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Abstract. In the present investigation, we introduce certain subclasses of the function class
¥ of bi-univalent functions defined in the open unit disk U, which are associated with the Hohlov
operator. Also we obtain estimates on the initial coefficients |a,| and |as| for the functions in
these subclasses and pointed out several consequences of these results.

1 Introduction

Let A denote the class of all normalized analytic functions f(z) of the form:
f2) =24 ap (1.1)
k=2

defined in the open unit disk U = {z : z € C, |z| < 1}, where C being the set of complex num-
bers. Further, the subclass of 4 consisting of all functions which are also univalent in U is
denoted by S (for details, see [4]).

Due to the well known Koebe one quarter theorem (see [4]) it is clear that every function
f € S has an inverse f —1 defined by:

) =2 (z€0)
and
F ) =u (lul <) min) = ).
In fact, some computations using (1.1) gives:
F N w) = w — apw? + (243 — a3)w® — (543 — Sazaz + ag)w* + - - - . (1.2)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U. Let the
class of all bi-univalent functions f in U given by (1.1) is denoted by X.

If the functions ¢ and ¢ are analytic in U, then ¢ is said to be subordinate to 1, written as
#(z) < (=), z € U if there exists a Schwarz function w(z), analytic in U, with w(0) = 0 and
lw(z)] < 1, such that ¢(z) = ¥(w(z)), z € U.

For the functions f,g € A, where f(z) is given by (1.1) and g(z) = z + Y b2", the

k=2

Hadamard product or convolution is denoted by f * ¢ and is defined by:

(f*9)(2) =2+ axbiz" (1.3)
k=2
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and the Gaussian hypergeometric function ,Fj(a, b, ¢; z) for the complex parameters a, b and ¢
with ¢ #0,—1,-2, -3, - -, is defined by:

a)r(b) 2"
Fi(abez) =Y z/cf)(k)k 2

o . (1.4)
(@1 (D)1 2
=1+ z € U),
2 "0 o eV
where (1)) denotes the Pochhammer symbol (the shifted factorial) defined by:
I'(l+k) 1, if k=0,leC\{0}
D= —5+—= , (1.5)
(1) W+nHl+2)---(I+k-1), ifk=1273,---.

Hohlov [8, 9] introduced a convolution operator Z, ;.. by using the Gaussian hypergeometric
function , Fi (a, b, ¢; z) given by (1.4) as follows:

Ia,b;cf(z) = ZZFI (a, ba C;Z) * f(Z)

© (1.6)
—z+2ykakz , (€0,
k=2
where
(a)k—1(b)g—

(1.7)

Observe that, if b = 1 in (1.6), then the Hohlov operator Z,, ;.. reduces to the Carlson-Shaffer op-
erator. Also it can be easily seen that the Hohlov operator is a generalization of the Ruscheweyh
derivative operator and the Bernardi-Libera-Livingston operator.

For functions in the class ¥, Lewin [10] proved that |a;| < 1.51, Brannan and Clunie [2]
conjectured that |ay| < v/2 and Netanyahu [12] proved that maz sex|as| = 4/3. However the
coefficient estimate problem for each |a,,|, (n = 3,4, ---) is still an open problem. Brannan and
Taha [3] (see also [22]) introduced certain subclasses of the bi-univalent function class X such as
S5 [a] where 0 < o < 1, the class of strongly bi-starlike functions of order « and S5 (3) where
0 < B < 1, the class of bi-starlike functions of order .

Following Brannan and Taha [3], Srivastava et al. [20] and many other researchers (viz.
[5,7,10, 11,13, 14, 16, 17, 18, 19, 20, 21, 23, 24, 25] etc.) have investigated several subclasses
of the bi-univalent function class ¥ and found the estimate on the initial coefficients |a;| and |as|.
The purpose of the present investigation is to introduce certain subclasses of the function class X,
which are associated with the Hohlov operator and to find the estimate on the initial coefficients
|az| and |a3]| for functions in these subclasses.

Let ¢ be an analytic function with positive real part in U such that ¢(0) = 1, ¢ (0) > 0 and
¢(U) is symmetric with respect to the real axis. Hence we have,

¢(2) =14+ Biz+ B> + B3z +---, (B >0). (1.8)
In order to prove our main results, we shall need the following Lemma .
Lemma 1.1. (see [4], [6], [15]) If h(z) € P, the class of functions analytic in U with
R(h(z)) >0,
then |c,| < 2 for each n € N, where

h(2)21+01z+czz2+03z3+--~ , (z€0). (1.9)
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2 Coefficient Estimates for the Function Class J2"°(a, ¢)

Definition 2.1. A function f(z) € X given by (1.1) is said to be in the class jf’bgc(a, @) if the
following conditions are satisfied:

=

2 (Zapie f(2)) _Ia,b:Cf(Z):|a
Ia,b;cf(z) L z

< ¢(2)

and

W (Zapseg(w)) 'za,b;cg<w>}

Ia,b;cg(w) h ¢(w)

where z,w € U, a > 0 and the functions g = f~! and ¢ are given by (1.2) and (1.8) respectively.

