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Abstract We know that the classical Mittag-Leffler function play an important role as solu-
tion of fractional order differential and integral equations. We introduce the p - k Mittag-leffler
function and prove some of its properties.

1 Introduction

The two parameter pochhammer symbol is recently introduce by [6], equation 2.1, in the form,

1.1 Definition

Letx € C;k,p € RT — {0} and Re(z) > 0,n € N, the p - k Pochhammer Symbol (i.e. Two
Parameter Pochhammer Symbol), ,,(z),, 1 is given by

p(x)n,k:(%)(% +p)(% +20)-ce (o (1= 1)p). (1.1

And the Two Parameter Gamma Function is given by [6], equation 2.6, 2.7 and 2.14,

1.2 Definition

Forz € C/kZ ;k,p € RT — {0} and Re(x) > 0,n € N, the p - k Gamma Function (i.e. Two
Parameter Gamma Function), ,I';(z) as

1 1pntl £
() = L gim 2 mR)E (1.2)
n—>00 p(x)n-‘rl,k:
or +1 ( ) z—1
nlp" T (np)r~
Ip(z)=- lim ——————. 1.3
p k( ) k n—oo ;D(:C)n,k (1.3)
The integral representation of p - k Gamma Function is given by
o0 k
JTh(z) = / e~ T oLt (1.4)
0

The Mittag-Leffler function E, (z) introduced by Gosta Mittag-Leffler [4] in 1903, defined as

0 P

n

Here z € C,a > 0.

Wiman [2] generalized E,(z) in 1905 and gave E, 3(z) known as Wiman function, defined
as

o0 Zn
Eop(z) = z:% Fan T3 (1.6)
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Here z,a, 8 € C; Re(a) > 0, Re(8) > 0.

Prabhakar [8]in 1971, gave next generalization of Mittag-Leffler function and denoted as Eg 5(2)

and defined as

Zn

Eas Z1"om—|—ﬁ)n'

(1.7)

Here z,a, 8,7 € C; Re(a) > 0, Re(B) > 0, Re(y) > 0.

Shukla and Prajapati [1] in 2007, gave second generalization of Mittag-Leffler function and
denoted it as £'%(2) and defined as,

n

Zl"om—i-ﬁ n!’ (1.8)

Here z,a, 3,7 € C; Re(a) > 0, Re(8) > 0, Re(y) > 0and g € (0,1) U N.
The function E]%(z) converges absolutely for all z if ¢ < Re(a) + 1 and for |z| < 1 if
q = Re(a) + 1. It is entire function of order ﬁ(a).

Gehlot K.S.[5] introduce Generalized k- Mittag-Leffler function in 2012, denoted as GE}’d 5(2)
and defined for k € R; z, 0, 8,7 € C; Re(a) > 0, Re(8) > 0, Re(y) > 0and g € (0,1) U N, as,

oo

, _ (W)nq,k 2"

where(7y)nq.k is the k- pochhammer symbol and [ () is the k-gamma function given by [7].
The generalized Pochhammer symbol is given as,

( + ) n +r—1 .
(v)nq—% q" H(%)n, ifq€N. (1.10)

r=1

Throughout this paper Let C, Rt, Re(), Z~andN be the sets of complex numbers, positive real
numbers, real part of complex number, negative integer and natural numbers respectively.

2 Main Results

In this section we introduce the p - k Mittag-Leffler function and prove some of its properties
and discuss some particular cases.

2.1 Definition

Letk,pe R™ — {0};a, 8,7 € C/kZ; Re(a) > 0, Re(B) > 0, Re(y) >0and g € (0,1)UN
The p - k Mittag-Leffler function denoted by , E,% B(Z) and defined as

B —oWngr 2" 2.1
PTk,0.8 Z Fk (na+ B) n!” @

Where ,(7)nq.k is two parameter Pochhammer symbol given by equation (1.1) and , I () is the
two parameter Gamma function given by equation (1.3).

Particular cases : For some particular values of the parameters p, q, k, a, 8, we can obtain
certain Mittag-Leffler functions, defined earlier:

(a) For ¢ = 1 equation (2.1), reduces in generalized form of k- Mittag-Leffler functions defined
as.

JELL "’“Z 22
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(b) For p = k equation (2.1), reduces in Generalized k- Mittag-Leffler functions defined by [5].

oo

, _ k(Wngr 2" ,
WEas(2) = go Tl " D = GEY? 4(2). (2.3)

(¢) For p = k,q = 1 equation (2.1), reduces in k - Mittag-Leffler functions defined by [3].

)1 _ (V)n,k 2" _
kE;cY,a.ﬂ(Z) = TZ:O Ti(na + B)(n) = Elz,a,ﬁ(z)' (2.4)

(d) For p = k and k = 1 equation (2.1), reduces in Mittag-Leffler functions defined by [1].

v,q Jng 2" g
Elouﬁ ZF’RO&‘FB n') _Eaﬁ() (25)

(e) For p = k,q = 1 and k£ = 1 equation (2.1), reduces in Mittag-Leffler functions defined by
[8].

