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Abstract. In this paper we consider the weak viscoelastic wave equation with a delay term
in the nonlinear internal feedback

utt(m>t) - Awu(x’t) + Oé(t) /Ot h(t - S)Axu(m> S>d8 + H191 <ut(x’t)) + MZQZ(ut(xvt - T)) =0

in a bounded domain, and prove a global existence result which depends on the behavior of both
« and h using the energy method combined with the Faedo-Galerkin procedure under a condition
between the weight of the delay term in the feedback and the weight of the term without delay.
Furthermore, we study the asymptotic behavior of solutions using a perturbed energy method.

1 Introduction

In this work, we investigate the existence and decay properties of solutions for the initial bound-
ary value problem of the nonlinear weak viscoelastic wave equation of the type

(2, ) — Agu(z, t) + at) fot h(t — s)Ayu(x, s) ds

+ug1(ue(x,t)) + paga(ue(z,t — 7)) =0 in Qx]0, 4+o0|,
(P) u(z,t) =0 on I'x]0, +o0],
u(z,0) = up(z), ui(z,0)=ui(x) in Q,
ug(z,t —7) = folw,t —7) in Qx]0, 7],

where Q is a bounded domain in R", n € N*, with a smooth boundary 0Q = T', a and h are
positive non-increasing function defined on R*, g, and ¢, are two functions, 7 > 0 is a time
delay, u1 and p, are positive real numbers, and the initial data (ug, u1, fo) belong to a suitable
function space.This type of problems arise in viscoelasticity and, for & = 1, the problem has
been discussed by many researchers.

In the absence of the viscoelastic term (that is, if 4 = 0), problem (P) has been studied by
many mathematicians. It is well known that in the further absence of a damping mechanism, the
delay term causes instability of system (see, for instance [13]). In the contrast, in the absence
of the delay term, the damping term assures global existence for arbitrary initial data and energy
decay estimates depending on the rate of growth of g; (see [2],[4], [15], [16] and [19]). In recent
years, the PDEs with time delay effects have become an active area of research and arise in
many pratical real world problems (see for example [1], [32]). To stabilize a hyperbolic system
involving delay terms, additional control terms are necessary (see [27], [28] and [33]). In [27]
the authors examined problem (P) in the linear situation (that is, if g1(s) = g2(s) = s Vs € R)
and determined suitable relations between p; and pp, for which the stability or alternatively
instability takes place. More precisely, they showed that the energy is exponentially stable if
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u2 < py and they found a sequence of delays for which the corresponding solution of (P) will
be instable if p, > py. The main approach used in [27] is an observability inequality obtained
with a Carleman estimate. The same results were obtained if both the damping and the delay
acting in the boundary domain. We also recall the result by Xu, Yung and Li [33], where the
authors proved the same result as in [27] for the one space dimension by adopting the spectral
analysis approach. Very recently, Benaissa and Louhibi [5] extended the result of [27] to the
nonlinear case.

In the presence of the viscoelastic term (h # 0), Cavalcanti et al. [8] studied (P) for g, =0
and in the presence of a linear localized frictional damping (a(x)u;). They obtained an expo-
nential rate of decay by assuming that the kernel h is of exponential decay. This work was later
improved by Berrimi and Messaoudi [7] by introducing a different functional, which allowed
them to weaken the conditions on h. In [23], Messaoudi investigated the decay rate to (P) under
a more general condition on ~ and improved earlier results in which only the exponential and
polynomial rates were considered. Kirane and Said Houari [5] extended the result in [23] to the
case when gy, g, are linear and | > pu».

Motivated by the works, we investigate in this paper system (P) and prove a global solvability
and energy decay estimates of the solutions of problem (P) which depends on the behavior
of both « and & and gy, g, are nonlinear. To obtain global solutions of problem (P), we use
the Galerkin approximation scheme (see [20]) together with the energy estimate method. The
technic based on the theory of nonlinear semigroups used in [27] does not seem to be applicable
in the nonlinear case.

To prove decay estimates, we use a perturbed energy method and some properties of convex
functions. These arguments of convexity were introduced and developed by Lasiecka et al.
[9]1, [12], [17], [18] and [19], and used by Liu and Zuazua [21], Eller et al [14] and Alabau-
Boussouira [2].

2 Preliminaries and main results

For the relaxation function ¢ and the potential «, we assume that (see [24]):
(H1) () h,a: Ry — R, are non-increasing differentiable function satisfying

+o0 t
h(0) = ho > 0, / h(s)ds < +o0 a(t) >0, 1- oz(t)/ h(s)ds >1> 0.
0 0
(*+) There exists a non-increasing differentiable function ¢ : R, — R, satisfying

) e lohs . m Y _
¢(s)>0 W (s) < —C(s)h(s), Vs 20, sL+oo ¢(s)a(s) 0

Remark 2.1. Note (*) and (*x) imply E1+n 75‘(/5()5) =0

Remark 2.2. Condition 1 — a(t) fot h(s)ds > | > 0 is made so that (P) is hyperbolic and the
energy functional (2.11) below is nonnegative.

(H2) g; : R — R is a non-decreasing function of class C'(R) such that there exist
€,cy1, ¢, a1, a0 > 0 and a convex and increasing function H : R, — R, of the class
C'(R;) N C?(]0, oc) satisfying H(0) = 0, and H linear on [0, '] or
(H'(0) =0and H"” > 00on |0, €]), such that

l91(s)] < cafs], if [s] > €. 2.1)

g%(s) < Hil(sgl(s)), if [s] <¢€. 2.2)

g2 : R — R is an odd non-decreasing function of the class C'!'(R) such that there exist
c3, 0,00 > 0
92(5) < e (2.3)
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a1 sg2(s) < Ga(s) < oz sg1(s), 2.4)
where

Ga(s) = /OS ga(r) dr.

iy < Qqpiy. (2.5)

Remark 2.3. 1.By the mean value Theorem for integrals and the monotonicity of g,, we find that

Ga(s) = /OS g2 (r)dr < sg2(s).

Then, o < 1.
2. We need condition (2.3) only to prove global existence. For the energy decay, we can
replace the linear growth of the function g,(s), for large |s|, by nonlinear polynomial growth.

We also state a Lemma which will be needed later.

Lemma 2.4 (Sobolev-Poincaré’s inequality). Let q be a number with2 < q < 400 (n = 1,2) or
2<q<2n/(n—2) (n=>23). Then there is a constant c,. = c.(£, q) such that

lullg < eul|Vulla for  we Hy ().

