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Abstract. A vertex irregular total k-labeling of a grafghwith vertex sel and edge sek is
an assignment of positive integer labgls2, ..., k} to both vertices and edges so that the weights
calculated at vertices are distinct. The total vertex irregularity streng®) dénoted byvs(G)
is the minimum value of the largest ladebver all such irregular assignment. In this paper, we
study the total vertex irregularity strength of cycle quadrilateral snak€laver, double wheel,
fungus, triangular book and quadrilateral book.

1 Introduction

As a standard notation, assume t@at (V, E) is a finite, simple and undirected graph
with p vertices andg edges. A labeling of a graph is any mapping that sends some set of
graph elements to a set of numbers (usually positive integers). If thaidais the vertex -
set (or) the edge- set, the labeling are called respectively vertex lal§etingdge labeling. If
the domain isvV U E then we call the labeling a total labeling. Chartrand et @].irjitroduced
labelings of the edges of a gra@with positive integers such that the sum of the labels of edges
incident with a vertex is dierent for all the vertices.  Such labelings were calledgular
assignments and the irregularity strength s(G) of a graphG is known as the minimunk for
which G has an irregular assignment using labels at nkostThe irregularity strengtts(G)
can be interpreted as the smallest intdgésr which G can be turned into a multigragl’ by
replacing each edge by a set of at mioglarallel edges, such that the degrees of the vertices in
G’ are all diferent. Karonski et al.g] conjectured that the edges of every connected graph of
order at least 3 can be assigned labels ff@n2, 3} such that for all pairs of adjacent vertices
the sums of the labels of the incident edges afiedint. Motivated by irregular assignments
BaCa et al. ] defined a labelingf : V(G) U E(G) — {1,2,...,k} to be a vertex irregular
total k-labeling if for every two diferent verticesx andy the vertex-weightsvts(X) # wt;(y)
where the vertex-weighits(X) = f(X) + X f(xy). A minimum k for which G has a vertex

xyeE

irregular totalk-labeling is defined as the total vertex irregularity strengt®@nd denoted by

tvs(G). It is easy to see that irregularity strengii®) of a graphG is defined only for graphs
containing at most one isolated vertex and no connected componerdesfZy On the other
hand, the total vertex irregularity strendgtts(G) is defined for every grapB. If an edge labeling

f:E—>{12...,6(G)} provides the irregularity strengdG), then we extend this labeling total
labelingg in such a way

¢(xy) = f(xy) for everyxy € E(G),
o(x) =1 for everyx € V(G).

Thus, the total labeling is a vertex irregular total labeling and for graphs with no component of
order< 2 hastvs(G) < 5(G). Nierhaf [9] proved that for all f, g)-graph<G with no component

of order at most 2 an@ # Ksthe irregularity strengtls(G) < p— 1. From this result it follows
that
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tvs(G) < p-1. (1.1)
BaCa et al. p] proved that if a tred with n pendant vertices and no vertices of degree 2, then
[”Lzl] < tvs(T) < n. Additionally, they gave a lower bound and an upper bound on total vertex
irregular strength for any gragh with v vertices ana edges,minimum degreeand maximum
V]|+6

degreeh, [m] <tvs(G) < |V[+A-26+1. Inthe same paper, they gave the total vertex irregular

strengths of cycles, stars, and complete graphs, thatd€;,) = [&321 tvs(Kipn) = [%ﬂ and
tvs(K) = 2. Ahmad et al. 1, 3] determined an exact value of the total vertex irregularity strength
for wheel related graphs and cubic graphs. Wijaya etH] determined an exact value of the
total vertex irregularity strength for complete bipartite graphs. Wijaya daohi [15] found

the exact values dk/s for wheels, fans, suns and friendship graphs. Nurdin etld] groved

the following lower bound ofvs for any graphG.

Theorem 1.1.Let G be a connected graph having n; verticesof degreei (i = 6,6+1,6+2,...,A)
where ¢ and A are the minimum and the maximum degree of G, respectively. Then

A
o+ 2.(ni)
0+ Ng 6+n5+n6+1-‘ =5
> _ 1.2
tVS(G)_mX[6+1W’[ 5+2 T A+ (1.2

Also Nurdin et al. L1] posed the following conjecture.

