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Abstract In this paper, we will introduce the fractional analogue of Jensen’s inequality using
conformable fractional integral operator.

1 Introduction

The idea of fractional derivation is as old as ordinary derivation and integration. In 1695,
L’Hospital asked "what would be the one-half derivative of z?" to Leibniz. From that time,
many scientists tried to give a definition of fractional derivative to bring about a coherent theory
of fractional derivation and integration. By the beginning of 20th century, some definitions of
fractional derivation, are introduced, most notedly Riemann-Liouville, Caputo, and Griinwald-
Letnikov derivatives. Since fractional derivation and integration has more exponent applications
in different disciplines of sciences like engineering, physics, chemistry etc., many mathemati-
cians start to study of aspects of it. For more information about the history and applications, we
refer [5, 6, 12, 16] .

The definitions we mentioned above used the integral form of derivative. The idea Riemann-
Liouville fractional integral is based on iterating n times and replacing it by one integral, and then
using the Cauchy formula with replacing n! with Gamma function. Hence Riemann-Liouville
fractional integral is defined as

Jo f(z) = F(L) J@—v s

Using this definition, fractional derivative is defined as
Dg f(x) = D™ J" = f (=),

where m = [a] and D represents ordinary derivative.

Riemann-Liouville or any of other definitions for fractional derivative does not satisfies all
properties of ordinary derivative. As an example, Riemann-Liouville derivation does not satisfy
well-known formula of the product of two functions

D(f(t)g(t)) = g(t)Df(t) + f(t)Dg(t).

Because of this difficulties, recently some authors tried to give new definitions for fractional
derivatives. To handle these difficulties, in 2014 Khalil et al. [11] gave a new definition as

La(f)(t) = tim LD =IO

e—0 3

This well-behaved definition, called conformable fractional derivative, satisfies many properties
of ordinary derivations like product rule, chain rule etc.

Since inequalities are useful tools in mathematics, many mathematicians studied about exten-
sions, generalizations and discretizations of them, see [13, 14, 15] and references cited therein.
And mathematicians started to transfer this inequalities into fractional settings both continuous
and discrete cases to make a coherent theory of fractional calculus [2, 3, 7, 8, 10].
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2 Preliminaries

In this section, we give basic definitions and results of conformable fractional operators derived
from [11].

Definition 2.1. The conformable fractional derivative of a function f : [0,00) — R of order
0 < a < 1 is defined by

L)) — lim [T = )

e—0 IS

forall ¢ > 0.

We note that if the conformable fractional derivative of f of order « exists, we say f is
a-differentiable.

Theorem 2.2. Let o € (0, 1] and functions f and g be a-differentiable at point t > 0. Then
following properties are hold:

i) To(af +bg)(t) = aTn(f)(t) + bTu(g)(t), for all a,b € R.
ii) T (t™) = mt™~1 forall m € R.
m) Tw(c) = 0 for all constant functlons f (t) =
ey
v L =9 @ _

) Ta<g><t> oI
(vi) If, in addition, f is differentiable, then T, (f)(t) = t'_“ﬁ.

dt
Now, we give conformable fractional derivative of some functions:

)-

N NS

(1) T (t™) = mt™~! forall m € R.
(2) T (1) =0.

(3) To(e®) = at' =% a € R

(4) To(et") = ext”

(5) T, (sinat) = at'~*cosat, a € R
(6) Tn(cosat) = —at'~“sinat, a € R.
(7) Ta(sin 1t*) = cos 1¢2.

(8) Ta(cos Lt*) = —sin L ¢

Definition 2.3. The conformable fractional integral of a function f : [0,00) — R of order « is
defined by

B0 = 1600 = [ L

tl—a

a

where the integral is the usual Riemann improper integral, and « € (0, 1).

Theorem 2.4. T,1%(f)(t) = f(t), for t > a, where [ is any continuous function in the domain

of 1.

t

I p(Vicost) = /cos sds = sint.

0

For more information and applications on conformable fractional derivative and integral, we
refer [1,4, 11, 17].

3 Main results

In this section, we will give fractional analogue of Jensen inequality given below:
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Theorem 3.1. If g € C([a, ], (¢,d)) and F € C([a,b],R) is convex, then

b b
. (fabg(s()lds> - bla /F(g(s))ds. G.1)

a

Before stating our results, we begin with a lemma that will be used in the proofs from [9].

Lemma 3.2. Let f € C([a,b],R) be convex. Then for each t € (c,d), there exists A\ € R such
that
F(@) = f(t) > Mz — 1), forall z € (c, d). 3.2)

If f is strictly convex, then inequality sign "> " in (3.2) should be replaced with sign "> .

We start with our first result.

Theorem 3.3. Let a,t,c,d € R, with a < t. Let g € C([a,t],(¢c,d)) and F € C([c,d],R) is
convex. Then

allg(t) a
P < IGF _
(ta_aa> < o laF(9(t)) (3.3)
holds.
If F is strictly convex, then inequality sign "< ” in (3.3) should be replaced with sign "< ”.
Proof. Take
= 13g(1).
T ta _ aa [e% ( )
Now,
t* —a® allg(t)
I°F — F o
~Flg(t) « (ta —aa>
a t* —a®
= I5F(g(1) - F (1)

= I{F(y(t) = F (1)}
Since F' is convex, there is a A € R such that (3.2) holds. Hence, we have

e — aO‘F (algg(t)>

Q t* — a®

I5F(g(t)) —

> AMifg(t) -7}
= Mg -
= Allag(t) — I3g(1)}]
= 0.
This completes the proof. O

Remark 3.4. When we take o = 1 in (3.3), we have inequality

» <fag(s)ds> o1 /F(g@))ds’ 3.4)

t—a “t—a
a

where upper limit of integral is a variable. And taking ¢ = b in (3.4) gives

b b
F (fabg(sid8> < ; 1 - /F(g(s))ds7

and this inequality is Jensen’s inequality given in (3.1).
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Secondly, we present a more general result given below.
Theorem 3.5. Let a,t,c,d € R, witha < t. Let g € C([a,t],(¢c,d)) and h € C([a,t],R) with
IZh(t) > 0.
If F € C([e,d],R) is convex, then

15 {h®)lg()} _ I2{h(0)] Flo()}
F( Ta (h(0)]} )S T2 (h(0)]} G-)

holds.
If F is strictly convex, then inequality sign "< in (3.5) should be replaced with sign "< .