We introduce as in [27] the new variable
2(z,p,t) = w(z,t — 7p), € Q, p€|0, 1], ¢>0. (2.6)

Then, we have
Tzi(z, p,t) + 2p(z, p, t) = 0, in Qx]0, 1[x]0, +o00]. 2.7

Therefore, problem (P) takes the form:

(2, ) — Agu(z, t) + ot fo s)Azu(z,s)ds
191 (ue(w,1)) + paga(2 ( z,1,t)) =0, in Qx]0, +-o0f,
Tze(x, p,t) + 2p(z, p,t) =0, in Qx]0, 1[x]0, +o0],
u(z,t) =0, on 9Q x [0, +oo], (2.8)
2(2,0,t) = ug(w,t), on Qx]0, +o0],
u(z,0) = up(z), u(z,0) = u(z), in Q,
z(z,p,0) = fo(z, —pr), in Qx]0, 1[.
Let £ be a positive constant such that
TM <t< Tw. (2.9)
a1 (%)

We define the energy associated to the solution of problem (2.8) by the following formula:

B(t) = 4l )13+ (1= at) fy h(s)ds) [Vou®)]3 + a(®)} (ko Vu)(t)

1 (2.10)
+& Jo Jo G2(2(x,p,t)) dp de.

Where

(hoVu)(t) = /0 Wt — s) || Vult) — Va(t —s) |2 ds

We have the following theorem.
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Theorem 2.5. Let (ug, w1, fo) € H*(Q) N HL(Q) x HY(Q) x HL(Q; H(0,1)) satisfy the com-
patibility condition
f()(., 0) = ui.
Assume that the hypotheses (H1) — (H2) hold. Then problem (P) admits a unique weak solution
u € LS ((—7,+00); HX(Q) N HY(Q)),u' € L2, ((—7, +00); HE (Q)), v € LS ((—7,+00); L*(Q))

loc loc loc

and, for some constants w, €y, we obtain the following decay property:

mngﬂ(wA%@x@ma, vt >0, (2.11)

where -

and

t if H is linear on [0, €],
H2(t) = ’ Ty _ 1" /
tH'(eot) if H'(0) =0 and H” > 0on ]0,€'].

Example. Let g be given by g(s) = s?(—1Ins)9, where 0 < p < 1and g € Ron (0, ¢;]. Then
g'(s) = s>~ (=1Ins)?~!(p(—Ins) — ¢) which is an increasing function in a right neighborhood
of 0 (if ¢ = 0 we can take ) = 1). The function H is defined in the neighborhood of 0 by
e (—Ins)"5 if0<p<l, geR
H(s) = cs(—Ins)~¢ ifp=1, ¢>0

_s2

cy/se ifp=0, ¢<O0

and we have

, es (~Ins) 7 (B (~ms)+ 1) if0<p<1, qER ‘
H'(s) = 1 L1\ . when s is near 0.
c%(l—aszq>e ifp=0, ¢g<0

Thus
(5 cs%(—lns)f%ﬂ(%}l(—lns)—i—%) ifo<p<l1, ¢q€eR . .
PpLs) = L when s 1s near 0.
c s(l—ésﬁ)e’szq ifp=0, ¢g<0
and bl 1 .
Y(t) =cf, I S
ST me T (B (e
1 T .
=c | — dz when t is near 0.
fl (lnz)i%(%lnzqtq)
and

We obtain in a neighborhood of 0

dt'F (—=Int)?  if0<p<1, geR
pt)y=4{  e(=m)™ ifp=1,4>0,
_ €1
ot 5 ot ifp=0,¢g<0
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and then in a neighborhood of +oco (see Appendix)

2q

7t l(lnt) =1 if0<p<l1, gqeR,
_ Bl
() = ce T ifp=1,¢>0,
c(Int)?? ifp=0,¢<0.

Using the fact that h(¢) = ¢ as ¢ goes to infinity, then

co(t) T (In€(t) 7T if0<p<l, qeR,

1

E(t) < cem @ ifp=1,¢q<1,
B c(lna(t))*® ifp=0,q<0,
ce=® ifp>1lorp=1andq<O0.

where

We finish this section by giving an explicit upper bound for the derivative of the energy.

Lemma 2.6. Lef (u, 2) be a solution to the problem (2.6). Then, the energy functional defined by
(2.10) satisfies

E'(t) < — (/“ — @ — Mzaz) Jou'g1(u) dx

_(§ uzl_al)fg (z,1,t)g2(2(x, 1,t)) dz
%a() (>||Vu||2+ Ja(t)( o Vu)(t) 2.13)
3o/ (t fo s)ds)||Vull3 + 3¢/ (t)(h o Vu)(t)
< =5/ ()(fy h(s)ds)IVul} + da(t) (W o Vu)(b).

Proof. Multiplying the first equation in (2.8) by wu;(z, ), and integrating the result over Q, to
obtain:

;:<|| ue(z, )3 + | Vu(z, t)H + 1 Jo g1 (ue(z, t))ue (2, 1) do (2.14)

1
+12 [o 9 Lt))ue(z,t) de = oft) [, fo (t — s)Vu(z, s)Vu(z,t) ds du.

The term in the right-hand side of (2.14) can be rewritten as follows

(t) o fo $)Vu(z, s)Vue(z,t) ds de + a( Yh(t) |Vu(z,t)|3
12 [ fo ) s Fute, )1 — alt)(h o Ta)(B)] + Jat) (1> Fu)).
Consequently, equality (2.14) becomes
1 (e, )13 + (1= a(e) fy hls) ds) [Vu(a, )13 + a(t) (ho Vu)(6)] = —m fo 1 e, 1)us(a, 1) da
—12 fo 92((z, M))U (z,t) dz — 3a(t)h(t)[|Vu(z, )5 + za(t) (R o Vu)(t)
—2a/(t) (fo 5)ds)||Vul3 + 3o/ (t)(h o Vu)(t).

(2.15)
We multiply the second equation in (2.8) by £g2(2(z, p, t)) and integrate over Qx]0, 1] to obtain:

ffﬂ fO] Zt(m,p,t))gz(z(:];7p7t))dpdx = fQ fO o I s Py ))dpd:z: (2.16)
_f—f (Gz( (:C’I’t)) GZ( (JC,O,t)))dCC. .

