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Abstract In this paper, several inequalities of Hermite-Hadamard type for functions convex

on the co-ordinates are given. Obtained results in this work are the generalization of the some
Hermite-Hadamard type inequalities for co-ordinated convex functions.

1 Introduction

Let f : I C R — R be convex function defined on the interval I of real numbers and a,b € I,
with ¢ < b. Then the following double inequality is known in the literature as the Hermite-
Hadamard’s inequality for convex functions:

Let us consider a bidimensional interval A =: [a,b] x [c,d] in R? witha < band ¢ < d. A
function f : A C R? — R is said to be convex on A if for all (x,y), (z,w) € Aand t € [0, 1], it
satisfies the following inequality:

flx+ (1 —=1t) z,ty + (1 —t) w) <t fz,y) + (1 =1) f(z,w).

A modification for convex function on A was defined by Dragomir [6], as follows:

A function f : A — R is said to be convex on the co-ordinates on A if the partial mappings
fy i la,b] = R, fy(u) = f(u,y) and f, : [¢,d] = R, fz(v) = f(z,v) are convex where defined
forall z € [a,b] and y € [c, d].

A formal definition for co-ordinated convex function may be stated as follows:

Definition 1.1. A function f : A — Ris called co-ordinated convex on A, if for all (x, u), (y,v) €
Aandt, s € [0, 1], it satisfies the following inequality:

flxz+ (1 —t)y,su+(1—35)v)

< ts f(z,u) +t(1 = 8) f(z,v) +s(1 =) f(y,u) + (1 —t)(1 — 5) f(y,v).

Note that every convex function f : A — R is co-ordinated convex but the converse is not
generally true (see, [6]).

In [6], Dragomir proved the following inequality which is Hermite-Hadamard type inequality
for co-ordinated convex functions on the rectangle from the plane R

Theorem 1.2. Suppose that f : A — R is co-ordinated convex, then we have the following
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inequalities;

a+b c+d 1 1 c+d a+b
1(555) = gl ) e [ ()

b d
1
< (b—a)(d—c)a/}/f(%y)dydx
SZ /fxcdm+7/fxd
1 ; 1 ’
s [ e+ = [ 1y
00+ )+ f(b.6) (o)

4

The above inequalities are sharp.

Some new Hermite-Hadamard type inequalities for co-ordinated convex functions are proved
by many authors. In [2], Alomari and Darus defined co-ordinated s-convex functions and proved
some inequalities based on this definition. In [8], Latif and Alomari proved similar results for
h-convex functions on the co-ordinates. In [5], inequalities of Hadamard type for co-ordinated
log-convex functions are defined in rectangle from the plane by Alomari and Darus. In [9],
Sarikaya et. al. proved Hermite-Hadamard type inequalities for differentiable co-ordinated con-
vex functions. In [15], Ozdemir et. al. proved Hadamard’s type inequalities for co-ordinated m
convex and (o, m) convex functions.

For recent developments about Hermite-Hadamard’s inequality for some convex functions on
the coordinates, please refer to ([1],[2], [5]-[11], [14]-[18] and [20]). Also several inequalities
for convex functions on the co-ordinates see the references [3], [4], [12], [13], and [19].

The aim of the this paper is to obtain generalized new Hermite-Hadamard type inequalities
of co-ordinated convex functions of 2-variables.

2 Main Results

We start with the following Lemma which is important our main results.

Lemma 2.1. Suppose that f : A = [a,b] x [c,d] C R* — R is a partial differentiable mapping

on A and my,ma,nyny € RT.If ({?:afs € L(A), then we have the following equality;

2.1

niny f(a,c) +nimy f(b,¢) + miny f(a,d) + mimy f(b,d)
(mi + np)(my +ny)

d

b d
1
+<b—a><d—c>//”ydy‘““wmzm _c/”zfay+m2f<by>>

b
L/mfxc+mﬁwdﬂ

(m1+n1 )(b—a)
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(b—a)(d—c)
(m1 4+ n1)(ma + n2)

1 1
// — (a4 18] [ma — (2 + m)1] gtaj;(taJr(l )b, se+ (1 — s)d)dtds.
0 0

Proof. Taking partial integration, we have

2.2)
1 1 62
// — (my + 1)) [ma — (ma + m2)d] ataé(t“(l )b, sc+ (1 — s)d)dtds
0 0
1 1
_ /[ml—(ml—i—m)s]{[mz—(mz—l—nz)] L %(t (1= s+ (1= )|
0

