fn−1 // . . . F1 // F0 // E // 0

where each Fi is a finitely generated free R-module. In particular, 0-presented and 1-presented
R-module are respectively, finitely generated and finitely presented R-module.

A ring R is coherent if every finitely generated ideal of R is finitely presented; equivalently,
if (0 : a) and I ∩ J are finitely generated for every a ∈ R and any two finitely generated ideals
I and J of R. Examples of coherent ring are Noetherian ring, Boolean algebras, von Neumann
regular rings, and prüfer/semi-hereditary rings. For instance see [17].

In [4], Bakkari and Mahdou introduce a weakly coherent ring. A ring R is called a weakly
coherent ring if any finitely generated ideal of R contained in a finitely presented proper ideal of
R is itself finitely presented. If R is coherent, then R is naturally weakly coherent. For instance
see [4].

Given nonnegative integers n and d, a ring R is called an (n, d)-ring if every n-presented
R-module has projective dimension 6 d; and a weak (n, d)-ring if every n-presented cyclic R-
module has projective dimension 6 d (equivalently, if every (n − 1)-presented ideal of R has
projective dimension 6 d− 1). See for instance [8, 18, 19, 20, 21].
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In this paper, we characterize A ◃▹f J to be weakly coherent ring for some classes of ideals
J and homomorphisms f . Thereby, new examples are provided which particulary, enriches the
current literature with new classes of non-coherent weakly coherent rings.

2 Main result

The main result of this section (Theorem 2.5) examines the transfer of the property weakly
coherent to the amalgamated algebra. Our objective is to generate new and original examples to
enrich the current literature with new families of non-coherent weakly coherent rings.

Let f : A −→ B be a ring homomorphism, J be an ideal of B and let n be a positive integer.
Consider the function fn : An −→ Bn to defined by fn((αi)i=n

i=1 ) = (f(αi))i=n
i=1 and fn(αa) =

f(α)fn(a) for all α ∈ A and a ∈ An. Obviously, fn is a ring homomorphism and Jn is an ideal
of Bn. This allows us to define An ◃▹f

n

Jn. Moreover, let ϕ : (A ◃▹f J)n −→ An ◃▹f
n

Jn

defined by ϕ((ai, f(ai) + ji)i=n
i=1 ) = ((ai)i=n

i=1 , f
n((ai)i=n

i=1 ) + (ji)i=n
i=1 ). It is easily checked that ϕ

is a ring isomorphism, so (A ◃▹f J)n and An ◃▹f
n

Jn are isomorphic as rings.
Then, before announcing some results of amalgamated algebra along an ideal. We recall by

the following remark .

Remark 2.1. Let f : A −→ B be a ring homomorphism and M be an B-module. Then M is a
module over A, via f . Precisely, a.m = f(a)m for each a ∈ A and m ∈ M .

Proposition 2.2. Let A be a local ring with maximal ideal M , f : A → B be a ring homomor-
phism and J be a ideal proper of B such that MJ = 0 and J2 = 0. Then, A ◃▹f J is a (2, 0)-ring
provided J is a not finitely generated A-module.

Lemma 2.3. Let f : A −→ B be a ring homomorphism, and J be an ideal proper of B. Let I
and K be two ideals of A and B respectively such that K ⊆ J , and let U be an submodule of
An.

1) Assume that IJ ⊆ K. Then:
a) I ◃▹f K = {(i, f(i) + k)/i ∈ I, k ∈ K} is an ideal of A ◃▹f J .
b) If U and K are finitely generated A-modules. Then U ◃▹f

n

Kn is a finitely generated
A ◃▹f J-module.

c) If U ◃▹f
n

Kn is a finitely generated A ◃▹f J-module. Then U is a finitely generated
A-module.

2) Assume that U is a sub-module of In and IJ = 0. If U ◃▹f
n

Kn is a finitely generated
A ◃▹f J-module. Then, K is a finitely generated ideal of f(A) + J .

3) Under the same hypothesis of 2) and J2 = 0. Then, U ◃▹f
n

Kn is a finitely generated
A ◃▹f J-module if and only if U and K are finitely generated A-modules.

