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Abstract The reciprocal product degree distance(RDD..), is defined as RDD(G) =
> %. The new graph invariant named reformulated reciprocal product degree dis-
u,veV(G) ’
tance is defined for a connected graph G as R, (G) = 3.
u,veV(G)
the reformulated reciprocal product degree distance and reciprocal product degree distance of
strong product of two graphs are obtained.

dg(u)dg(v)

doluoitr L2 0. In this paper,

1 Introduction

All the graphs considered in this paper are simple and connected. For vertices u,v € V(G), the
distance between v and v in G, denoted by d¢ (u,v), is the length of a shortest (u, v)-path in G
and dg(v) is the degree of a vertex v € V(G). The strong product of graphs G and H, denoted
by G X H, is the graph with vertex set V(G) x V(H) = {(u,v) : v € V(G),v € V(H)} and
(u,z)(v,y) is an edge whenever (i) v = v and zy € E(H), or (ii) wv € E(G) and z = y, or
(i4i) uwv € E(G) and zy € E(H).

A topological index of a graph is a real number related to the graph; it does not depend
on labeling or pictorial representation of a graph. In theoretical chemistry, molecular structure
descriptors (also called topological indices) are used for modeling physicochemical, pharma-
cologic, toxicologic, biological and other properties of chemical compounds [11]. There exist
several types of such indices, especially those based on vertex and edge distances. One of the
most intensively studied topological indices is the Wiener index.

Let G be a connected graph. Then the Wiener index of G is defined as

W(G)=1% ¥  dg(u,v) with the summation going over all pairs of distinct vertices of G.

u,v € V(GQ)
Similarly, the Harary index of G is defined as H(G) = 3 . =,y Dasetal. [7] pro-
u,v € V(G) ’
posed the second and third Harary index and they extend it to the generalized version of Harary
index, namely, the ¢-Harary index, which is defined as H;(G) = % g(g) m, t>0.
Also they obtained the bounds for ¢-Harary index of G in terms of Wiener index of G.

Dobrynin and Kochetova [8] and Gutman [10] independently proposed a vertex-degree-
weighted version of Wiener index of a connected graph G called degree distance, which is
defined as DD(G) = 1 3 (dg(u) + dg(v))de(u,v). Note that the degree distance is a

u,veV(Q)
degree-weight version of the Wiener index.

To strengthen the interactions between nodes in a network is described by their topologi-
cal distances, it is necessary to consider the weighted versions to measure the centrality of the
network with respect to the information flow [6]. Hua and Zhang [12] introduced a new graph
invariant named reciprocal degree distance, which can be seen as a degree-weight version of
Harary index, defined as, RDD(G) =1 3° %. Alizadeh et al. [2] has shown that

u,veV(G) ’
the reciprocal degree distance can be used as an efficient measuring tool in the study of com-
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plex networks. Hua and Zhang [12] presented some lower and upper bounds of the reciprocal
degree distance in terms of graph invariants such as degree distance, Harary index, first Zagreb
index, first Zagreb coindex, pendent vertices, independence number, chromatic number, vertex-
and edge-connectivity. They also characterized the extremal cactus graphs with the maximum
reciprocal degree distance.

Recently, Li et al. [14] introduced a vertex-degree-weighted version of ¢-Harary index of a
connected graph G called reformulated reciprocal degree distance, which is defined as R;(G) =
Iy %, t > 0. In view of H,(G), R;(G) is just the additively weighted ¢-Harary

u,veV(Q)

index; while in view of RDD(G) it is also the generalized version of the reciprocal degree
distance of a connected graph G. It is natural and interesting to study the mathematical properties
of this novel graph index. Li et al. [14] studied the mathematical properties of the reformulated
reciprocal degree distance under some edge grafting transformations and extremal properties
of the several class of trees. Also they established the sharp upper bound on the maximum
reformulated reciprocal degree distance of n-vertex trees with k pendents. Pattabiraman et al.
[17, 18, 19] obtained the reformulated reciprocal degree distance of some important classes of
graphs.

In these background, the reformulated reciprocal product degree distance[15], which is de-
fined as R, (G) = : ;:/(G) %, t > 0. In view of RDD,(G) it is also the generalized

u,v
version of the reciprocal product degree distance of a connected graph G. The reformulated re-
ciprocal product degree distance of several graph operations are discussed in [15, 16]. In this
connection, we have obtained the exact formulae for the reformulated reciprocal product degree
distance and reciprocal product degree distance of strong product of graphs.