1
+M/aff (ta+ (1 )b, sc+ (1 — 5)d) dt} ds
0

_ /[m1(ml—i—n])s]{an_zbgf(a,sc—k(ls)d)anizbgf(b se+ (1= s)d)
0

(ma + ny)

1
0
e /ai;(tﬁ (1 —t)b,sc+ (1 - s)d) dt} ds
0

1
= bla{/[ml—(ml—knl)s} (nz %(a,sc—l—(l—s)d)—l—mz gf(b Sc—l—(l—s)d)) ds

0

11
0
—(ma + ny) // — (m1 +n1)s] 6—f(ta+(l—t)b,sc+(l—s)d) dtds}.
s
0 0
Again taking partial integration in the final equality of (2.2), it follows that;

(2.3)

/ (m1 + ny)s] (nz g—{:(a,sc—i— (1 =29)d)+my gf(b sc+ (1 - 8)d)> ds
0

11
—(ma 4+ // — (my +ny)s] af(ta—l—(l—t)b sc+ (1 — s)d) dtds
0 0
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= = ()] 2 (@set (A = 8)d) +ma flbyse+ (1= 5)d))

c—d 0
1
L (mt ) /<n2 fla,sc+ (1= s)d) +ma f(b,sc+ (1 = s)d)) ds
c—d
0
1
flta+ (1= t)b,sc+ (1-s)d)|'
(ma+n (m1+n
2 +no 0/{ 1 1)s] c—d 0
m1+n1

1
/fta+ l—tbsc—l—(l—s)d)ds}dt
0

- _n nzf(a,c)—l—mgf(b,c)_mngf(a,d)+m2f(b,d)
! c—d ! c—d

(m1 +TL1)

+ c—d

(na f(a,sc+ (1 —s)d) +my f(b,sc+ (1 —s)d)) ds

o _

1

—(ma +n2) /{ f(ta+ (1 =1)b,c) fta+ (1 —t)b,d)

c—d i c—d

0
1
m1+”1 /fta—l— 1—tbsc+(1—s)d)ds}dt
0

Writing (2.3) in (2.2) and then using change of variable z = ta+ (1 —¢)band y = sc+ (1 —s)d
for ¢,s € [0,1] and finally multiplying the both sides by ((w we get (2.1). This

mitn)(mat+nz)’
completes the proof. O

Corollary 2.2. If we choose m; = my = m and ny = np = n in Lemma 2.1, it follows that;

2.4)
n® f(a,c) + nm f(b,c) + mn f(a,d) +m? f(b,d)
(m+n)?

d

b d
O //farydydx—( gl 7C/nfay o f(b9)dy

b
<m+n =) [ 560y g e

a

1 1
m+n // (m +n)s] [m — (m + n)] ;;J;(ta+(l—t)b,sc+(l—s)d)dtds.
0 0
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Remark 2.3. If we take m = n in (2.4), we have;

fed /bt fled+/bd | b_a //f(auy)dyd;z:
1 1T 1
—3 [(d_c) /(f(a,y)+f(b,y)>dy+ =) /(f(x,c>+f(x,d>)dx]
b—a (d— r O f
= (1 =2t) —=(ta+ (1 = t)b,sc+ (1 — s)d)dtds.
0/0/ Jtds

which is proved by Sarikaya et.al. in [9].
Theorem 2.4. Suppose that f : A = [a,b] x [c,d] C R* — R is a partial differentiable mapping

2
on A and my,my,nyny € Rt If | gtgs‘ is convex function on the co-ordinates on A, then we
have the following inequality;

niny f(a,c) +nimy f(b,c) +miny f(a,d) +mimy f(b,d)
(my + nyp)(my +ny)

+b_a ‘;jf@wmwx—A

(b—a)(d—c)
(mi +np)(ma +ny)

i 0 o 2
X (AIBI EI%P (a,c) + A1B, atas(a,d)’ + A, B ‘8tas(b’ C)‘ + A B, ’é)ta (b d)D
where
d ' b
A= o f(b,y))dy+ / o )
(m2+n2 /nzfay ma 0.9yt s [ (o f(a )ty S d))d
A = m2 + 3m2n% + an )= n% + 3m%n2 + 2m§
6(my +mny)> 6(my + n2)?
m3 + 3min? + 2n3 n3 + 3ming +2m3
Bl - s B2 =
6(ma +ny)? 6(my + ny)?