Proof. a ) It is clear that I ◃▹f K is an ideal of A ◃▹f J . Indeed :
• (i, f(i) + k) + (i

′
, f(i

′
) + k

′
) = (i+ i

′
, f(i+ i

′
) + k+ k

′
) ∈ I ◃▹f K for all (i, f(i) + k),

(i
′
, f(i

′
) + k

′
) ∈ I ◃▹f K.

• (a, f(a)+ j)(i, f(i)+ k) = (ai, f(ai)+ jf(i)+ kf(a)+ kj) = (ai, f(ai)+ ij+ ak+ kj)
by Remark 2.1. So, (a, f(a) + j)(i, f(i) + k) ∈ I ◃▹f K for all (a, f(a) + j) ∈ A ◃▹f J and
(i, f(i) + k) ∈ I ◃▹f K, since IJ ⊆ K.

b) Assume that U :=
∑i=n

i=1 Aui is a finitely generated A-module, where ui ∈ U for all
i ∈ {1, . . . , n} and Kn =

∑i=m
i=1 Aei, where ei ∈ Kn for all i ∈ {1, . . . ,m}. Let (x, fn(x)+k) ∈

U ◃▹f
n

Kn, where x ∈ U and k ∈ Kn, so there exists (αi)i=n
i=1 ∈ An and (βi)i=m

i=1 ∈ Am such
that x =

∑i=n
i=1 αiui and k =

∑i=m
i=1 βiei =

∑i=m
i=1 f(βi)ei by Remark 2.1. So, we obtain:
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(x, fn(x) + k) = (
i=n∑
i=1

αiui,

i=n∑
i=1

f(αi)f
n(ui) +

i=m∑
i=1

f(βi)ei)

= (
i=n∑
i=1

αiui,
i=n∑
i=1

f(αi)f
n(ui)) + (0,

i=m∑
i=1

f(βi)ei)

=
i=n∑
i=1

(αi, f(αi))(ui, f
n(ui)) +

i=m∑
i=1

(βi, f(βi))(0, ei).

Consequently, (x, fn(x) + k) ∈
∑i=n

i=1 A ◃▹f J(ui, f
n(ui)) +

∑i=m
i=1 A ◃▹f J(0, ei) since

(αi, f(αi)) ∈ A ◃▹f J for all i ∈ {1, . . . , n} and (βi, f(βi)) ∈ A ◃▹f J for all i ∈ {1, . . . ,m}.
Therefore, U ◃▹f

n

Kn ⊆
∑i=n

i=1 A ◃▹f J(ui, f
n(ui)) +

∑i=m
i=1 A ◃▹f J(0, ei). Conversely,∑i=n

i=1 A ◃▹f J(ui, f
n(ui)) +

∑i=m
i=1 A ◃▹f J(0, ei) ⊆ U ◃▹f

n

Kn since (ui, f
n(ui)) ∈ A ◃▹f J

for all i ∈ {1, . . . , n}, (0, ei) ∈ A ◃▹f J for all i ∈ {1, . . . ,m} and U ◃▹f
n

Kn is a A ◃▹f J-
module. Hence, U ◃▹f

n

Kn=
∑i=n

i=1 A ◃▹f J(ui, f
n(ui)) +

∑i=m
i=1 A ◃▹f J(0, ei) is a finitely

generated A ◃▹f J-module.
c) Let U ◃▹f

n

Kn is a finitely generated A ◃▹f J-module, i.e U ◃▹f
n

Kn =
∑i=r

i=1 A ◃▹f

J(ui, f
n(ui) + ei) where ui ∈ U and ei ∈ Kn for all i ∈ {1, . . . , r}, let x ∈ U and k ∈ Kn,

so (x, fn(x) + k) ∈ U ◃▹f
n

Kn. Then, there exists (αi, f(αi) + ji)i=r
i=1 ∈ (A ◃▹f J)r such that

(x, fn(x)+k) =
∑i=r

i=1(αi, f(αi)+ji)(ui, f
n(ui)+ei)=(

∑i=r
i=1 αiui,

∑i=r
i=1(f(αi)+ji)(fn(ui)+

ei). Therefore, x =
∑i=r

i=1 αiui, hence U is a finitely generated A-module.
2) Let k ∈ Kn. So, (0, k) ∈ U ◃▹f