Theorem 2.2. Let f(z) € X given by (1.1) be in the class J3""(a, ¢). Then,

ol < min] B 2(Bi + B, - Bi])
- (a+ Dy’ \ (a+2) 243 + (= 1)y3|’

2.1)
B\2B, }
\/y(a +2)2y5 + (@ — g2 B2 +2(a + 1)242(B) — By)|
and
. B Bl2 2(B1 ‘|‘|B2—Bl‘)
las] < m“{ @2 (ot 22 (0t 2) 23+ (o 1>y§\} @2

Proof. Since f € J&"(a, ¢), there exist two analytic functions u,v : U — U, with u(0) =
v(0) = 0, such that:

=

2 (Zapief(2)) [Ia,b;cf(z)
Zapef(2) z

r = o(u(2)) 23)

and

w (I‘l,b;cg(w)) Ia,b;cg(w) o — blvlw
Ia,b;cg(w) [ w :| _d)( ( )) 2.4

where z, w € U. Define the functions s and ¢ as:

_ tu(z) 2 3
s(z)—m—l—i—clz—i—czz +e3z 4
and
t(w):Lv(w):1+d1w+d2w2+d3w3—0—~-‘
1 —v(w)

Clearly s and ¢ are analytic in U and s(0) = ¢(0) = 1. Since u,v : U — U, the functions s and ¢
have positive real part in U. Hence by Lemma 1.1,

len] <2, |dn] <2, (neN). (2.5)
Solving for u(z) and v(w) , we get:

u(z)_;[clz+(@—cj)zz+-~}, (z € U)

and
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Using these expansions in (1.8), we obtain:

1 1 c 1
o(u(z)) =1+ 531612 + {231 (02 - 21> + 4320%] 24 (2.6)
and
1 1 a2 1 5] »
(ZS(”U(H))) =1+ *Bldl’w + *Bl d2 - — |+ *Bzdl WA (27)
2 2 2 4
Expanding the LHS of (2.3) and (2.4) and then equating the coefficients of z, 22, w, w?; we get:
B
(o + Dyoaz = =5, 2.8)
1 201 ot 1, 2
(a+2)yzaz + E(oz — 1) (a+2)y5a5 = 531 2= + ZBzcl, (2.9
Bid
—(or+ Dypar = =5+, (2.10)
2 1 2o 1 di |
(a+2)y3(2a5 — a3) + E(a — )(a+2)ysa; = EBI dy — > + ZBzdl. (2.11)
From (2.8) and (2.10), we get:
¢ = —d; (2.12)
and
8(a+ 1)%y3a% = B} (3 + d2). (2.13)
Adding (2.9) and (2.11), we obtain:
4(a+2) 2ys + (a — 1)y3] a3 = 2Bi(c2 + do) + (B2 — By)(c} + d}). (2.14)
This on using (2.13) gives:
B} d
& = (2 + o) 2.15)

2(a+2)2ys + (a — 1)y3]B? + 4(a + 1)2y3(B) — By)’

Clearly (2.13), (2.14) and (2.15) in light of (2.5) gives us the desired estimate on |a,| as asserted
in (2.1).

Next, to find the estimate on |as|, subtracting (2.11) from (2.9), we get:

2B —d B,— B 2 _ 2
2(a+2)ys [a3 —a3] = o —b) (5= B) (4 1)7

4
which on using (2.12), gives:
Bi(c; — dp)
2 1(c2 — a2
= _—ar = 2.16
as ap 4(04 + 2)y3 ( )
Using (2.13) in (2.16), we get:
_ Bl +di) | Bi(e—d) 2.17)

8(a+1)2y:  4(a+2)ys’

Similarly, using (2.14) in (2.16), we get:

_ 231(62+d2)+(BQ—Bl)(C%-Fd%) Bl(CQ—dg)

T 40+ 2) 2y + (a - )] (o + Do

o [2B1(Cz + d2) + (Bz — Bl)(C% + d%)] Y3 + B](Cg — dz) [2y3 + (OL — l)yg]

4o+ 2)ys [2u3 + (a — 1)y]

asz =
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Which, on separating the coefficients of ¢, and d;, gives:

[y + (a = Dyd)er — (a — Dydda] By + y3(c} + d3)(Br — By)
az = - . (2.18)
4o+ 2)ys [2y3 + (a — 1)y3]

Clearly (2.17) and (2.18) in light of (2.5) gives us the desired estimate on a3 as asserted in (2.2).
This completes the proof of Theorem 2.2. O

Taking a = c and b = 1 in Theorem 2.2, we get the class 7, (), (o > 0) (generalized class
is J4(¢) which is associated with quasi-subordination, defined and studied by Goyal et al. [7]).
Hence we have the following Corollary.