Hence

d 1
gﬁ/g/o Gz(z(%p,t))dpdx—k%/ngz(z(:r,l,t))dx—%/QGz(ut(ac,t))dxzo. 2.17)
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From (2.15), (2.17) and use of Young’s inequality, we get

B/(t) = Ya(t) (W o Vu)(®) — Salt)(e)|Tule, 015 — i o s ) e, ) ds
—2 Jo 92(2(x, l,t))ut(gc7 t)de — & [ Ga(z(z, 1,t)) do + & [, Ga(ue(w,t)) da
o (£)(Jy h(s)ds)||Vull3 + 3o/ (8) (h o Vu) (1).

By recalling (2.4), we arrive at

B(t) < — (i~ £2) Jo 01 (wio, )ui(e,t) do — 5a<t>< W o Vu)(t) - Sa(t)h(t) [Vu(z, t)3
—12 [y 92 (2(2, 1,8))ue(z,t) dw — £ [, Ga(2(z, 1,t)) dz
t / /
=30/ (t)(fy h(s)ds)[Vull3 + 30 (£) (W o Vu)(?).
(2.18)
Let us denote by G the conjugate function of the convex function G», i.e.,
G3(s) = sup,c+ (st — Ga(t)). Then Gj is the Legendre transform of G, which is given by

G3(s) = 5(G2) ™' (s) = Ga[(G3) 7! (s)], V520 (2.19)
and satisfies the following inequality
st < G5(s) + Ga(t), Vs, t>0. (2.20)

(see Arnold [3], p. 61-62, and Lasiecka [9], [12], [17]-[18] for more information).
Then, from the definition of G,, we get

G3(s) = 595 ' (s) — Ga(g; ' ())-
Hence
G3(92(2(z, 1,1))) = 2(z, 1,t)g2(2(x, 1,1)) — Ga(2(2, 1,1)). (2:21)
Making use of (2.18), (2.20) and (2.21), we arrive at

E'lt) < — (,ul — @) fgut(r,t)gl (ut(x,t)) da — @fg (z,1,8)g2(2(z,1,t)) dx
2 [o 2(2, 1, ) g2(2(2, 1,8)) dz + po fQ Go(ue(z t))da:—,uz fQ Ga(2(z, 1,t))dz
+3a(t) (W 0 Vu)(t) = Sa®)h(t) | Vu(z, )]} = Sa’ (0)(fy h(s)ds) [ Vul3 + Fo/ () (h o Vu)(1).

(2.22)
Again, use of (2.4) yields
E'(t) < - (Ml - 5& — Mz%) Jo ut(z, t)g1 (ue(x,t)) do
(53.” po + pace )fQ (z,1,t)g2(2(z, 1,t)) da

+a <t><h'ow>< ) = Sa(t)h(t) [Vu(z, 1) 3 @23)

—30/(1)( fo s)[[Vu ||2 o/ (t)(h o Vu)(t)

< —La/(t)(fy h(s)ds)||Vul} + 2a(t)(h’ o Vu)(t).
]

Remark 2.7. Since —o/(t)(fot h(s)ds)||Vul|3 > 0, E(t) may not be non-increasing.

3 Global Existence

We are now ready to prove Theorem 2.5 in the next two sections.

Throughout this section we assume ug € H>(Q) N H} (Q),u; € H}(Q) and
fo€ HY(Q; H'(0,1)).

We employ the Galerkin method to construct a global solution. Let 7" > 0 be fixed and
denote by V}, the space generated by {wy,ws, ..., w;} where the set {wy, k € N} is a basis of
H*(Q)N H)(Q).
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Now, we define, for 1 < j < k, the sequence ¢;(z, p) as follows:
¢j ({E, 0) = ’U)j.
Then, we may extend ¢;(z,0) by ¢;(x, p) over L*(Q x (0, 1)) such that (¢;); form a basis of

L*(Q; H'(0,1)) and denote Z;, the space generated by {¢1, é2, ..., ¢ }.
We construct approximate solutions (ug, z), k = 1,2,3, ..., in the form

k
t) = Zgjk(t)wj,

k
t)=> hi(t)e;,
j=1

where g;; and h;,j = 1,2,...,k, are determined by the following ordinary differential equa-
tions:
(uf (8),w;) + (Vour(t), Vows) — a(t) fy h(t = 8)(Vaur(s), Vawy) ds + (91 (uf,), wy)
+M2(92(Zk( D)w;) =0, 1<j<k,
2 (2,0,t) = uj(z,t)
(3.1
k
uk(0) = uor = Y _(uo, wj)w; — ug in H*(Q) N Hy(Q) as k — +o0, (3.2)
j=1
k
up(0) = wp = Y (ur, w;)w; — uy in Hy(Q) as k — 400 (3.3)
j=1
and
(Tzkt + Rkps (b]) = 07 1< j < ka (34)
k
2 (p,0) = 200 = > _(fo,0;)¢; — foin Hy(Q: H'(0,1)) as k — +oc. (3.5)
j=1

By virtue of the theory of ordinary differential equations, the system (3.1)-(3.5) has a unique
local solution which is extended to a maximal interval [0, T;[ (with 0 < T} < +o00) by Zorn
lemma since the nonlinear terms in (3.1) are locally Lipschitz continuous. Note that wuy(¢) is
C?class.

In the next step, we obtain a priori estimates for the solution, so that it can be extended outside
[0, T} [ to obtain one solution defined for all ¢ > 0.

In order to use a standard compactness argument with the limiting procedure, it suffices to
derive some a priori estimates for (ug, 2 ).

The first estimate. Since the sequences ugx, uj; and zg, converge, then standard calculations,
using (3.1)-(3.5), similar to those used to derive (2.13), yield

Ex(t) + a fot flo uy (z,t) g1 (u),(z, t))d:cds—f—az fot flo 2k (, l,t)gz(zk(z, 1,t))dxds
30O Vur3 — 30(t) (R o Vug)(t) £)(Jo h(s)ds)[Vur3 = $o/ (1) (0" o Vg ) (1)
< Ek(o) S C,
3.6)
where

E(t) = %Huz(t)ll%%( (8) fy ) 1V 0uk(8) |3 + a(t) 4 (h o Vuy) (£)
+€ Jo Jo Ga(=(w,p,1)) dpda.
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fa

§an
ap=p1 = S = e and ay = >— — pp(1 — o).

for some C independent of k. These estimates imply that the solution (uy, 2;) exists globally in
[0, +o0].
Estimate (3.6) yields

uy, is bounded in L2, (0, co; HY (Q)), (3.7

u), is bounded in L2 (0, co; L*(Q)), (3.8)

), (t)g1(u),(t)) is bounded in L' (Q x (0, 7)), (3.9)
Ga(zi(x, p,t)) is bounded in L2, (0, 00; L' (Q x (0,1))), (3.10)
2p(z,1,8)g2 (21 (2, 1,1)) is bounded in L' (Q x (0,T)). (3.11)

The second estimate. first, we estimate uj,(0). Testing (3.1) by g7, (¢) and choosing ¢ = 0, we
obtain:

[k (0)l2 < [[Azuokll2 + pllgr (win) 2 + pallg2 (2ox)||2-
Since g1 (u1x), g2(20x) are bounded in L?(€) hence, from (3.2), (3.3) and (3.5),

[uz (0)]l2 < C.