n

Kn i.e there exists (βi, f(βi) + ki)i=r
i=1 ∈ (A ◃▹f J)r

such that (0, k) =
∑i=r

i=1(βi, f(βi) + ki)(ui, f
n(ui) + ei)= (

∑i=r
i=1 βiui,

∑i=r
i=1 f(βi)fn(ui) +∑i=r

i=1 f
n(ui)ki+

∑i=r
i=1(f(βi)+ki)ei. Then,

∑i=r
i=1 βiui = 0 and k =

∑i=r
i=1 f

n(ui)ki+
∑i=r

i=1(f(βi)+
ki)ei. Moreover, we have ui ∈ In for all i ∈ {1, . . . , r}, i.e ui = (λ1, . . . , λn) with the λj ∈ I
for all j ∈ {1, . . . , n}. Then:

fn(ui)ki = fn(λ1, . . . , λn)ki

= (f(λ1), . . . , f(λn))ki

= (f(λ1)ki, . . . , f(λn)ki)

= (λ1ki, . . . , λnki).

Hence fn(ui)ki = 0 for all i ∈ {1, . . . , r}, since (IJ = 0), so Kn is a finitely generated
f(A) + J-module. Therefore, K is a finitely generated ideal of f(A) + J .

3) We have,(0, k) = (
∑i=r

i=1 βiui,
∑i=r

i=1 f(βi)fr(ui) +
∑i=r

i=1 f
n(ui)ki +

∑i=r
i=1 f(βi)ei +∑i=r

i=1 kiei by 2). So, k =
∑i=r

i=1 f(βi)ei because ei ∈ Kn for all i ∈ {1, . . . , r} and J2 = 0.
Moreover, k =

∑i=r
i=1 βiei by Remark 2.1, hence Kn is a finitely generated A-module. There-

fore, K is a finitely generated A-module. On the other hand U is a finitely generated A-module
by (c). Conversely, let U and K are finitely generated A-modules. So, U ◃▹f

n

Kn is a finitely
generated A ◃▹f J-module by (b) as desired. 2

Proof of Proposition 2.2. Let E be a 2-finitely presented A ◃▹f J-module and {ei}i=n
i=1 be a

minimal generated set of E. We want to show that E is a projective A ◃▹f J-module. For this,
consider the exact sequence of A ◃▹f J-modules :

0 // Ker(U) // (A ◃▹f J)n
U // E // 0

where U((αi, f(αi) + ji)i=n
i=1 ) =

∑i=n
i=1 (αi, f(αi) + ji)ei. We prove that Ker(U) = 0. Other-

wise, there exists {mi, f
n(mi) + ki}i=r

i=1 a minimal generated set of Ker(U) where mi ∈ Mn

and ki ∈ Jn for each i ∈ {1, . . . , r}, because Ker(U) ⊆ (M ◃▹f J)(A ◃▹f J)n by [24, Lemma
4.43, p.134]. On the other hand, consider the exact sequence of A ◃▹f J-modules :
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0 // Ker(V ) // (A ◃▹f J)r
V // Ker(U) // 0

where V ((βi, f(βi) + li)i=r
i=1) =

∑i=r
i=1(βimi, (f(βi) + li)(fn(mi) + ki)) = (

∑i=r
i=1 βimi,∑i=r

i=1 f(βi)(fn(mi) + ki). But Ker(V ) ⊆ (M ◃▹f J)r, hence Ker(V ) = X ◃▹f
r

Jr, where
X = {(βi)i=r

i=1 ∈ Ar/
∑i=r

i=1 βimi = 0}. On the other hand, Ker(V ) is a finitely generated
A ◃▹f J-module, because E is a 2-presented A ◃▹f J-module, so J is a finitely generated
A-module by Lemma 2.3 (3), (since X ⊆ Mr). A contradiction because J is a not finitely
generated A-module, so Ker(U) = 0. Therefore E ∼= (A ◃▹f J)n, hence E is a projective
A ◃▹f J-module, as desired. 2

Proposition 2.4. Let A be a local ring with maximal ideal M , f : A → B be a ring homomor-
phism and J an ideal proper of B. If A ◃▹f J is a (2, 0)-ring, then there is no finitely presented
proper ideal K of A ◃▹f J .