Proof. Take
L _ L]0}
Al

Now,
140(0)| F(g(0)} — 1% {|h(t)]} F (

= LRI F(g(8)} = I[P} F (7)
LRI [F(g(t) = F (7)]}-

Since F'is convex, there is a A € R such that (3.2) holds. Therefore, we have

IZ{Ih(t)g(t)}>
18 {In(@)l}

Ii{lh(t)g(t)})
g {Ih(@)[}

1{0(0)| F(g(0))} — 1% {|h(t)]} F (

l9(t) — 7]}
l9()} = 715 {IA(D)]}]

> M{[n ()]
= AR

= |zl - EEE 1 o]
= 0.
This completes the proof. O

Remark 3.6. If the convexity of F' changed by concavity, then the sign in (3.5) should be
reversed.

Remark 3.7. One can show easily that the function defined as F'(t) = ¢" is concave for r € (0, 1)
and convex forr < Oorr > 1.

As a consequence of these two remarks, we state following result.

Corollary 3.8. Let g € C([a,t], (¢,d)) with g(t) > 0 on [a,t] and h € C([a,t],R) with I¢h(t) >
0. Then, forr <Qorr > 1

<I${|h(t)|g(t)}>r < La{ih@)] g ()}
1 {Ih(®)]} o Lg{ln®}
and forr € (0,1)
(IZ{|h(t)|9(t)}>T S Lalir(@®)] g ()}
g ) = 1g{l®}
are hold.



558

Serkan ASLIYUCE and A. Feza GUVENILIR

References

(1]
(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

T. Abdeljawad, On conformable fractional calculus, J. Comput. Appl. Math. 279, 57-66 (2015).

G. A. Anastassiou, Multivariate fractional representation formula and Ostrowski type inequality, Sarajevo
J. Math. 10, 27-35 (2014).

S. Ashiyiice and A. F. Giivenilir, Chebyshev type inequality on nabla discrete fractional calculus, Fract.
Differ. Calc. 6,275-280 (2016).

A. Atangana, D. Baleanu and A. Alsaedi, New properties of conformable derivative, Open Math. 13,
889-898 (2015).

D. Baleanu, K. Diethelm, E. Scalas and J. J. Trujillo, Fractional calculus. Models and numerical methods.
Series on Complexity, Nonlinearity and Chaos, World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ
(2012).

K. Diethelm, The analysis of fractional differential equations. An application-oriented exposition using
differential operators of Caputo type, Lecture Notes in Mathematics, Springer-Verlag, Berlin (2010).

S. Erden and M. Z. Sarikaya, On the Hermite-Hadamard-type and Ostrowski-type inequalities for the
co-ordinated convex functions, Palest. J. Math. 6, 257-270 (2017).

R. A. C. Ferreira , A discrete fractional Gronwall inequality, Proc. Amer. Math. Soc. 140, 1605-1612
(2012).

G. Foland, Real Analysis: Modern Techniques and Their Applications, John Wiley & Sons, Inc., New
York (1999).

A. F. Giivenilir, B. Kaymakcalan, A. C. Peterson and K. Tag, Nabla discrete fractional Griiss type inequal-
ity, J. Inequal. Appl. 2014:86, 9 pp. (2014).

R. Khalil, M. Al Horani and M. Sababheh, A new definition of fractional derivative, J. Comput. Appl.
Math. 264, 65-70 (2014).

A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and applications of fractional differential equa-
tions, North-Holland Mathematics Studies, 204. Elsevier Science B.V., Amsterdam (2006).

R. Mikié, J. Pecari¢ and M. Rodi¢, Levinson’s type generalization of the Jensen inequality and its converse
for real Stieltjes measure, J. Inequal. Appl. 2017:4, 25 pp. (2017).

D. S. Mitrinovi¢, J. E. Pecarié, Jensen’s inequality for some non-convex functions, Makedon. Akad. Nauk.
Umet. Oddel. Mat.-Tehn. Nauk. Prilozi 1993, 45-47 (1995).

B. G. Pachpatte, New Ostrowski type inequality for triple integrals, Tamkang J. Math. 38, 253-259 (2007).

L. Podlubny, Fractional differential equations. An introduction to fractional derivatives, fractional differ-
ential equations, to methods of their solution and some of their applications, Mathematics in Science and
Engineering, 198. Academic Press, Inc., San Diego, CA (1999).

M. Z. Sarikaya, Gronwall type inequalities for conformable fractional integrals, Konuralp J. Math. 4,
217-222 (2016).

Author information

Serkan ASLIYUCE, Department of Mathematics, Faculty of Sciences and Arts, Amasya University, 05100
Amasya, TURKEY.
E-mail: serkan.asliyuceQamasya.edu.tr; s.asliyuce@gmail.com

A. Feza GUVENILIR, Department of Mathematics, Faculty of Sciences, Ankara University, 06100 Ankara,
TURKEY.

E-mail: guvenili@science.ankara.edu.tr

Received: March 23, 2017.

Accepted: May 11, 2017.