Differentiating (3.1) with respect to ¢, we get

d t
(1) + 806+ 5 (o) [ 10t = 9095 ) 15t )+ pashs(en) ;) =0,
Multiplying by g%, () and summing over j from 1 to £, it follows that

Y (llu ()IIzHIV ui,(D)]13) — a(®)h(0) G (Vaun(t), Vaui () + a(t)h(0)[[Vau (£)]3
dt fo W (t = 8)(Vaur(s), Voup (1)) ds + a(t)h' (0) (Vaur(t), Vaui ()
1

(1) Ji 1"t = $)(Vsur(s), Vo <w>ds+fulﬁz/% ()91 (u (1)) d
2 Jo u" k()2 (2, 1,8) g5 (20 (2, 1,t)) dx = 0.
(3.12)
Differentiating (3.4) with respect to ¢, we get
11 a /
(r2)((t) + a—pzk,qu) =0.

Multiplying by h; . (t) and summing over j from 1 to k, it follows that

1 d 1d,, )

ST IO+ 5 I W13 =0 (3.13)

Taking the sum of (3.12) and (3.13), we obtain

3 (I @13 + 1920, (D13 + 7124 (2, 2,0 s 0.1y ) + ORIV (113
+mk”2QMMDM+LkMLLmMWWKM@%WUA%%w@)
alt) g Jy 1 (t = )(Vaun(s), Vouy (£)) ds — alt)l' (0) (Vaur (), Vau (1))
£) Jo W' (t = 5)(Voun(s), Vo (8)) ds = iz fo s ()24 (2, 1, 0)gh (za a 1,8)) do + 4 (8) 3

Using (2.3), Cauchy-Schwarz and Young’s inequalities, we obtain

(O (O)(V e (1), T (1)) < ca0) Ve 0) 5 + 2O 7, 03
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a(O) Vi ()2 fo 11t = $)[Vaun(s)|2 ds

%nvmumn%
Fea() | |11 Ji 1B (¢ = $)||Vour(s)|3 ds,

‘a(t) JER (= 5)(Vaur(s), Vol (t) ds‘

IN N

L4 (Il (013 + 192w, (D13 + Tl (2 0. D320 0.1y ) + 11 S w2 (D)9 (uf (6)) de
+cfg|z,g<x,1,t>|2dw+a<> (0)]|V gt (813
< | (6)] + ea(t)|Vaour (6|3 + OO (1 I3 + 0|V, ()3
tea(t)|"| o fy 107 (t— $)IIIVour(s)I3 ds+a<> (0) & (Voun(t), Voul(t))
+alt dt fo R ( t—s)(V ug(s), Vyul(t)) ds.

Integrating the last inequality over (0, ¢) and using Gronwall’s lemma, we obtain

L (I () + IV (DB + 712 2D B e 0.1 ) + 11 Sy S 0”5 (8)91 (i (5)) dar ds
—Q—cfot Jo |21 (z,1,8)|* dxds <
5 (g 0113 + V21, (0) 3 + 7114z p, >||Lz aio))) + ADAO)(Vaun(t), Vi (1))
a0V 0), T (0)) + at) 11 5)(2s(5), V. 1)) s
WO h(0)) Ji 1V s (s >||§ds+a< ) (e + <l 20) fo I 92u(s) 3 ds
+c’ fo |u szs

(3.14)

O ((0) (Ve (1). V(1) < a()e V01 + 22O o ),

) [ (0=9)(Toun(9), Vo)) ds < a)e T )+ ORI [y 3 0

Then from (3.14), choosing ¢ small enough and using Gronwall’s lemma, we obtain

2
g (D13 + IV aur (DIF + Tl (@ 032001 + 11 So So 02 ()91 (w1, (5)) dards

3.15
e e L deds < b, O

forall ¢t € [0,7] and M is a positive constant independent of k& € N. Therefore, we conclude that

u}! is bounded in L. (0, +-00; L*(Q)), (3.16)
uj, is bounded in L52.(0, +o00; H} (Q)), (3.17)
2}, is bounded in L;2,(0, +o00; L*(Q x (0, 1))). (3.18)

The third estimate. Replacing w; by —A,w; in (3.1), multiplying by ¢/, (t), summing over j
from 1 to k, it follows that

2dt (||V uk( )Hz + 1Az uk( ) fo t_ 3 A U(S)vAxu/(t))dS (3.19)
1 Jo IVau ()Pg; (u (1)) de + pa [ v,u RV ozl (2, 1,8)gh (2 (2, 1,)) da = 0,
(t) fy h(t = 5)(Agu(s), Agtl(t)) ds + Sa(t)h(t)]| Apu(t) |3
=i [ ) Jy b dsnA u( JIE — a(®)(h o Acu)()] + Jal) (W o A (1),
Consequently, equality (3.19) becomes
L4 (19, 013 + (1 - alt) fy h(s) ds) [z (®) + alt) (h o Avu)(1)) + alt)h(t) | Vo (8) 3

—3a(t) (W o Apu)(t) + w1 fo [Vaui ()P g (uj (1)) da
+,u2 Jo Vot k() Vazy, (2, 1,8) g5 (2x (2, 1,1)) dz = 0.
(3.20)
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Replacing ¢; by —A,¢; in (3.4), multiplying by h,(¢), summing over j from 1 to k, it follows
that

1 d 1d
37 g Vel + 3 I Vez (D)5 = 0. (3:21)
From (3.19) and (3.21), we have
L4 (Va1 IE + + (1= alt) fy hls) ds ) 1 Asur(0)|3 + 71z, 2. D) B o))

+a(t)h(t) || Vaur(t)5 — sa(t) (W OAa:U)( )+ Jo IVauy, (8) gt (uy (1) do + 5 [o [Vazi(z, 1,1)] do
= —i fQ Vot i (6)Vazp (2, 1,6) g5 (21, 1, 1)) do + %vau;(t)H%

Using (2.3), Cauchy-Schwarz and Young’s inequalities, we obtain

Lt (192 I3 + (1= alt) fy h(s) ds ) [Asun(®)I3 + 71 Vaze(@, 0.0 Baiae 1))
1 J IV () Pt (i, (8)) dor + e fo IV, 1D do < /[ Vo (8)]5.