Proof. Assume that K be a finitely presented proper ideal of A ◃▹f J . Then, K is projective
because A ◃▹f J is a weak (2,0)-ring. So, K is free, since A ◃▹f J is a local ring by [22, Lemma
2.2]. Hence, K = A ◃▹f J(a, f(a) + l) for some regular element (a, f(a) + l) of A ◃▹f J . A
contradiction, since K ⊆ M ◃▹f J and (M ◃▹f J)(0, j) = (0, 0) for each j ∈ J − {0}. 2

The main result of this paper is the following.

Theorem 2.5. Let A be a local ring with maximal ideal M , f : A → B be a ring homomorphism
and J be a ideal proper of B such that MJ = 0.

1) If J is a finitely generated A-module and A ◃▹f J weakly coherent ring, then so is A.
2) Assume that one of the following statements holds:

a) J2 = 0 and J is a not finitely generated A-module.
b) J2 = 0 and J is a finitely generated A-module and A is a weakly coherent ring.
c) A is (2, 0)-ring, M is a not finitely generated ideal of A and J ⊆ Rad(B).

Then A ◃▹f J is a weakly coherent ring.

Before proving main result, we establish the following lemmas.

Lemma 2.6. Let A be a local ring with maximal ideal M , f : A −→ B be a ring homomorphism
and let J be a proper ideal of B such that J2 = 0 and MJ = 0. Let K =

∑i=n
i=1 A ◃▹f

J(bi, f(bi) + ki) where ki ∈ J for all i ∈ {1, . . . , n} and {(bi, f(bi) + ki)}i=n
i=1 be a minimal

generated set of K and let I =
∑i=n

i=1 Abi. Then, K is a finitely presented A ◃▹f J-module if and
only if I is a finitely presented ideal of A and J is a finitely generated A-module.

Proof. We have K =
∑i=n

i=1 A ◃▹f J(bi, f(bi) + ki) and I =
∑i=n

i=1 Abi. Consider the exact
sequence of A-modules :

0 // Ker(U) // An
U // I // 0 (1)

where U is defined by U((αi)i=n
i=1 )=

∑i=n
i=1 αibi. On the other hand, consider the exact sequence

of A ◃▹f J-modules :

0 // Ker(V ) // (A ◃▹f J)n
V // K // 0 (2)

where V is defined by :

V ((βi, f(βi) + ji)
i=n
i=1 ) =

i=n∑
i=1

(βi, f(βi) + ji)(bi, f(bi) + ki)

= (
i=n∑
i=1

βibi,

i=n∑
i=1

(f(βi) + ji)(f(bi) + ki).
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So, Ker(V ) = {(βi, f(βi) + ji)i=n
i=1 ∈ (A ◃▹f J)n/

∑i=n
i=1 βibi = 0}. Indeer,

∑i=n
i=1 jiki = 0,

(since J2 = 0)
∑i=n

i=1 f(bi)ji =
∑i=n

i=1 biji by Remark 2.1, so
∑i=n

i=1 f(bi)ji = 0 because
bi ∈ I ⊆ M for all i ∈ {i, . . . , n} and MJ = 0, and since A ◃▹f J is a local ring with
maximal M ◃▹f J by [22, Lemma 2.2]. Then, Ker(V ) ⊆ (M ◃▹f J)(A ◃▹f J)n by [24, Lemma
4.43, p.134]. Therefore, Ker(V ) ⊆ (M ◃▹f J)n hence βi ∈ M for all i ∈ {1, . . . , n}. So,∑i=n

i=1 f(βi)ki = 0 and since (A ◃▹f J)n and An ◃▹f
n

Jn are isomorphic as ring. Then :

Ker(V ) = {((βi)
i=n
i=1 , f

n((βi)
i=n
i=1 ) + (ji)

i=n
i=1 ) ∈ An ◃▹f

n

Jn/(βi)
i=n
i=1 ∈ Ker(U)}

= Ker(U) ◃▹f
n

Jn.