Proof. From Lemma 2.1, we know

niny f(a,c) +nymy f(b,c) +miny f(a,d) +mimy f(b,d)
(my +ny)(ma +ny)

+b_a (;jf@yMWx—A

(b—a)(d—c)
(mi + np)(ma +ny)

11
x//|m] (m1 4+ n1)s||mz2 — (ma + ny) t‘ata (ta+ (1 —t)b, sc+ (1 — s)d)| dtds.
0 0
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Since | 550 \ is co-ordinated convex on A, we can write

niny f(a,c) +nimy f(b,¢) +miny f(a,d) +mims f(b,d)
(my 4+ n1)(ma 4+ na)

b d
1
Y—aE=a / / o)y — A

(b—a)(d—c)
(my +ny)(ma +ny)

d
o’f

+(1—1¢) W(b sc+ (1 —s)d)‘}dt} ds.

(2.5)

/\(ml — (mq1 4+ nq1)s)(mz — (ma + no)t)| {t ‘;28];(@7564— (1—s)d)
0

Firstly, we calculate the right-side integral of (2.5), then we have ;

/ll (ma — (ma + n)t)| { ‘ag (a,sc+(l—s)d)‘+(1—t)’gzgs(b,sc+(l—s)d)’}dt
0

my

mo+ny

- / \(m2 — (ma + m2)t)| {t‘(,i;];(a,sc—k(ls)d)‘—i—(lt)'azg(b sc—i—(ls)d)'}dt
0
+ /1 |((ma2 + n2)t — m)| {t‘aa;;;(a,sc—i—(l—s)d)‘+(1—t)‘gtza];(b,sc—k(l—s)d)‘}dt

2 2

s 8wfs(a,str(l—s)d)'+Az gaf(b Sc—i-(l—s)d)’_
Therefore we get;
(2.6)
niny f(a,c) +nima f(b,c) +miny f(a,d) +mima f(b,d)
(m1 +np)(ma + n2)
b d
+b—a //f(x,y)dydx—A
(b—a)(d—rc)
(mi +ny)(ma +ny)
1
(3'2 52
x/l — (my+ny)s )|{A1|atéf (a,sc+ (1 —s)d )|+A2\atg (b,sc+(15)d)|}d5_
0

Now, we calculate similar way for other integral. Since | 8t85| is co-ordinated convex on A, we
can write;
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2.7)

82 Zf
Jt0s

8t8f (a,sc—i—(ls)d)‘—i—Az

L, sc—b—(ls)d)‘}ds

0/| = (m1+m)s )|{A1

< A1/1|(m1 — (m1 +n1)s)| {S
0

+A2/1 — (my +mnp)s ){8
0

m1+’nl

0/ my — (m1 +mn)s ){

+ / ((m1+m)s—m1){3 %(G’C)

+4, T(ml — (m1 +n1)s) {
0

"1 (ar0)
OtOs & ¢

82
+(1—s)’atafs(a,d)‘}ds

02 f o f
atas(b’c)‘ +(1—s) ‘atas(b,d)’} d

o*f

’f
8tas(a,d)‘}ds

9i05 @ ¢)

+(1—3s)

82
+(1-—2s) &aj;(a,d)‘}ds

o’ f

o*f
5105 ——(b,c)|+ (1 —5) m(b,d)‘}ds

82

5105 (b, c)|+(1—s)

+ /1 ((m1 +mn1)s —my) {

my
my+n]

0> f

o*f
505 0 €)

2

f
815(9( )

2

0
ot éf (a d)‘ + A B

O f

= AB AB A>B .
181 +A1B; + A2B) atas(b,d)’

Writing (2.7) in (2.6), we obtain the required inequality. O

Corollary 2.5. If we choose m; = my = m and ny = ny = n in Theorem 2.4, it follows that;

(2.8)
n® f(a,¢) +nm f(b,c) +mn f(a,d) +m? f(b,d)
(m +n)?
b d

bfa //f(ac,y)dydm—A

(b—a)(d—rc)
- (mtnp?
2 2 2 2
(0 g @ + | S )|+ aa | F L 00|+ e | T L0, )
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where
1 ; :
A=— N
A — m3 + 3mn? + 2n3 A — n3 + 3m2n + 2m?
' 6(m+n)> T 6(m + n)?
B ~m’ +3mn? + 2n? B ~ n®+3mPn+2m?
' 6(m+n)2 6(m + n)?