Integrating the last inequality over (0, ¢) and using Gronwall’s lemma, we obtain

IV au, ()15 + ( fo ) 1Az ur ()3 + T Vazi(@, 2, ) 1720 0.1)) <
(”kuk( )5 + 1806, (0) 15 + 7V a2 (2, 0, 0) 172 0 01) )

for all t € R, therefore, we conclude that

uy, is bounded in Lj2.(0, +oo; H*(Q) N HY(Q)), (3.22)
z), is bounded in L§2, (0, +o0; H) (€Q; L*(0,1))). (3.23)

Applying Dunford-Petti’s theorem, we conclude from (3.7),(3.8), (3.9), (3.10), (3.16), (3.17),
(3.18) (3.22) and (3.23), replacing the sequences uj and z; with subsequence if necessary, that

up — u weak-starin L5, (0, +o00; H*(Q) N HY(Q)), (3.24)

uj, — u' weak-star in L§2,(0, +oo; Hy (Q)),

u, — v weak-star in Li° (0, +o0; L*(Q)), (3.25)
g1(u),) — x weak in L*(Q x (0,7)),
2z, — z weak-starin L§2, (0, +o0; H{ (Q; L*(0, 1)),

2 — 2 weak-star in LS (0, +-00; L*(Q x (0, 1))), (3.26)
92 (2k(z, 1,8)) = weakin L*(Q x (0,7))

for suitable functions u € L>(0,T; H*(Q) N H} (Q)),z € L>(0,T; L*(Q x (0,1))),
x € L*(Q x (0,7)),¢ € L>(Q x (0,T)) for all T > 0. We have to show that (u, z) is a solution
of (2.8).

From (3.7) and (3.8) we have (u},) is bounded in L>(0,T’; H}(2)). Then (u},) is bounded in
L*(0,T; H}(Q)). Since (u}) is bounded in L>° (0, T; L*(L2)), then (u}) is bounded in L*(0, T; L*(Q)).
Consequently, (u},) is bounded in H!(Q).

Since the embedding H'(Q) — L*(Q) is compact, using Aubin-Lions’ theorem [20], we can
extract a subsequence (u,, ) of (uy) such that

u!, — u/ strongly in L*(Q).

Therefore
ul, —u a.ein Q. (3.27)

Similarly we obtain
z, — za.ein Q. (3.28)
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Lemma 3.1. For each T > 0, g(u'), g(2(z,1,t)) € L'(Q) and
g )Ly, lg(z(@, 1,4))l 1) < K1, where K is a constant independent of t.

Proof. By (H2) and (3.27) we have
g1(up(z,1)) — g1 (v (z,t)) ae. in Q,

0 < g1 (up(z, t))up(z,t) — g1 (v (z, 1))’ (z,t) ae. in Q
Hence, by (3.9) and Fatou’s lemma we have

T
/ / ' (2, t)g1 (v (z,t)) dedt < K for T > 0. (3.29)
0o Jo

By Cauchy-Schwarz inequality, using (3.29), we have

fo Jolgr (W' (z,t))|dedt < C\Q|2(f0 fgugl d:lcdt)
S C‘Q| KZ :K]

(S

Lemma 3.2. g(u}) — g(u') in L'(Q x (0,T)) and g(z1,) — g(z) in L'(Q x (0,T)).
Proof. Let E C Q x [0,T] and set

EIZ{(I't)GE |gl(uk:vt ZZE\El,

'—r}

where | E| is the measure of E. If M (r) := inf{|s|; s € R and |g;(s)| > r},

/ lg1 (u),)| dzdt < c\/ﬁ—i—( (ﬁ)) / |uj, g1 (uy,)| dodt.

Applying (3.9) we deduce that sup,, [, |91 (u},)| dzdt — 0 as |E| — 0. From Vitali’s convergence
theorem we deduce that gy (u},) — g1 (v') in L' (Q x (0,7)), hence

g1(u},) = g1(u) weak in L*(Q).
Similarly, we have

9 (2,) = g2(2') weak in L*(Q),
and this implies that

T T
/ / g1(uy)vdzdt —>/ /gl (u')v dz dt, for allv € L*(0,T; HY) (3.30)
o Jo 0o Jo

T T
/ /gz(zk)v da dt —>/ /gz(z)vd:v dt, forallv € L*(0,T; HY) (3.31)
0 Q 0 Q

as k — +oo. O

It follows at once from (3.24), (3.25), (3.30), (3.31) and (3.26) that for each fixed v €
L*(0,T; H}) and w € L*(0,T; H(;(Q x (0,1)))

fo fQ — Ayup + +a(t fo $)Azug(z, s)ds + pigi(u),) + 292 (2i))v de dt
— fo fQ ' — Agu+ aft) fo (t — 8)Azu(x, s)ds + pr1g1 (v') + paga(2))v dx dt

T 1
0
T2 + =—2 wdxdpdt%/ //Tz/—i——z wdxdpdt
/o/o/g(kapk> oosz( aﬂ)

as k — +o00. Hence

T ¢
/ /(u”—i—Axu—i-oz(t) h(t—s)Ayur(z, s)ds+pi1 g1 (u')+p2g2(2))v da dt = 0, Yo € L*(0,T; HyY).
0 0

///Tu—l——zwdxdpdt 0, Vwe L*0,T; H(Q x (0,1))).

Thus the problem (P) admits a global weak solution u.
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4 Asymptotic behavior

For M > 0 and ¢1,¢&, > 0, we define the perturbed modified energy by

L(t) = ME(t) + e1a(t)P(t) + e20(8) I (t) + (t)x (1), 4.1)
where
Y(t) = /Qut(;v,t) u(z,t) dz, 4.2)
I(t) = /Q/O e PGy (2(2, p, t)) dp d, 4.3)
() = — /Q wy(z,1) /O h(t — ) (u(t) — u(s)) ds da. 4.4)

Lemma 4.1. ([24]) For u € H}(Q), we have

/Q (/ot h(t = s)(u(t) —u(s)) ds)

Where c, is the Poincaré constant.