So, Ker(V ) is a finitely generated A ◃▹f J-module if and only if Ker(U) is a finitely generated
A-module and J is a finitely generated A-module by Lemma 2.3 (3), since Ker(U) ⊆ MAn

by [24, Lemma 4.43, p.134]. And since I is finitely presented if and only if Ker(U) is finitely
generated (by a sequencese (1)) and K is finitely presented if and only if Ker(V ) is finitely
generated (by a sequencese (2)). Then, K is a finitely presented ideal of A ◃▹f J if and only if I
is a finitely presented ideal of A and J is a finitely generated A-module, as desired. 2

Lemma 2.7. Let A be a local ring with maximal ideal M , f : A −→ B be a ring homomorphism
and let J be a proper ideal of B such that MJ = 0. Let I be a proper ideal of A. Then:

1) If J is a finitely generated A-module and I is a finitely presented ideal of A. Then, I ◃▹f 0
so is of A ◃▹f J .

2) If I ◃▹f 0 is a finitely presented ideal of A ◃▹f J . Then, I so is of A.

Proof. 1) Let I =
∑i=n

i=1 αiai, where αi ∈ A and ai ∈ I for each i ∈ {1, . . . , n}. Consider
the exact sequence of A-modules :

0 // Ker(U) // An
U // I // 0 (1)

where U is defined by U((αi)i=n
i=1 )=

∑i=n
i=1 αiai. Hence, Ker(U) = {((αi)i=n

i=1 ) ∈ An/
∑i=n

i=1 αiai =
0} is a finitely generated A-module (since I is a finitely presented ideal of A). On the other hand,
I ◃▹f 0 =

∑i=n
i=1 A ◃▹f J(ai, f(ai)) by Lemma 2.3 (b). Consider the exact sequence of A ◃▹f J-

modules :

0 // Ker(V ) // (A ◃▹f J)n
V // I ◃▹f 0 // 0 (2)

where V ((βi, f(βi) + ei)i=n
i=1 ) =

∑i=n
i=1 (βi, f(βi) + ei)(ai, f(ai)). But:

Ker(V ) = {(βi, f(βi) + ei)
i=n
i=1 ∈ (A ◃▹f J)n/

i=n∑
i=1

(βi, f(βi) + ei)(ai, f(ai)) = 0}

= {(βi, f(βi) + ei)
i=n
i=1 ∈ (A ◃▹f J)n/

i=n∑
i=1

βiai = 0}

= Ker(U) ◃▹f
n

Jn.

Since ai ∈ I ⊆ M wich is finitely generated A ◃▹f J-module, because Ker(U) and J are finitely
generated A-modules. Hence, I ◃▹f 0 is a finitely presented proper ideal of A ◃▹f J .

2) Let I ◃▹f 0 =
∑i=n

i=1 A ◃▹f J(bi, f(bi)) where bi ∈ I for all i ∈ {1, . . . , n}. It is clear that
I =

∑i=n
i=1 Abi, so by the same reasoning as for 1), we can show that Ker(V ) = Ker(U) ◃▹f

n

Jn, where U and V as above. And since, I ◃▹f 0 is a finitely presented ideal of A ◃▹f J , then
Ker(V ) is a finitely generated A ◃▹f J-module. Therefore, Ker(U) is a finitely generated A-
module by Lemma 2.3 (c). Hence, I is a finitely presented ideal of A. 2
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Proof of Theorem 2.5. 1) Assume that A ◃▹f J is a weakly coherent ring and J is a finitely
generated A-module. Our aim is to show that A is weakly coherent. Let I ⊆ L be two proper
ideals of A such that I is finitely generated and L is finitely presented. Then, I ◃▹f 0 ⊆ L ◃▹f 0
are two finitely generated proper ideals of A ◃▹f J by Lemma 2.3 (b), we claim that I is a
finitely presented ideal of A. Indeed, L is a finitely presented ideal of A and J is a finitely gen-
erated A-module, so L ◃▹f 0 is a finitely presented ideal of A ◃▹f J by Lemma 2.7 (1) and so
I ◃▹f 0 ⊆ L ◃▹f 0 is a finitely presented ideal of A ◃▹f J since A ◃▹f J is a weakly coherent
ring. Therefore I is a finitely presented ideal of A by Lemma 2.7 (2) and this shows that A is a
weakly coherent ring.