The first Zagreb index is defined as M;(G) = 3. dg(u)> = 3 (dg(u) + da(v)).
ueV(G) w€EE(G)
Similarly, the first Zagreb coindex is defined as M(G) = 5. (dg(u) + dg(v)). The Zagreb
uwv¢ E(Q)

indices are found to have applications in QSPR and QSAR studies as well, see [9].

2 Strong product of graphs

Ifmg =m = ... = mp_1 = sin Ky, m,, .. m,, (the complete multipartite graph with

partite sets of sizes mg, my, ..., m,_1), then we denote it by K, ). For S C V(G), (S) denotes

the subgraph of G induced by S For two subsets S, T C V(G) not necessarily disjoint, by

dg (S, T), we mean the sum of the distances in G from each vertex of S to every vertex of T', that
is,dg(S,T)= Y dg(s,t)anddZ(S,T)= t>0.

seS, teT seS,teT

Let G be a simple connected graph with V(G) = {vo, vi, ..., v,—1} and let Ky oy oy

r > 2, be the complete multiparite graph with partite sets Vp, Vi, ..., V,_

mi, 0 < ¢ < r — 1. In the graph G X K, 1y, ....m,_,, let Bij = v; x Vj,v; € V(G) and

0 < j < r — 1. For our convenience, the vertex set of G X K, m,, is written as

r—l

da (5 t)+t?

ey My

V(G) x V(Kpg.my, ....m,_,) = U B;j. Let # = {Bw}lf()l ,,,,, . Let X; = U B;; and

i=0 7=0,1,. =0
=0 ’

Y, = U B;;; we call X; and Y; as layer and column of G X K m,. ... m,_,, respectively.

If we denote V(Bij) = {zi1, iz, ..., Tim, } and V(Brp) = {Zr1, Tr2, .- -, Thm, }, then z;, and
xpe, 1 < £ < j, are called the corresponding vertices of B;; and By,,. Further, if v, € E(G),
then the induced subgraph (B;; | Brp) of G X Ky m,y, ... m,_, is isomorphic to Ky, v, | or,
m,, independent edges joining the corresponding vertices of B;; and By, according as j # p or
j = p, respectively.

The following remark is follows from the structure of the graph Ky, m,. ... m,_,-

Remark 2.1. Let ng and g be the number of vertices and edges of K, ... m,_,. Then the
1 r—1 1

sums Z;,p:() mimp = 2Q7 Z m' 2q E] p= Om mp = Nog — 3t = ;’,p:() mjmzzﬂ
Jj#p Jj=0 J#p Jj#p
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r—1 r—1

D mg = n{ —3nog + 3t and Y m} = n§ — 4njq + 2¢> + 4not — 47, where ¢ and 7 are the
j=0 J=0

number of triangles and K:‘S in Koy, my, ..., my_y -0

The proof of the following lemma follows easily from the properties and structure of G X

Km()aml7~~-7mr—l'

Lemma 2.2. Let G be a connected graph and let B;;, By, € % of the graph G' = G X
Koo, my, ..., m,._,, where v > 2. Then
() If viv, € E(G) and xy € B;j, xpe € Byj, then

Lif t =1,

der (i, The) = {2 oy

and if xi; € Byj, Tre € Bryp, j # p, then dgr (zig, xre) = 1.
(22) If vivi, ¢ E(G), then for any two vertices x;; € B;j;, xri € By, dar(zit, Tre) = da(vi, vk ).
(ii2) For any two distinct vertices in B;;, their distance is 2.0

The proof of the following lemma follows easily from Lemma 2.2. The lemma is used in the
proof of the main theorems of this section.