2

dx < ci(/o h(s)ds)(ho Vu)(t),

Lemma 4.2. There exist two positive constants By and B, depending on €1, e, and M such that
forallt >0
BiE(t) < L(t) < BLE(t).

Proof. We consider the functional
K(t)=L(t) — ME(t) = e1a(t)¥(t) + e2a(t) I (t) + o(t) x(t)

and show that
|K(t)] < Ca(t)E(t), C>0. 4.5)

Using Young’s inequality and Poincaré’s inequality, we obtain

la(t)x(t)] = ‘ fQ ug(z,t) fo (t — s)(u(t) —u(s))ds dm‘
2
< W foudde+ 2P [y (fn t—s)(u(t) —u(s))ds) dv (46
< %fg dm+2)(f h(s )ds) A(hoVu)(t).

Where c, is the Poincaré constant.

Similarly, we have

lera(t)P(t) + exae(t)I(t)] era(t) fQ|ut||u|daz+62a ) Jo fo 270Gy (2(x, p,t)) dp d
280 [ u do + 299 [ [Vl da

+era(t fQ fo Ga(2(z, p,t)) dp dx.

IAIA

4.7
Using 1 — fo s)ds >1>0,(2.10), (4.6) and (4.7), we get (4.5) for some positive constant
C. By choosmg M large enough, our result follows from (4.1), (4.5). O

Proposition 4.3. For each ty > 0 and sufficiently large M > 0 and appropriately small €1,e, >
0, there exist positive constants C3, Cy, and Cs such that

%L(t) < —C3a(t)E(t) 4+ Cya(t)(h o Vu)(t) + Csa(t)||g1 (we) |3Vt > to.
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The proof of this proposition will be carried out through three lemmas.

Lemma 4.4. Let (u, z) be the solution of (2.8), then for any v > 0, we have

w(t) < el = (1= - 702((/“ + 1) |Vul3 ws)
HE folor (i@, ) Pde + 2 [ |g2(2(2, 1,6))2 do + S22 (h o Vu) (1),
Proof. Using the first equation in (2.8), a direct computation leads to
() = Joui(z dw—l—fg ug (2, t)u(x, t) do
= luell3 + [o [Au fo (t — s)Au(z, s)ds
(4.9)

—u191 (ue(z,8)) — poga(ue(z, t — T)):l u(z,t) de
— el = IVl + aft) fo Ve, ) 2 bt = 5)Va(s, 5) ds do
—p1 fo 91 (we (2, 0))u(e,t) de — py [ g2(2(z, 1,t))u(z, t) de.

Since [ h(s)ds < [7° h(s)ds < l(l)

Now, the th1rd term in the r1ght hand side of (4.9) can be estimated as follows:
a(t) [ Vu(z,t) f(f h(t — s)Vu(z, s) dsdx
= oft) [ fo (t—s [ u(z,s) — Vu(:v,t)] Vu(z,t)dsde + ot) [ fo (t — 8)|Vu(x,t)|* ds dz

< (1 =0)IVu(z, 1)} + at) [, [Vu(z,t)] fot h(t — s)|Vu(z,s) — Vu(z,t)| ds dz:

< (1 =D||Vu(z, t)|5 + |Vu(z,t) ||2< t) Jo (fo (t — s)|Vu(z,s) — Vu(x,t)|ds) dx) )

< e |
H|Vu(z, 8] [fg (az(t) JEn(t = s)ds [} h(t — s)|Vu(z,s) — Vu(x,t)|2ds) d:p} :

< (1=D|Vu(z, )| + (1 =12 Vu(z,t)||2 [fg (fo (t—s)|Vu(z,s) — Vu(x,t)|2ds) dx} ’

< (1= DIV, I3 + (1= )2 || Vu(e, t)||2a%( )(hoVu)i (1)

< (1= DIIVu(z, I3 +~[Vulz, 1)I3 + 35 (ho Vu)(t)

< (1= 1+7)[Vu(a, 1)} + %(how( ),

then we conclude

() < el Va3 + (1 =+ IVul3 + S22 (o Tu) ()
+,u1fQ|gl(ut(a:,t))|\u(x,t)\da:+u2fg|gz(z(a:,l,t))Hu(aj,t)\dx.

Since :
[ tute.)llute 0] de <1 Ful+ - [ lor(ue 0)F da
Q Y Jo
1
[ loatete 1.0 llute 0l do <AVl + 5 [ loa(eta,1,0) P do
Q Y JQ
we obtain
w(t) < el — (1 =~y = ve2(pr + p2)) [ Vull3

A fo Lo (e (e, )P ez + 22 [ |ga(2(x, 1,8)) P da + + U220 (o W) (8).

Lemma 4.5. Let (u, 2) be the solution of (2.8), then we have

d 6727
—I(t) < =2I(t) —
S < ~21() -

/Gz(z(:zz,l,t))dx—i—l/ Golug(z,t))dz.  (4.10)
Q TJo
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Proof. Differentiating (4.3) and using the second equation in (2.8), we have

%I(t) = fQ fo “Tz(, p,1)02(2(2, p, 1)) dp dx
- T fQ fo QTpr (x,p,t)g2(2(x, p,t)) dp dx
T fQ fo e dpGZ( z(z, p,t)) dp dx

oo [ (¢5r0Ga(eto, 1))+ 27270 oo, )| d
= -1, {e‘zTGz(z(x, 1,t)) — Gz(ut(x,t))} dx
-2 /4 fol e 2P Gy (2(, p, t)) dp dx

< -2/, fol e‘zT”Gz(z(:mp, t))dpde — L [, e 2" Gr(2(z,1,t))dz
+- fg Ga(ue(z,t))dx dx
< —21(t) fQ Go(z(z, 1,t))dz + L [, Ga(ui(z, 1)) da.
O
Lemma 4.6. Let (u, z) be the solution of (2.8), then we have the estimate
Ax(®) < (1 +2(1 = 1) Vuld - (Q; s)ds) —n) w3
(210200 + &+ S+ )+ &) (o985 ) (e Vo) = B2 o Vu)e)
+npllgr (ue)ll3 + nuallgz(2(z, 1,8)) 3.
@.11)
for any 7 a positive constant.
Proof. A differentiation of (4.4) leads to
() = — /Q (2, 1) /O h(t—s)(u(t)—u(s))ds da,
we have
X'(t) = — Jouu(z t)f h(t — s)(u(t) — u(s))ds dx
— Joue(z,t) {ut x,t) fo —s)ds + fo Nt —s)(u(t) — u(s))ds} dz,
= —Jo [(A u(z,t) fo s)Azu(z, s)ds — p g1 (ue(x,t))
—p2 g2(2(z, 1,t) )fo (t —s)(u(t) — u(s))ds]dx
—j;) s)ds lugll3 — [ ue(w,t) fo B (t—s)(u(t) —u(s))ds dz,
= fQ Vu(z,t) fo (t —s)(Vu(z,t) — u(x,s))ds dx
(t) o [fo s)Vu(z, s) ] {fo (t —s) (Vu(z,t) — Vu(z,s)) ds} dx
—l—mfﬂg] ug(x, 1) fO (t—s)( :Et) w(z, s))ds dz
—I—uzfggl (x,1,t) fo (t — s)(u(z,t) — u(x,s))dsdx
(fo ds) uel3 = fq ue(z,t) fo h’ t—s)(u(t) —u(s))ds dx.
(4.12)