2) a) Assume that J is a not finitely generated A-module and J2 = 0. Then, A ◃▹f J is
(2, 0)-ring by Proposition 2.2. So, it is weakly coherent by Proposition 2.4.

b) Assume that J is an A/M -vector space with finite rank, J2 = 0 and A weakly coherent.
Our aim is to show that A ◃▹f J is weakly coherent. Let I =

∑i=n
i=1 A ◃▹f J(ai, f(ai) + ei) ⊆

L =
∑i=m

j=1 A ◃▹f J(bj , f(bj) + kj) be two proper ideals of A ◃▹f J such that n,m are positive
integers ai, bj ∈ A and ei, kj ∈ J for each i, j and L is finitely presented, we which to show that
I is finitely presented. Two cases are then possible :
Case 1: bj = 0 for all j ∈ {1, . . . ,m}.
In this case, ai = 0 for all i ∈ {1, . . . , n}, I = 0 ◃▹f E1 and L = 0 ◃▹f E2 for some A/M -
vector subspace E1 and E2 of J . Assume that {ei}i=n

i=1 and {kj}j=m
j=1 are respectively basis of the

(A/M)-vector subspace E1 and E2 of J . Consider the exact sequence of A ◃▹f J-modules :

0 // Ker(U) // (A ◃▹f J)m
U // L := 0 ◃▹f E2 // 0

Where

U((cj , f(cj) + gj)
j=m
j=1 ) =

j=m∑
j=1

(cj , f(cj) + gj)(0, kj)

=
j=m∑
j=1

f(cj)kj =
j=m∑
j=1

cjkj

=
j=m∑
j=1

cjkj

since E2 is a A/M -vector space. Hence, Ker(U) = {(cj , f(cj) + gj)
j=m
j=1 ∈ (A ◃▹f

J)m/

j=m∑
j=1

cjkj = 0} = {((cj)j=m
j=1 , fm((cj)

j=m
j=1 ) + (gj)

j=m
j=1 ) ∈ Am ◃▹f

m

Jm/cj ∈ M}, since

{kj}j=m
j=1 is a basis of the A/M -vector space E2. Then, Ker(U) = Mm ◃▹f

m

Jm, so M is a
finitely generated ideal of A (since L is a finitely presented ideal of A ◃▹f J). Therefore, the
exact sequence of A ◃▹f J-modules :

0 // Ker(V ) // (A ◃▹f J)n
V // I := 0 ◃▹f E1 // 0 .

Where, V ((ci, f(ci) + gi)i=n
i=1 ) =

∑n
i=1(ci, f(ci) + gi)(0, ei)=

∑n
i=1 ciei shows that I is a finitely

presented ideal of A ◃▹f J (since Mn ◃▹f
n

Jn is a finitely generated A ◃▹f J-module) by lemma
2.3 (b), as desired.

Case 2: bj ̸= 0 for some j = 1, . . . ,m.
We may assume that {ai, f(ai) + ei}i=n

i=1 and {bj , f(bj) + kj}j=m
j=1 are minimal generating sets

respectively of I and L. Let I0 =
∑i=n

i=1 Aai and L0 =
∑j=m

j=1 Abj , we have L is a finitely pre-
sented ideal of A ◃▹f J , so L0 is a finitely presented ideal of A by Lemma 2.6. Hence I0 ⊆ L0
is a finitely presented ideal of A since A is a weakly coherent ring. Therefore, I is a finitely
presented ideal of A ◃▹f J by Lemma 2.6.
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c) Assume that A is (2, 0)-ring, M is a not finitely generated ideal of A and J ⊆ Rad(B).
Then, A ◃▹f J is a (2, 0)-ring by [1, Theorem 2.2 (2)(a)] . So, A ◃▹f J is weakly coherent by
Proposition 2.4. This completes the proof of main result. 2

The following Corollaries are an immediate consequence of Theorem 2.1.