Lemma 2.3. Let G be a connected graph and let B;j in G' = GX K,y m,,....m,_,. Then the
degree of a vertex (v;,u;) € B;j in G' is dg: ((vi, u;)) = da(v;) + (no —m;) +da(vi) (ng —m;),

r—1
where ng = > m;.0
J=0

Lemma 2.4. Let G be a connected graph and let B;j, By, € 2 of the graph G' = G X
Km()’ml,...,m,‘,” where r Z 2.
(@) If vivy € E(G), then

mjmp . .
i et i I # b
dG’(Bij’ka): {772;% my(m;—1) .p .
=t g i =p,

e if §#
(ii) Ifi # k and vivy, ¢ E(G), then d,(By;, Byy) = { ¢yt

dG(Ui,’f)k>+t7 ij =p
St if j# s
(4i) A& (Bij, Bip) = { moiins—1) o -
2+t 9 Zf] _p

O

Noe we obtain the reformulated reciprocal product degree distance of G X Ky . ... m,_,-

Theorem 2.5. Let G be a connected graph with n vertices and m edges. Then R: (GREK g, my, o m ) =
(n2 +4¢> +4noq) R, (G) + (4¢* + 2n0q) R+(G) + 4¢*H,(G) + = [(Zqz + 2gno + 2not +2q +

47’—1—615) M'T(G)—l—m<2qn0+4not—4q2+6t+87) +n (2n0t+2q2+47)] + e [MZ(G)(—

2¢ + 2not + 47 + 3n3 — 10noqg + 18t — nd + 6 + no) + MI(G)( —2¢* + 47 + 2ngt + 6t +

2q) + m( —2¢% + 47 + 2not + noq + 3t)} + 5 {M'Z(G) (4n%q —2n3 — 3n3 — 2ngt + Snoq —

9t — 6g —no — 47) + 2m(24% — 2ngt — 29 — 6t — 47 ) + % (247 — 2not — noq — 3t — 47).
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Proof. Let G/ = GX K,y 1y, ..., m,._, . Clearly,

—x 1
R(G) = 5 Y de(Bij)da (Biy)dé (Bij, Biy)
Bij,BkPE.@
1 n—1 r—1
= 2(2 Z dG’(Bij)dG’(Bip)dG'(BwaB )
i=07,p=0
J#p
n—1 r—1
+ > Y da(Bij)da (Bu;)dé (Bij, Bi))
i, k=0j5=0
itk
n—1 r—1
+ > > de(Bij)dar (Bip)dés (Bij, Bry)
i,k=07,p=0
ik j#p
n—1 r—1
+3 > dar(Bij)der (Bij)dé (Bij, )).
i=075=0
We consider the four sums Sl, .., Sy as follows.

First we compute S| = Z ZJ »—0dc (Bij)dar (Bip)d&, (Bij, Bip). For that first we find

i=0 iFp
the following.

By Lemma 2.3, we have
Ti = do(Bij)de (Bip)
= (da(vi)(no = m; + 1) + (no = m;) ) (de(vi) (mo = my, + 1) + (o — my) )
= ((n0+1)> = (n + Vym; — (ng + Dymy + mymy ) d&s(v:)
+(2n0(n0 +1) = (2n0 + 1)m; — (2ng + Dmy, + 2mjmp)dg(vi)
+(n% — nomy — nom; + mjmp).
From Lemma 2.4, we have df}, (Bi;, B;,) = “&5%. Thus

T!dH, (B, B;,) = T| —2"»
1der(Big, Bip) =TI

1
= K(ng + 1)*m;my, — (no + l)m ‘my — (no + l)mjmi + m?mi)dé(vi)

+
( y(no + 1)mjm, — (2ng + l)mﬁmp — (2ng + 1)mjm§ + 2m§m§)dg(vi)
+ (n%mjmp - ngmimp — nomjmi + m?m%)} .

By Remark 2.1, we have

r—1

Ty = Y T{d&(Bij, Bip)
J,p=0
Jj#p
1
= [(Zq +2qn0+2n0t+2q+47+6t)dG(vZ)

( qno + 4ngt — 4¢* + 6t + 87) de(vy)

(2not +2¢* + 47)}
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From the definition of the first Zagreb index, we have
n—1
Sio= Y. T
i=0
1
= [(2(1 + 2gno + 2not + 2¢ + 47 + 6t)M1(G)

+2m <2qn0 + 4dnot — 4% + 6t + 87‘)

+n (2n0t 128+ 47)] :

Next we compute S, = Z ZZ w—0da (Bij)dg (Bg;)dE, (Bij;, Byj). For that first we find
Jj= i#k
7.
By Lemma 2.3, we have