Remark 2.6. If we take m = n in (2.8), we have;

‘f(avc) + f(b,0) + f(a,d) + f(b,d)

4

where

_1
~2

b d
i [+ e [(fa) + 10 y))dy]

A
b—a

a c

which is proved by Sarikaya et.al. in [9].

Theorem 2.7. Suppose that f : A = [a,b] x [c,d] C R* — R is a partial differentiable mapping

2. [a
on A and my,my,nny € Rt If ’% , ¢ > 1 is convex function on the co-ordinates on A,

then we have the following inequality;

niny f(a,c) +nymy f(b,c) +miny f(a,d) +mymy f(b,d)
(m1 +n1)(ma + o)

(b—a)(d—rc)

(my +ny)(ma +ny) B

1

2 q 2 q 2 q 2 d\ ¢
( Zho| +|ZE@a| + |2 b.0| +| 2L )
X

4

where

d b

1
mi +n1)(b— a) /(nl f(w7c)+m1 f(.%‘,d))dx7

c a

1

4= (ma +mn2)(d —c) /(n2 f(a,y)+ma f(, y))dy-i-(

1
((mlmz)erl + (mzm)p*l + (mmg)p*l + (n1n2)p+]) ’
2

B: 1 1
(my4+n1)r(ma+n2)?(p+1)

1,1 _
and;%—gfl.
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Proof. From Lemma 2.1 and using Holder inequality for double integrals, we get;

mny f(a,c) +nimy f(b,c) +miny f(a,d) +mimy f(b,d)

+(b—a)1(d—c)/b/df($ay)dydxA
S Ry e
x/l/l|m1 (m1 +n1)s)(my — (my + na)t) ‘
0 0
<

s ([ -

0 0

« (//’gtzgs(mﬂl—t)b,sc+(1—s)d)
0 0

(my 4+ n1)(ma +ny)

0tos

(mq1 +ny1)s)(my — (may + o)t )|pdtds)

(ta+ (1 —t)b,sc+ (1 — s)d)‘ dtds

P

1

q q
dtds .

Since | Behs /|9 is co-ordinated convex on A, we can write the following inequalities for ¢, s € [0, 1]

0*f ’
’Mg(ta+(1t)b,sc+(15>d)
_ ‘ o’f (a Sc+(1_3)d)q+(1—t)’82f (b Sc-l—(l—S)d)q
- Otds "’ otds "’
and
0? ’
‘8t(§9<ta+(l_t)b’sc+(1_3)d)
2 q 0 !
< ts|gm (@) +i(l—s)|5--(ad)
8 ‘ o '
+(1=1)s ’86{( 0) +(1—t)(1—s)‘ata];(b,d)

Therefore, it follows that;
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niny f(a,c) +nymy f(b,c) +miny f(a,d) +mims f(b,d)
(my1 4+ n1)(ma + ny)

b d
b_a //f(x,y)dydx—A

(b-a)d-o)

= (m1 +n1)(ma + ny)
11 . ny .
//{ ‘ata (@,0)| +1(1-5) | (a,0)
0 0
+(1—t)s‘§;f;(b,c) +(1_t)(1—s)‘8g (b, d) }dtds)
< (b—a)(d—rc) B

(mi1 + 1) (m2 + n2)

1

q

2 q 2 2 q 2 a\ ¢
(iiwmﬂ+»&ga@ +£iw@!+§%wdﬂ)
X .
4

O
Corollary 2.8. If we choose m; = my = m and ny = ny = n in Theorem 2.7, it follows that;
n? f(a,c) +nm f(b,c) +mn f(a,d) +m* f(b,d)
2.9)
(m +n)?
b d
—A
b_a //f(wyy)dydm
(b—a)(d—rc)
(m +n)?

1

q

2 q 2 q q
(igwmﬂ%—iéw@> m&wc\+wmmbd>)
X
4

where

d

b
A= L /nfay+mf(b Dyt s /nfxc+mf(:v d))dz,

m+n

m2E+) 4 2 (mp)p+l +n2<p+1>)%

B:( 2 2
(mtmE o+ 1
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Remark 2.9. If we take m = n in (2.9), we have;

‘f(a»C) + f(b.o) + f(a,d) + f(b,d)

4
b d
to—— b—a //f(a:,y)dydm—A
(b—a)(d—rc)
4(p+1)%

1
2 q 2 q 2 q q
Sk oo +|ZE@d)| +|ZE6.0| + |24 0.0 )
4

where

— b d
A:% bia (f(x,c)+f(mad))drdic/(f(a,y)+f(b7y))dy]

a C

which is proved by Sarikaya et. al. in [9].