Corollary 2.8. Let A be a local ring with maximal ideal M and I and J be two proper ideals
of A and let B = A/I and f : A −→ B be the canonical homomorphism (f(x) = x). Assume
that MJ = 0. Then, A ◃▹f J is a weakly coherent ring if and only if one of the following two
properties holds:

1) J is a not finitely generated A-module.
2) J is a finitely generated A-module and A is a weakly coherent ring.

The next Corollary examines the case of the amalgamated duplication.

Corollary 2.9. Let A be a local ring with maximal ideal M and let I be a ideal of A, such that
MI = 0.

1) If I is a finitely generated ideal of A and A ◃▹ I weakly coherent ring, then so is A.
2) Assume that one of the following statements holds:

a) I is a not finitely generated ideal of A.
b) I is a finitely generated ideal of A and A is a weakly coherent ring.
c) A is (2, 0)-ring, M is a not finitely generated ideal of A.

Then A ◃▹ I is a weakly coherent ring.

Now, we give examples of non-coherent weakly coherent ring.

Example 2.10. Let A be a local ring with maximal ideal M and E be a A/M -vector space with
infinite rank. Let B = A ∝ E and J = 0 ∝ E. Consider the ring homomorphism f : A −→ B
(f(a) = (a, 0)). Then:

1) A ◃▹f J is a weakly coherent ring.
2) A ◃▹f J is not a coherent ring.

Proof. 1) By Theorem 2.5 (2)(a).
2) Assume that A ◃▹f J is coherent. But, A ◃▹f J is a (2, 0)-ring by Proposition 2.2. Hence,

A ◃▹f J is a (1, 0)-ring by [8, Theorem 2.4]. So, it is (1, 2)-ring. A contradiction by [1, Theorem
2.2 (1)]. Hence, A ◃▹f J is not coherent. 2

Example 2.11. Let R = ZZ/4ZZ, m = 2ZZ/4ZZ and E be an R/m-vector space with infinite
rank. Let A = R ∝ E, M = m ∝ E, B = A/M2 and J = M/M2. We consider the canonical
ring homomorphism f : A −→ B (f(x) = x). Then:

1) A ◃▹f J is a weakly coherent ring .
2) A ◃▹f J is not a coherent ring.

Proof. 1) By Theorem 2.5 (2)(a).
2) If A ◃▹f J is a coherent ring, then so is A, because A a retract of A ◃▹f J , by [17, Theorem

4.1.5]. A contradiction by [19, Theorem 2.6 (2)] since E is not finite rank . 2

Example 2.12. Let R = ZZ/8ZZ, m = 2ZZ/8ZZ and E be an R/m-vector space with infinite rank
and let A = R ∝ E, M = m ∝ E, I = 0 ∝ E and J = 4ZZ/8ZZ ∝ E. Let B = A/I and
f : A −→ B be the canonical homomorphism (f(x) = x). Then :

1) A ◃▹f J is a weakly coherent ring .
2) A ◃▹f J is not a coherent ring.

Proof. 1) By Corollary 2.8 (1).
2) If A ◃▹f J is a coherent ring, then so is A, because A a retract of A ◃▹f J , by [17, Theorem

4.1.5]. A contradiction by [19, Theorem 2.6 (2)] since E is not finite rank. 2



424 HAITHAM EL ALAOUI AND HAKIMA MOUANIS

References
[1] K. I. Alaoui and N. Mahdou, On (n, d)-property in amalgamated algebra, Asian-European Journal of

Mathematics Vol. 9, No. 1 (2016) 1650014 (13 pages).

[2] D.D. Anderson; Commutative rings, in: Jim Brewer, Sarah Glaz, William Heinzer, Bruce Olberding
(Eds.), Multiplicative Ideal Theory in Commutative Algebra: A tribute to the work of Robert Gilmer,
Springer, New York, (2006), pp. 1-20.