Ty = dg'(Bij)der (Bx;j)
= (do(vs)(no = m; + 1) + (no = my) ) (de (v (mo = mj +1) + (no — m;))
= (no—my +1)%dg(vi)da(vi) + (no —m;)(nog — my + 1)(da(vi) + da(vi)) + (no — my)*.
Thus

r—1 n-—1

S = Y. Y T3df.(Bij, Byy)

J=04,k=0
ik
n—1 n—1
= Z Y. T3d(Bij. Bij) +Z Y T3dG(Bij. Brj)
7=0 4, k=0 7=0 4, k=0
ik ik
v; v €EE(QG) v; v ¢ E(G)

By Lemma 2.4, we have

r—1 n—1 r—1 n—1 2
m mj(m; — 1) m?
O (TN S St
J=0 i,k=0 1+ 2+t 20 iE=o dg(vi, o) +t
i#k ik
vivp €B(G) vivR ¢ E(G)
r—1 n—1 2 2 r—1 n—1 2
m; mj(m; — 1) m5 m; m2
= Ty (2L + B DV ED DD DI (e
J=0 i,k=0 I+ 2+t T+t T+t = e delviue)
ik i#k
v v €EE(G) v; v € E(G)
= Tz’7+ Tziﬂ
iZ0 iE=o (1+t)(2+t ey Pty dg(vl,vk)—i—t
iZk itk
v €E(G)
= S+97, 2.1

where S and S are the sums of the terms of the above expression, in order.
Now we calculate S%. For that first we find the following.

T, (mj — m?) = [( —m + (2no + 3)m3 — (ng + 4no + 3)m; + (no + l)zmj>
de(vi)de (vr) + ( —mj + (2no + 2)m3 — (n§ + 3no + 1)m; + (n§ + no)mj)

(dg(v;) + dg(vg)) + ( m + (2no + 1)m —(nd + 2n0)m + nomj)}
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By Remark 2.1, we have

T = Z T (mj - m?)
= ( — 2q2 + 2not + 47 + 3n(3) — 10noq + 18t — n% + 6q + n())dg(vi)dg(vk)
(=247 + 47+ 2ngt + 6t + 24) (des(v1) + der(vr)

—|—(—2q2—|—47—|—2n0t+noq—|—3tﬂ-

Hence

n—1

T//

S = —
2 Z (1+t)(2+1)

i, k=0

itk

v; v €EE(G)

1

= 0102+0 [ZMz(G)( —2¢% 4 2not + 47 + 3n) — 10ngq + 18t — n2 + 6 + no)

+2M1(G)< — 2% + 47 + 2ngt + 6t + 2q) + 2m( — 2% + 47 + 2ngt + noq + 3t)} .
Next we calculate S%'. For that we need the following.
Tym; = (mj — (2no +2)m; + (no + 1)2m§)dg(vi)d(;(vk)
+(m§ — (2no 4+ 1)m] + (n§ + no)mﬁ)(da(w) +dg(v))
+( jf — 2n0m; + n(z)mﬁ).

By Remark 2.1, we have

r—1
T, = Z Tym3
=0
= (Zq2 — 41 — 2not — 6t + 2npq — 2q + n%) dg(vi)de (vg)
—|—<2q2 — 47 —2not — 3t + noq> (de(vi) + da(vr))
+ (2q2 47— 2n0t).

From the definitions of R, ,R; and H,, we obtain

n—1

_ e
f i —
2 i,kZO dg(’ui,vk) +t
i#£k

2(2q2 — 41 — 2ngt — 6t + 2ngq — 29 + n%)EI(G)

) (2q2 47— 2ngt — 3t + noq)E(G)

+2 (2q2 — 47— 2not>ﬁt(G).

I

Now we calculate A3 = > Y dg/(Bij)de (Brp)dZ, (Bi;, Bip). For that first we com-
k=
4k
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pute T5. By Lemma 2.3, we have
T3 = de(Bij)de (Brp)
= (da(v)(no —m; + 1)+ (m0 = m;) ) (da(ve) (no = my + 1) + (no = m,))
= dg(vi)da(vk)(no —mj + 1)(no — my + 1) + dg(vi)(no — my + 1) (no — my)
+dg (ve)(no — mp + 1)(no — my) + (no — my)(no — myp).