Using Young’s inequality and the embedding H} () — L*(), we infer

Jaat) 3 (e =) (ul0) = u(s) ) s d

el + &5 (J—H = )u®) — u(r) 2 dr)’
allud -+ 25 (Jy 1) dr) Jo W (e = Dlfu(e) = u(r) Bdr
nlluel} = %2 (0 o Vu) 1),

IN N IA
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< | VulE + 4177< / h(s) ds)(hoVu)(t),

/w (2,0) / (t—s) (Vu(x,t)—Vu(m,s))dsdm

1 Jo 1 (ur(2,0) Ji bt = 5) (ule. 1) = ulz, 5))ds da
< 77Hl||91( (m t ||2 + ch fo hoVu)( )

o Jo 9r(=(, 1,0)) fi bt — )i, 1) — (e, >>dsdx

< npallga (2(, 1, )3 + 2 (fy h(s) ds)(h o Tu) ()
and
‘ ) Jo <f0t - (z,s ds) (fo s)(Vu(z,t) — Vu(as))ds) dx’
= (t) o [fo (t—2s) ( (x,t)—Vu(x,s)ds—fo t—s)Vu(m,t)ds}
[fo (t—s (Vu(x t) — Vu(z, s)>ds} dx
< () Jo fo s)Vu(z,s)ds| dr+ 4177 Jo fo (t — s)(Vu(t) — Vu(s))ds| dz
< (t) Jo (fo (t — s)(|Vu(z,t) — Vu(z, s)| + |Vu(x,t))ds> dx
+ﬁ Jo (f(fh (t —s)|Vu(z,t) — Vu(x,s)|ds> dx
< (2na?(t 477 ) Jo (fo s)|Vu(z, t) — Vu(x,s)|ds)2dx
+2na’(t (fo s) 5) Jo IVu(z,t)| dzx
< 2n(1 = D2 Vuz, D13 + (2002(1) + 4 ) <f0 > (ho Vu)(t).
Combining all estimates above, we get
V(0 < (1 +2(0 = 02)[Vul3 = ((fy h(s) ds) = n) lluel3
(21020 + &+ S+ m) + &) (U988 ) (e Vao(e) - B2 o Tu)e)
g (ue) 13 + npallga(z(=, 1,6) 13-
4.13)

Proof of proposmon 4 3. Since h is positive, then for any tp > 0 we have
Jy h(s)ds > [1° h(s)ds = ho for all t > t.
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Thus, making use of this and combining (2.23), (4.8), (4.10) and (4.13) we have
L'(t) = %L(t) = ME'(t) + e1a(t)W'(t) + 10/ (£)¥(t) + eace(t) (1)
Fe2o/ (H)1(t) + a(t)x'(t) + o' (t)x(t)
M[— sa/(t fo s)ds)||Vul3 + a( )(h o Vu)(t)]

IA

teralt) [mtn% =y =2+ )|Vl

[ lo1 (ue(, 1) P do + 42 [ loa(2(x, 1,0)) P da + “—mwhow)(w]

—27‘

+era(t) [ 2I(t) — <= [ Ga(z(z, 1, 1))dx + L [, Go(ui(z, ) dm}
+alt) [nu £200-102)Vulg — (i b ds) ) el

+ (2na2(t)+ ﬁ“‘%(ﬂl +,u2 +#> (fo ) hOVU)()

hUC

2 0 0 Vu)(0) -+ o w) 3+ o 1,13

+era! ( JE() + &0 (I(1) + o (1)x(1)

—a(®) (ho =1 —e1) lluel + at) (4 — %) (0 0 Vu)(t)
—70z fo s)ds) ||Vu||2
~a(t)[#1(t = =92 + ) = (1 + 200 = 0P)| IVl = 2220010
—a(t) (MC + 52%041 (77#2 + 61“2) 03) Jo 92(z(z,1,8))2(x,1,t) d
—a(t) (MC — 2a3) [, 91(u)u da
a(t) (242 + (200%(1) + 5 + 5 + ) + 25 ) (fy h(s) ds) ) (ho Vu)(2)
+a(t) (mur + 52 ) llgr ()13

+e1a/ (D)P(t) + 20/ (1) I () + o (1) x(¢).

IN

(4.14)
By using (4.2), (4.4), Young’s and Poincaré’s inequalities, we have

+e1a/(1)¥(t) +Eza (t )I( )+ (t)x(1)

< g1 ( fg \ut\|u| dx 4 e20/(t) [o fo _ZTsz(z(x t))dp dx
(t) Joue(z,t) fo (t —s)(u(t) — (s))dsdx
< HE‘ o (t fQ dz + s‘a c2 : fo |Vul|? dz

(fo ds)c(hOVu) e (1) fy [ o=, pu1)) dp de
Hence (4.14) takes the form
L) < —a(t) (ho—n—=1+ ”51; >)||ut||2+a (4 - 2) (W o vu)(t)
S0 (448) (o bs)ds) [Vul3
—a(t) [ (Sa) +e (1=~ vczw +112)) = (14201 = 1P) [[IV,ul3 = 220(8)1(2)
—a(t) ( 61#2)03)ng2 (. 1,0))2(x, 1,1) dx

(e
i (M — —052) ngl ug)ug dx
o) (25 + (S o)+ 55t )+ 35) (Jo k() ds) ) (ho Vu)(t)
()(u1+ ”)ugl(uanz

n
+aft (EW’ )fg fo Ga(z(z, p,t)) dp du.