[3] M. F. Atiyah, ; I. G. Macdonald; Introduction to commutative algebra, Addison-Wesley Publishing Co.,
Reading, Mass.-London-Don Mills, 1969.

[4] C. Bakkari and N. Mahdou; On weakly coherent rings, Rocky Mountain Journal of Mathematics, Volume
44, Number 3 (2014), 743–752.

[5] V. Barucci, D. F. Anderson and D. E. Dobbs; Coherent Mori domaine and the principal ideal theorem,
Comm. Algebra 15 (1987), no. 6, 1119-1156.

[6] M. B. Boisen and P. B Sheldon, CPI-extension: over rings of integral domains with special prime spec-
trum, Canal. J. Math. 29(1977), 722-737.

[7] N. Bourbaki; Commutative algebra, Chapitre 1-7, Springer, Berlin, 1998.

[8] D. Costa, Parameterizing families of non-Noetherian rings, Comm. Algebra 22 (1994), no. 10, 3997-4011.

[9] M. D’Anna, C. A. Finocchiaro, and M. Fontana; Amalgamated algebras along an ideal, Comm Algebra
and Aplications, Proceedings of the Fifth International Fez Conference on Commutative Algebra and
Application, Fez, Morocco, 2008, Walter De Gruyter Publisher, Berlin(2009), 155-172.

[10] M. D’Anna, C. A. Finocchiaro, and M. Fontana; Properties of chains of prime ideals in amalgamated
algebras along an ideal, J. Pure Appl. Algebra 214 (2010), 1633-1641

[11] M. D’Anna; A construction of Gorenstein rings; J. Algebra 306(2) (2006), 507-519.

[12] M. D’Anna and M. Fontana; The amalgamated duplication of a ring along a multiplicative-canonical
ideal, Ark. Mat. 45(2) (2007), 241-252.

[13] M. D’Anna and M. Fontana, An amalgamated duplication of a ring along an ideal: the basic properties,
Journal of Algebra and its Applications, 6(3) (2007), 443-459.

[14] D.E. Dobbs and I. Papick, When is D+M coherent, proc. Amer. Math. Soc. 56(1976) 51-54.

[15] D. E. Dobbs, S. Kabbaj and N. Mahdou, n-coherent rings and modules. Commutative ring theory (FÃl’s,
1995), 269-281, Lecture Notes in Pure and Appl. Math, 185, Dekker, New York, 1997.

[16] R. Gilmer, Multiplicative ideal theory, Pure and Applied Mathematics, no. 12. Marcel Dekker, Inc. New
York, 1972.

[17] S. Glaz, Commutative Coherent rings, Lecture Notes in Mathematics, 1371, Springer-Verlag, Berlin,
1989.

[18] S. Kabbaj and N. Mahdou, Trivial extensions of local rings and a conjecture of costa, Lecture Notes in
Pure and Appl. Math. Dekker, 231 (2003), 301-311.

[19] S. Kabbaj and N. Mahdou, Trivial extensions defined by coherent-like conditions, Comm. Algebra
32(10)(2004), 3937-3953.

[20] N. Mahdou, On 2-von Neumann regular rings, Comm. Algebra 33 (10) (2005), 3489-3496.

[21] N. Mahdou, On Costa’s conjecture, Comm. Algebra 29(2001), no. 7, 2775-2785.

[22] N. Mahdou and M.A.S. Moutui, Amalgamated algebras along an ideal defined by Gaussian condition,
Journal of Taibah University for Science 9 (2015), 373-379.

[23] M. Nagata, Local Rings, Interscience, New York, 1962.

[24] J. J. Rotman, An Introduction to Homological Algebra, Academic Press, New York, 1979.

Author information
HAITHAM EL ALAOUI AND HAKIMA MOUANIS, Sidi Mohamed Ben Abdellah University, Faculty of
Sciences Dhar Al Mahraz, Laboratory of Geometric and Arithmetic Algebra, Fez, Morocco..
E-mail: hmouanis@yahoo.fr

Received: April 12, 2017.

Accepted: July 17, 2017.