. . . m;m
Since the distance between B;; and By, is 5o 57 Thus

Tsmim, = dg(vi)dg(vg) ((n% +2ng + 1)mjm, — (no + l)mimp — (no + l)mjmf, + m?mfj)

+dg(vy) ((n% + ng)m;m, — (ng + l)mjmi — nomgmp + m?mi)

+de(vg) ((n% + no)mjm, — nom;mz — (ng + 1)m§mp + m?mi)

2 2 2 2,2
—i—(nomjmp — MMMy, — MMMy + mjmp).

By Remark 2.1, we obtain

r—1
5 = E T_{mjmp
J,p=0,
Ji#p

= dg(v;)dg(vk) (anq + 2not + 2q + 24> + 6t + 47)
+(dg(v;) + da(vr)) (qno + 2not + 3t +2¢° + 47)

+ <2n0t 128+ 47) :

Hence

n—1 T3
Sy = .
’ ';0 dG(Ui7Uk)+t
ik
= 2R, (G) (2”061 + 2not + 2q + 2¢> + 6t + 47.)
+2R(G) (qno + 2ngt 4 3t + 2¢*> + 47)

+2H,(G) <2n0t 124+ 47) .
n—1r—1
Finally, we obtain Sy = de(Bij)dar (Bij)dE (B;j, Bi;). For that first we calculate
i=0j=0
T;. By Lemma 2.3, we have

Ty = dg/(Bij)de (Bij)
= (da(vi)(no —m; + 1)+ (no - mj))2
= dg(vi)(no —my + 1)* + 2dg(vi)(no — m;)(ng — my + 1) + (ng — m;)*.
From Lemma 2.4, the distance between B;; and B;; is % Thus
Timy(my 1) = dg(v:)(m = @no + 3)m3 + (g + 12 + 2)m? = (no + 1)*m;)
+2dG(vi)(m§ — (2no + 2)m? + (ng +3ng+1) 3 —(n3 + no)mj)

—l—(m‘; — (2ng + 1)m§ + (n3 + an)m§ — n%mj>.
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By Remark 2.1, we obtain
T4 = Z Téimj(mj — 1)
= d&(v) <4n(2)q — 203 — 3n3 — 2not + Snoq — 9t — 6q — ng — 47')
12dg (v;) (2(]2 — 2ot — 2q — 6t — 47)

+ (2q2 — 2ngt — nopq — 3t — 47').

Hence

3
|

Ty
211
;[

I
(]

<.
Il
=3

<4n(2)q - an — 3n% — 2ngt + Snpq — 9t — 6 — ng — 47)

+\~

+4m (2q2 —2not — 2q — 6t — 47')
+n (Zq2 — 2not — noq — 3t — 47)] .
Hence we have
—, 1
R, (G') = *(Sl +5+5; +S4)
2
= (nd +4¢* + 4noq)ﬁ;k (G) + (4¢* + 2n0q) Ry (G) + 4¢°H(G)

1(@)
2

[(2q 1 2qno + 2not + 2¢ + 47 + 6t) + m(zqno T dngt — 47 + 6t + 87)

1—|—t

1
=z 2 92 3
+ 5 <2n0t +2¢" + 47')} + 50 [MZ(G)( 2g° + 2not + 47 + 3ng — 10npg

(1 +8)(
+18t—n3+6q+n0) +M1(G)(—2q2+47—|—2n0t+6t—|—2q) —|—m(—2q2—|—47+2n0t

1 1M(G
+nopq + 3t>} + m{ 12( ) (4n%q — 2n(3) — 3n(2) — 2not + Sngg — 9t — 6g — ng — 47')

+2m(2q2 — 2not — 2q — 6t — 47') + %(Zqz — 2not — ngq — 3t — 47')} .

Ift = 0, in Theorem 2.5, we obtain the reciprocal product degree distance of GXK ) m,, ..., m._,-

Corollary 2.6. Let G be a connected graph with n vertices and m edges. Then RDD,(G X
Koy, my,oom,—y) = (4¢° +1§+4n0g) RDD,(G) +4¢ H(G) + (4¢° +2n0g) RDD(G) + 5 (4¢° —

0q — 3t) + M‘ ){4n0q+2not+3t+7noq—no—3n0—2n0 2q+47}+m[5"70q+n0t—
q2—%—4q+27}—2T[2q —2n0t—3n0+10n0q+n0—18t—6q—n0—47}r22.
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