(4.15)
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At this point, we choose, first, €; > 0 so small that
;Lo —e1 > 0.
Next, we choose v > 0 so small such that

I—~ =~y (p + p2) > 0.

and n > 0 sufficiently small such that

et (I =7 = +p2)) —n (1+2(1=1)%) > 0.

and ~

ho—n—¢e; >0.
Then, we pick M > 0 sufficiently large so that

M hct

2 4n

MC’+52$a1 - (77#2 + 54‘1’7‘2) >0

MC—%OQ>O

We then use \ ligrn ‘Z/(%) = 0 (which can be deduced from (H1))to choose t; > t( so That, (4.14)
—+00

takes the form

d

aL(t) < —Csa(t)E(t) + Cya(t)(h o Vu)(t) + Csal(t)||gr (ue)|3 (4.16)
where C3, Cy4 and C's are three positive constants. This completes the proof of Proposition 4.3.
|
Now, we estimate the last term in the right hand side of (4.16). We denote by
Qf={zeQ: W|>}, Q ={zeQ: || <}
From (2.1) and (2.2), it follows that
/Q+ lg1 (u/)|2d:c < i /Q+ g () dz < —p E' (). 4.17)

Case 1: H is linear on [0, ¢’]. In this case one can easily check that there exists | > 0, such that
lg1(s)] < w}|s| for all |s| < ¢&’, and thus

| )P s < [ o) de < i B0, (418)
Q- Q-
Substitution of (4.17) and (4.18) into (4.16) gives

(L(t) + pE(t)) < —cia(t)Ha(E(t)) + Cya(t)h o Vu 4.19)
where = Cs(p1 + 1) and here and in the sequel we take C; to be a generic positive constant.
Case2: H'(0) =0and H” > 0on|0,¢’].

Since H is convex and increasing, H ' is concave and increasing. By (2.1), the reversed
Jensen’s inequality for concave function, and (2.23), it follows that

Jo- g1 (u)? dx

—1

fo H' (i) d
-1 1 / / —1 /A nli (4’20)
Q|H (@ Jo g () d:c) < CH ' (—C'E'(1)).
A combination of (4.16), (4.17) and (4.20) yields

(L(t) + Cspn E(1)) < —Csa(t)E(t) + Caa(t)(h o Vu)(t) + Csa(t) H-(~C'E'(1)), > to.
4.21)
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Let us denote by H* the conjugate function of the convex function H, i.e.,

H*(s) = tseuRp (st — H(t)).

Then H* is the Legendre transform of H, which is given by
H*(s) = s(H')"'(s) = H[(H)"'(s)], Vs>0 (4.22)
and satisfies the following inequality
st < H*(s)+ H(t), Vs, t>0. (4.23)
The relation (4.22), the fact that H’(0) = 0 and (H')~!, H are increasing functions yield
H*(s) < s(H')"'(s), V¥s>0. (4.24)
Making use of E'(t) < 0, H'(t) > 0, (4.21) and (4.24) we derive for &y > 0 small enough

[H' (20 E(t)){L(t) + Csu  E(t)} + CsC"E(t)]
o' (t)H" (e E(t))(L(t) + Csm E(t)) + H' (20 E(t)) (L' (t) + Csm E'(t)) + C5C'E' (t)

< —Ca(t)H (0 E()E(t) + Caa(t) H' (c0E(t)) (h o V) (%)
+Csa(t)H' (e E(t))H™ ' (—=C'E'(t)) + C5C"E' (t)

< —Calt)H'(c0E(1)E(t) + Csa(t) H* (H (60 E(t))) + Caa(t)H' (20E(0)) (h o Vau) (1)

< —Cya(t) H'(0B(t)E(t) + Csa(t) H' (0 B(t))20E(t) + Caa(t) H (€0 E(0)) (h o Vu)(2)

< —Cra(t)H'(c0E(t))E(t) + Csa(t) H' (e0E(0)) (h o Vau) (%)

—Csa(t)Hy(E(t)) + Caa(t)H' (g9 E(0)) (h o Vu)(t).
(4.25)
We note that, in the second inequality, we have used (4.23) and 0 < H'(s9E(t)) < H'(g9E(0)).
Let

L) = L(t) + pE(t) if H is linear on [0, &']
| H (e0E(t){L(t) + Csp1 E(t)} + CsC'E(t)  if H'(0) = 0and H” > 0 on |0, '],
(4.26)
then from (4.19) and (4.25), it holds that
L'(t) < —esa(t) Ha(E(t)) + esa(t)a(t)(ho Vu)(t), Yt > to. (4.27)

On the other hand, by choosing M > 0 larger if needed, we can observe from Lemma 4.2 that
L(t) is equivalent to E(t). So, L(t) is also equivalent to E(¢). Moreover, because the fact that
¢'(t) <0, there exists € > 0, such that

C()L(t) +2¢sE(t) <EE(t), Yt >to. (4.28)
Finally, let
L() = e(C(OE@) + 265 E(t)),  for0 < e < %
then we observe, from (4.27), (H1), (2.23) and (4.28), that

L) = (¢ (1) L(t) + () L/ (t) + 2¢s E' (1)
—csea(t)C(t) Ha(E(t)) + esea(t)((t)(h o Vu)
—caea(t)C(t) Ha(E(1)) — Csfa( (R OVU)(Tf
—aaca(t)((t) Ha(E(1) < —cealt)((t VHy (£ (C(t)L(t) + 2¢5 E(t)))
—caea(t)C(t) Ha(e(C() L(t) + 2¢s E(1))) = —caca(t)C(t) Ha(L(1)).

We have used the fact H, is increasing in the last two inequalities. Noting that H{ = —1/H,
(see (2.12)), we infer from (4.29)

)
)+ 2cseE ()
+

(t
)+ 2cseE(t) (4.29)
q0)

INININ A

(t)L(t)
(¢

L'()H{(L(t)) > caca(t)C(t), V> to.
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A simple Integration over (¢, ¢) then yields

HV(L(8)) = Hy(L(to)) + cae /O a(t)C(s) ds — cae /0 " a(t)C(s) ds.

Choose ¢ > 0 sufficiently small so that H;(L(t)) — cae foto a(t)¢(s)ds > 0, then, thanks to the
fact H~ !is decreasing, we infer

L(t)

IN

Hy! (Hl(ﬁ(to)) — e [ a(t)C(5) ds + ca [ a(t)C(s) ds)
< H{! (045 fot a(t)¢(s) ds) .

Consequently, the equivalence of £, L, L and E, yield

B(t) < CoH;! (w /0 a(t)C(s) ds> .
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