Corollary 2.3. Let f(z) € X given by (1.1) be in the class Jo(¢). Then,

|a2| < min{ Bi \/Z(Bl + |B2 — B D
- (a+1)’ (a+1)(a+2)

B|V2B, }
0@+ 1)](a+2)B} +2(a+ 1)(Bi - B

and

. By B% 2(B1 + |32 — B]|)
“3|5m”’{ @+2) @t (at)(at2) }

Putting @ = 0 in Corollary 2.3, we get the class S5 (1;¢) (a branch of the class S5 (v; ¢)
whose generalization is the class Sy (), ~; ¢) defined and studied by Erhan Deniz [5]) or the class
S5 (¢) defined and studied by Brannan and Taha [3]. Also, see Corollary 2.4 given by Tang et al.
[23]. Hence we have the following Corollary.

Corollary 2.4. Let f(z) € X given by (1.1) be in the class S5 (¢). Then,

ByvB
|a2|<mm{31, B\ + |By — B, B }

57+ 51— B
and

B
laz| < min{ 71 + B}, By + |B; —B1|}.

Putting o = 1 in Corollary 2.3, we get the class H,(¢) defined and studied by Ali et al [1].
Similarly, we get the class (1,0, ¢) (whose generalization is the class X(r,~, ¢), defined and
studied by Srivastava and Bansal [16]). Also, see Corollary 2.2 given by Tang et al. [23]. Hence
we have the following Corollary as an improvement in Theorem 2.1 given by Ali et al. [1].

Corollary 2.5. Let f(z) € X given by (1.1) be in the class H,(¢). Then,

. | Bi |Bi+|B,— By Bi1v B
laz| < min EX 3 ,
V3B +4(B1 - By)

B B> B B, —B
|a3<min{3l+41,l+| 2 1|}

and

3
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3 Coefficient Estimates for the Function Class IC%%¢(3, v, ¢)

Definition 3.1. A function f(z) € X given by (1.1) is said to be in the class ICg’b;c(ﬂ, v, ¢) if the
following conditions are satisfied:

1+%|:(Ia,b;cf( )) +ﬁz( abpf( )) ,1] <¢(Z)
and | )
1+ ; [(Ia,b;cg( )) + Bw( o bcg( )) _ ]:| = (b(w)

where z,w € U,0 < 8 < 1,7 € C\ {0} and the functions g = f~! and ¢ are given by (1.2) and
(1.8) respectively.

Theorem 3.2. Let f(z) € X given by (1.1) be in the class Kg’b;c(ﬁ, v, ¢). Then,

la| < min |7|B] 17( B1 + | By — By])
1+2ﬁ U3

3.1

|v|Biv/Bi }

VI39(1+28)5B7 +4(1 + 8)23(B) — Bo)|
and

, 17| B1 vB}  |(Bi+|B,— Bi|)
asz| < min + , 3.2
ol = {3<1 +28)ys AT BPR 301+ 20)ws G2

Proof. Since f € Kg"(8,7, ¢), there exist two analytic functions u,v : U — U, with u(0) =
v(0) = 0, such that:

Ut (ol (2)) B2 Tae () = 1] = S(ul) (33)

and

1 +% [(Ia,b;cg< )) +Bw( abcg( )) - 1} = ¢(U(w))7 (3.4)

where z, w € U. Define the functions s and ¢ as in Theorem 2.2 and then proceed similarly up to
2.7.
Expanding the LHS of (3.3) and (3.4), we obtain:

1+% (Tanef (2)) + B2 (Taef(2)) 1]

! 3.5
=14 —[2(1+ B)yrazz + 3(1 + 2B)yza3z* + -+ -]

=2

and

U+ 2 (oo (w) + B Tapeg(w)) 1]
| K (3.6)
=142 [-2(1+ B)paazw + 3(1 +28)43(205 — a2)2” + -]

Now, using (2.6), (2.7), (3.5), (3.6) in (3.3) and (3.4) and then equating the coefficients of z, 2,

w, w?; we get:

vBic
2 9

2(14 B)yay = (3.7)