: o (Mnz"
VBT 5(2) = nz:% W = E] 5(2), (2.6)

(f) Forp =k,q =1,k =1 and v = 1 equation (2.1), reduces in Mittag-Leffler functions defined
by [3].

o0 n

1,1 _ A
1B 5(2) = go Ta s~ Eer): @7

(g@gForp=k,g=1,k=1,v=1and 5 = 1 equation (2.1), reduces in Mittag-Leffler functions
defined by [4].

lElljtic,l(Z) = Z m = EQ(Z). (28)
n=0

Theorem 2.1 Let k,p € R — {0};, 8,7 € C/kZ™; Re(ar) > 0, Re(B) > 0, Re(~y) > 0 and
g € (0,1) U N, then the functional relation between p - k Mittag-Leffler function and Mittag-
Leffler function defined by equation (1.8) is given by

82 _a
pELas(2) = kp” FEL (2p"F). 2.9)
And its counter part is
B
7, pF , e
B (2) = pBla p(zpF 7). (2.10)

Proof: Using [6], equation 2.19 and 2.20, we get the desired result.

Theorem 2.2 Let k,p € Rt — {0};a, 8,7 € C/kZ ;Re(a) > 0,Re(B8) > 0,Re(y) > 0
and ¢ € (0, 1) U N, then the following result holds

d
kpELS 5(2) =pB B 50 (2) + 2 pEa 5 (2)- (2.11)
Proof: Starting for the right member of (2.11), we have

d
A=pBpEd 5i(2) + e rEia,s41(2);

n—I1

s = Vng.k 2" Vng.k nz
pﬁz T na+ﬂ+k: +Zpaz T na+ﬁ+k) ol

oo

n k na—i—ﬁ)
- Z :La—i—ﬁ—l-k)n"
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A=k Ek:ocﬂ()

Here we use the property of the two parameter Gamma Function namely , 'y (z+k) = %2 T’ (2),
cf.([6], Equation 2.22), we get the desire result.

Theorem 2.3 Let k,p € Rt — {0};a,8,7 € C/kZ ;Re(a) > 0,Re(B8) > 0,Re(y) > 0
and ¢ € (0, 1) U N, then the following result holds

kq—k, , k
2pq p(¥)g—1,k pElZ:;,gﬂa 1(2) = PEIZ,Z,B( z) — EZa Bq( z). (2.12)
Proof: Consider the right hand side of (2.12),
Ai ka,ﬂ( ) El’cyal,cﬁq<z)

using the definition (2.1), we have

A= Z T na—i—ﬂ n‘( (Mg = p(¥ = k)ng.k)-

Using [6] equations (2.20), (2.21) and relations n(z),—1 = (), — (x — 1),, and (0),4; =
(0)j(6 + j)n, we obtain the desire result,

kq—Fk,
A= 2pq p(V)g-1k pBR o5 (2).

Theorem 2.4 Let k,p € R" — {0};, 8,7 € C/kZ~; Re(a) > 0, Re(B) > 0, Re(y) > 0 and
q € (0,1) U N, then the derivative of the p - k Mittag-Leffler Function is given by,

d . ,
() pBLA 5(2) = p(Vjak X PELIR (7). (2.13)

Proof: Consider the Left hand side,

() B (),

using the definition (2.1) and differentiate j times we have,

A

using [6], equation (2.33), we obtain desire result.

Theorem 2.5 Let k,p € Rt — {0};a,8,7 € C/kZ ;Re(a) > 0,Re(B8) > 0,Re(y) > 0
and ¢ € (0,1) U N. Then

> k& (r k:+k‘)(x ) T+

nqk+k, q Y rqk—+k, Yy

> (@t y)" BB (e EZ X< p B (—— » ) (214
n=0

Proof: Consider the Left hand side,

Joi k+k,
A= Zx—l-y P k%(tw?)k(xy)’

using equation (2.1), we have

- n - P(nqk—l—k qu(xy)
A= Z“y Z ok 1 k) rl 2.15)

=

now simplifying, by using [6], equation (2.19) and (2.20)

p(nqk + k)rq,k = prq(nq + l)r'qa
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qu(nq—i—rq—i— 1)
I'(ng+1)) ~’
rqL(rg+14nq) T(rg + 1)

I'(rq+1) T(ng+1)’
p(rak + k) ng i
pLr(ngk + k)’

Lr(rgk + k)®

then equation (2.15) becomes,

A= p(rq q,k p
;x—i—y Z oLk nk+k) I'v(ngk + k) r! ’

rearranging the terms, we have

_ Ei qu+k)(xy) o (rgk + k)ngk (x—l—y)n
o — ~ Lr(ngk +En!™ p '

This completes the proof.
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