Theorem 2.10. Suppose that f : A = [a,b] x [c,d] C R? — R is a partial differentiable mapping
q
on A and my,my,n;ny € RT. If 5{1({5 ,q > 1 is convex function on the co-ordinates on A,

then we have the following inequality;

ning f(a,c) +nimy f(b,c) + miny f(a,d) + mymy f(b,d)
(m1 +np)(m2 +n2)

+w—akﬁmwfjf@wﬂwx—A

(b—a)(d—rc)
(my +ny)(my +ny)

C

2 q 2 q 2

2 1 0 o 0 @\ @
(m&ag<c>+&&ag@d>+@&b;ﬁ@ +mgbg@d>)
where
d b
A= / Fay)+ma F(b,y))dy-+ 1 [ sty o))
— (m2+n2 2 Yy 2 ) Y ( 1+n1)(b—a) 1 5 1 9

a

m2 + 3m2n2 + 2n2 A= ng + 3m%n2 + Zm%

A =
! 6(m2 +TL2) 6(m2 +n2)2

m? + 3m]n% + Zn?
6(m2 + n2)2

n? + 3m%n1 + Zm%

B, =
! 6(m2 +n2)2

732:

(2 nd)(mdnd) )
o= (atm st rey)
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Proof. By Lemma 2.1, and power mean inequality for double integrals, we get;

niny f(a,c) +nimy f(b,c) +miny f(a,d) +mima f(b,d)
(m1 +n1)(ma +na)

+—— b—a /b/df(w,y)dydx—A

(b—a)(d—c)
(m1 +n1)(ma + na)

1
X/
0

(ta+ (1 —t)b, sc+ (1 — s)d)‘ dtds

1
2
/| — (1 +m)s )(mz—(mz-l-ng)t)‘gtgs
0

1—L
q

11
0 0

1
11 P q !
y //| (ma -+ m0)s) (ms — (o m2)0)| | (1 (1 = )b, s+ (1= 5)a)| drds |
0 0
Since ‘% ‘q is co-ordinated convex on A, it follows that;

(2.10)

ning f(a,c) +nimy f(b,c) + miny f(a,d) +mimy f(b,d)
(my1 4+ n1)(ma + ny)

b d
1
+(b—a)(d—c)a/c/f(zay)d$dy_A

(b—a)(d—0)
(mi +ny)(ma +nz)c

X (/l/lel — (my +n1)s)(m2(m2+n2)t)|{t5 9
00

q

q aZf

+(1-1)s ‘(%8( ¢) —i—(lt)(ls)‘atas(b,d)

Firstly, we calculate the right-side integral of (2.10), then we have ;
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! 2f q 2f q
[ 12 = (ma  ma)o)| St | St e)| o1 5) |50
0
0% f ! o2 f !
+(1—1t)s ’68( ol +(1—=t)(1- )86(bd) dt
‘mz+772 2f q 2f q
= [ ma (ma ke ){ts o1 (a,0) +t(ls)‘8ta (a,d)
0
O f ! O f
-I—(l—t)s’atas(b,c) +(1—-t)(1-3s) 5105 (b, d) dt
y 2f q 82'](- q
+ / (ma+ma)t —mo) At | 5L a,)| 411~ )| ST (a,0)
m2+2n2
az‘f q aZf q
+(1—t)s‘atas(b,c) +(1=t)(1—ys) 8t85(b’d) dt
3 2 q 3 2 q
) o f m o°f
= 1—
S6m - m ) |at0s @9 =g [ars Y
2m3 4+ 3m3ny | O f I 2m3 4+ 3m3n, | O f a
1 — 2 2
5 6(my + np)? |Otds (b.e)) +(1=5) 6(my + np)? |0tds (b.d)
Jadmang | O 1 g2 dmand | O
6(my +ny)? |0tds 6(my +ny)? |0tds
3 2 q 3 2 q
n; o-f 7 n; o-f
55t + ) |9t0s 09| T )5 1 | at0s O Y
3 2 3 A2 q 3 2 3 2 q
_m; +3man; +2n5 | 0°f oMyt 3mon; +2n5 | 0°f
= 6im t o)t |05 @9 T o | ais Y
3 2 3 2 q 3 2 3 52 q
ny +3mang 4+ 2m; | 0° f amt 3msng +2m; | 07 f
6(ma + ny)? Otos (b.e) +(1=5) 6(my + np)? OtOs (b.d)
82f q 32]0 q a2f q 82f q
sA; 62535(&’0) + (1 —5)4, 5108 (a,d)| + sAz 5108 (bye)] + (1 —s)A, 505 ——(b,d)