2

1 1
3(1+28)yza3 = [231 (02 - ‘;) + 43201] (3.8)
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Byd
—2(1+ B)ypay = L 5 (3.9)
2 1 a1, 5
3(1 + Zﬂ)y3(2a2 — a3) =7 EB] dy — 3 + ZBZd] . (3.10)
From (3.7) and (3.9), we get:
c1 = —d, (3.11)
and
32(1 + B)*y3a3 = v’ Bi(c + di). (3.12)
Adding (3.8) and (3.10), we obtain:
24(1 +28)y3a3 = v [2Bi(c2 + da) + (B2 — By)(cf + df)] . (3.13)
Also, using (3.12) in (3.13), we get:
2B3 d
= 7 Bile: +dp) (3.14)

Clearly (3.12), (3.13) and (3.14) in light of (2.5) gives us the desired estimate on |a;| as asserted
in (3.1).

Next, to find the estimate on |as|, subtracting (3.10) from (3.8) and then using (3.11), we get:

731 (c2 —dy)
w=a+ — = 3.15
PTET (2B G4
Using (3.12) in (3.15), we get:
B2+ d2 Bi(c; — d
0 = L514 . ), 1Bl —d) (3.16)
32(1 + B)%y; 12(1 +28)y3
Similarly, using (3.13) in (3.15), we get:
L _ 1 [2Bile+d) + (B Bi)(ct + )] | yBi(cr — do)
’ 24(1+28)ys 12(1 +28)y3”
Which, on simplification, yields:
4¢,B B, — By) (¢ + &3
oy = 2Bt (B = Bu(er + di)] (3.17)

24(1 4 28)ys
Clearly (3.16) and (3.17) in light of (2.5) gives us the desired estimate on |as| as asserted in (3.2).
This completes the proof of Theorem 3.2. O

Taking a = c and b = 1 in Theorem 3.2, we get the class X(v, 3,¢),0 < 8 < 1,7 € C\ {0}
defined and studied by Srivastava and Bansal [16]. Hence we get the following Corollary as an
improvement in Theorem 1 given by Srivastava and Bansal [16].

Corollary 3.3. Let f(z) € X given by (1.1) be in the class X(v, 8, ¢). Then,

laa] < min W|Bl I71( B] +|By — By|)
2= 3(1+28)

| Biv/Br }
VIBv(1+28)B7 +4(1+ 5)2(B) - By)|

and

laz| < min B + v?B}  |v|(By +|B, — By|)
- 3(1+28)  4(1+p8)2  3(1+28)
Putting v = 1 and 8 = 0 in Corollary 3.3, we get the class £(1,0,¢) = H,(¢) defined

and studied by Ali et al [1]. Also, see Corollary 2.2 given by Tang et al. [23]. Hence we have
Corollary 2.5 as an improvement in the Theorem 2.1 given by Ali et al. [1].
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4 Coefficient Estimates for the Function Class SZ%()\, v, ¢)

Definition 4.1. A function f(z) € X given by (1.1) is said to be in the class Sy’ b “(\, 7, ¢) if the
following conditions are satisfied:

2 (Lopef(2)) + A2 (Tupef(2)) _J]<M@
Az (Ia,b;Cf(Z)) (1 =X) (Zapef(2))

1
1+ =

and

"

0 (Tapeeg () + M (Lo e (w)) —ﬁ<¢w>
X (L g () + (1= 2) (Za e (w))

where z,w € U,0 < A < 1,7 € C\ {0} and the functions g = f~! and ¢ are given by (1.2) and
(1.8) respectively.

Theorem 4.2. Let f(z) € X given by (1.1) be in the class Sg’b;c(A, v, ). Then,

!

las| < min 17| B [v|(By + | B2 — By)
(LX) 201+ 20 )ys — (1 +2)%y3
(@.1)
V| B1v/ B }
\/\ 21 + 20 )ys — (1 4+ A\)292] 7 B2 + (1 + A3 (B) — By)|
and
, 17| B v?B} V|(B1 + | B> — Bil)

< 42
a5 —mm{zu 205 (L+ A28 20+ 20y — (1 + A2 “2

Proof. Since Sg"(\,~, ¢), there exist two analytic functions u, v : U — U, with u(0) = v(0) =
0, such that:

] 2@anef () 202 Tonef )] _ s 25
Az (Ia,b;cf(z))/ + (1 - /\) (Ia,b;cf(z» i ¢( ( )) ( . )
and " -
1| w(Zapeg(w )) + Aw? (Zy preg(w))
— — = ¢(v(w)), 4.4)
)‘w( abcg( )) +(1_)‘)(Ia,b;cg( )) ¢( ( >)

where z, w € U. Define the functions s and ¢ as in Theorem 2.2 and then proceed similarly up to
2.7).
Expanding the LHS of (4.3) and (4.4), we obtain:

2 (Lopef(2)) + A2 (Tupef () _4
Az (Ia,b;Cf(Z)) (1 =X) (Zapief(2))

1
:1+; [(1+ N)ypaoz + [2(1 + 2\)ysas — (1 + A)?y3a3]? + -]

1

4.5)

and

0 (T g () + w? (Tupeo(w))” _4
Aw (Ia,b;cg(w)) + (1 - >‘) (Ia,b;cg( )) (46)

:1—1—%[—(1+)\)y2a2w+[2(1+2)\)y3(2a%—a3)—(1+)\)2 23w 4 --].

!
S

Now, using (2.6), (2.7), (4.5), (4.6) in (4.3) and (4.4) and then equating the coefficients of z, 2,
w, w?; we get:
vBic

(1 + Nyaar = 5

4.7
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1 2 1
[2(1 +2N)y3a3 — (1 + N)y3a3] = v {231 <02 — 021> + 4Bzc%] , (4.8)
Bid
—(1+ Nyaar = 1 21 -, 4.9)
2 2,2 2 1 di 1 2
[2(1 + 2)\>y3(2a2 — a3) - (1 + )\) yzaz] =7 EBI d2 - 7 + ZBzdl . (410)
From (4.7) and (4.9), we get:
Cl = —d1 (4.11)
and
8(1 +\)y3a3 = ¥*B (3 + d3) = 24*A B} (4.12)
Adding (4.8) and (4.10), we obtain:
1
201+ 20)ys = (1 + 2)*y3] a3 = 37 [Bi(e2 + da) + (B2 = Br)et] . (4.13)
Which, on using (4.12), yields:
’p3 d
o= v Biler +do) (4.14)

412(14+20)ys — (1 4+ A)%y3] vBf +4(1 + X)2y3(B1 — Ba)

Clearly (4.12), (4.13) and (4.14) in light of (2.5) gives us the desired estimate on |a,| as asserted
in (4.1).

Next, to find the estimate on |a3|, subtracting (4.10) from (4.8) and then using (4.11), we get:

2, YBi(ca —dy)
= _—— = 4.1
TR+ 20y (4.15)
Using (4.12) in (4.15), we get:

V1Bt YBi(c2 — da)
41+ )\)zy% 8(1+2N)y;

a; = (4.16)

Similarly, using (4.13) in (4.15), we get:

o VBl d) + (B = Bi)et] | yBi(c2 — do)
AR+ 2y — (T+ 022 8(T 2Ny

Which, on simplification, yields:
_ B [e2 (4(1+20)ys — (1 +X)*93) + da ((1 4+ A)*y3)] N
8(1+2N)y3 [2(1 +2N)ys — (1 + /\)2y§]

V¢i (B2 — Bi)
4 [2(1 +2N)ys — (1 + /\)zyg] '

a3
(4.17)

Clearly (4.16) and (4.17) in light of (2.5) gives us the desired estimate on |a3| as asserted in (4.2).
This completes the proof of Theorem 4.2. O

Taking @ = c and b = 1 in Theorem 4.2, we get the class Sy(\,7;¢), 0 < A < 1,y €
C \ {0} defined and studied by Erhan Deniz [5]. Hence we get the following Corollary as an
improvement in Theorem 2.1 given by Erhan Deniz [5].



496 Amol B. Patil and Uday H. Naik

Corollary 4.3. Let f(z) € X given by (1.1) be in the class Ss(\,v; ¢). Then,

las| < min 17| B |v|(B1 + | B> — By])
= 1+ [12r— a2

1B VBr }
\/H(l +2X = M)BF + (1 4+ X)(Bi — By)|

and

B VB (Bi+ B, — Bil)
<
|a3|—mm{2(1—|—2)\)+(1+)\)2’ I+2)r— N2

Observe that for A = 0 and v = 1, we have the class Sz (0, 1; ¢) = S5 (1; ¢) and the Corollary
4.3 reduces to the Corollary 2.4. Also for A = 1 and v = 1 we have the class Sg(1,1;¢) =
Cs(1; ¢) and the Corollary 4.3 reduces to the following Corollary.

Corollary 4.4. (see [5]) Let f(z) € X given by (1.1) be in the class Cs(1; ¢). Then,
. | Bi |Bi+|B:— Bi] B1vB
laz| < min EX 3 )
\/2\B’f‘+2(31 ~ B,)|

_|By , B} Bi+|B,—B
|a3|§mm{61+41,1|221|}.

and
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