Thus, we obtain;
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niny f(a,c) +nimy f(b,c) + miny f(a,d) +mimy f(b,d)
(m1 + n1)(ma +n2)

(b—a)(d—rc)
(m1 +ny)(ma +ny)

(2.11)

C

2 q 2 q
(/ my — (m1 +np)s )|{sA1 6ataf (a,c)] +(1—s8)4; 8t8f (a,d)
2 q 2 q é
+sA; %(b,c) +(1-5)A, %(b,d) }ds) .

Now, we calculate similar way for other integral. Since |54 2f -| is co-ordinated convex on A, we
can write;

2.12)
! 82f q 2f q
[(m1 = (m1 +n1)s)| s |5 5-(a,0)| + (1= 38)A1|55-(a,d)
Dt0s Dt0s
0
82 q 2
+sds 879];(1),0) + (1 8)4 ataf (b,d) }ds
i o2 q 92 q
_ / - (ml—i—n])){sAl 8t8];<a o +(1-9)4, 8t(;));(a,d)
0
d? I o? I
+sd, ataf (o) + (1= )4 ag(b d) }ds
/ d? I O*f I
+ / ((m1+n1)s—m1){sA1 3105 —(a,c)| +(1—15)A Dis ——(a,d)
2 q 2
b | o (b)) +(1-5)4 atg (b,d) }d
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3
mi

6(m1 =+ ny )2

q
+ 4

q

O f

o f
OtOs (a,¢)

Otds

Zm? + Sm%nl
6(m1 + n1)2

= Al

(a,d)

3
my

6(m1 + n1)2

q
+ A

q

o*f

o2 f
905 )

Ot0s

2m? + 3mfn1

+A
2 6(m1 +77,1)2

(b, d)

4 n3 q
A 1
+ 16(m1 —|—n1)2

O*f

+4 5105

2n3 + 3mind 82f( )
6(mi +n1)? |0tds €

a,d)

q n3 q
+ A !
2 6(m1 —+ n1)2

o f
Otds

+A22n? + 3mni ) o*f

60 +m)2 |05 ¢

(b, d)

q
+ A

q

P f

m? + 3m1n% + 2n? (a,)
otds "’

6(m1 —I—n1)2

n? + 3m%m + Zm?
6(m1 + ’/7,1)2

0 f
Otds

= Al

(a,d)

q
+ A

m?—l—3mm%+2n? 1

6(m1 + n1)2

o f

0*f
Otds (b:c)

OtOs

n? + 3m%n] + Zm?

+A
2 6(m1 =+ ’I’Ll)2

(b, d)

q

+ A B,

O2f
9105 @)

q

+ Ay B

2 q

+ A2B,

f 2f O>*f
5195 @) 195 79 otos

= 4B Otds

=5-(b, d)

Writing (2.12) in (2.11) we obtain the required inequality. O

Corollary 2.11. If we choose m| = my = m and n; = ny = n in Theorem 2.10, it follows that;

(2.13)
n? f(a,c) +nm f(b,c) +mn f(a,d) +m? f(b,d)
(m+ n)?
b d
I bfa //f(x,y)dydx—A
(b—a)(d—c)
S Ty ©
1
2f 2f Pf o 2f ol
x (A]B] 5105 (@0)| +AiBy | 5o (a,d)| + By | =2 (bo)| + 2B |5 (b, d)
where
1 7 1 /
A — m3 + 3mn? + 2n3 A — n3 + 3m2n + 2m?
P 6(m+n)> T 6(m + n)?
m3 + 3mn? + 2n3 n3 + 3m2n + 2m3
Bl = P 9 BZ = 2
6(m + n) 6(m +n)
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Remark 2.12. If we take m = n in (2.13), we have;

where

’f(w) + f(b,c) + f(a,d) + f(b,d)
4

+(b—a)l(d—c)/b/df(=’177y)dydxA

(b—a)(d—rc)

g
m\
—
\.G“
ISH
—
Q=

A= | [0 + fad)dn

a

which is proved by Sarikaya et.al in [9].
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