Conjecture:1.2[11] Let G be a connected graph havimgvertices of a degree(i = 6,6 +
1,6+ 2,...,A) wheres andA are the minimum and the maximum degree®frespectively.
Then

A
o+ 2 (m)
_ 0+ Ng 6+n5+n5+1-‘ i=5
tVS(G)_mx[éle-"{ 5+2 U A+ (1.3)

Conjecture 1.2 has been verified by several authors for sevendiga of graphs. Nurdin et al.
[11, 12] found the exact values of total vertex irregularity strength of tree®raktypes of trees
and disjoint union of t copies of path. Slamin et dl4[determined the total vertex irregularity
strength of disjoint union of sun graphs. 2] JAhmad, B&a and Numan determined the total
vertex irregularity strength of disjoint union of friendship graphs. AghAhmad et al. 4]
found the exact value of the total vertex irregularity strength of laddata@ graphs. We use the
following definitions in the subsequent section.

Definition 1.2. The cycle quadrilateral snak&Q, is obtained from the cycl€, by identifying
each edge of,, with an edge oCC,.

Definition 1.3. The sun flower grap®F, is obtained from the flower graph &%, by addingn
pendant edges to the central vertex. Thus the vertex & ofs V(SF,) = {v,a,bj,¢ : 1 <i <
n} and the edge set &F, is E(SF,) = {va, vb;, vCi, a1, gby : 1 < i < n} with indices taken
modulon.

Definition 1.4. A double-wheel grapiDW, of size 4 can be composed of @ + Ky, that is
it consists of two cycles of size, where all the vertices of the two cycles are connected to a
common hub.

Definition 1.5. A fungus graphFg, is obtained from a wheél,, n > 3 by attaching pendent
vertices to the central vertex ¥,

Definition 1.6. The book grapiB, is defined as the Cartesian prod&gt X P, whereS,, is a
star graph om + 1 vertices andP; is the path graph on two vertices.
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2 Main Results

In this section we determine exact values of the total vertex irregularitygttref cycle quadri-
lateral snake, sunflower, double wheel, fungus, triangular bookjaadrilateral book.

Theorem 2.1. tvs(CQ,) = [Z”T”]n > 3.

Proof. Let V(CQy) = {ui, &, b : 1 <i <n}andE(CQn) = {aby, Ui, Uiliy1, btz 1 1< i <nj

with indices taken modulm. Let k = P”—?jz] then from (1.2) it follows thattvs(CQ,) >
max{[zn—gﬂ , [3’%2]} = [Z”Tﬂ] That istvs(CQ,) > k. To prove the reverse inequality, we define

a functionf fromVUEto{1,2,3,...,k} as follows:

f(uy) = 1;

f(u) = {ii ,1__||< iiff Zki i1Sski <nm
fa) = {;I ~2k+1, iiff 1kiil§ski <n
fbn) = {;Jr 20— 2k iiff lk?ékn_ l

f(aibr) = {:( iiff 1kii1§gki <n;
F(uia) = {Ik iiff 1kiilgski <nm
f(biui) = {:: - iiff 1kSSiiSSkn;_ '

f(uiuiz) =k 1<i<n,
We observe that,
wi(@)=2i+11<i<n;

wt(b)=2+2,1<i<n;

3k+ 2, ifi=1
wt(u) =<¢3k+1+i, if 2<i<k
3k+1+i, if k+l<ign

Itis easy to check that the weights of the vertices are distinct. This labelmgiroation shows

thattvs(CQ,) < k. Combining this with the lower bound, we conclude the(CQ,) = k.
Figure 1 shows the vertex irregular total labeling3ds. O
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Figure 1tvs(CQg) = 5.

Theorem 2.2. tvs(SF,) = [Zn—gﬂ ,n>3.

Proof. Let V(SF,) = {v,a,b,¢ : 1 < i < n} andE(SF,) = {va, Vb, vci, aa1, ab; :
1 < i < n} with indices taken modulm. Letk = [22], then from (1.2) it follows that,
tvs(SF) > max{[25%].[22].[ 22 ][22 ]} = [Z¢2]. That istvs(SFy) > [Z$2] = k. To
prove the reverse inequality, we define a functfoflom V U E to {1, 2, 3, ..., k} by considering
the following two cases.

Case(i):n=3.

f(v) = 3 f(a1) = f(a) = f(ag) = 1 f(audr) = f(azas) = f(agan) = 3, f(va) = 1, f(vay) =
2, f(vag) = 3, f(by) = f(b2) = f(bs) = 3, f(c1) = f(c2) = f(cs) = 1, fauby) = 1, f(azbp) =
2, f(aghs) = 3, f(vby) = f(vby) = f(vb3) = 1, f(vcy) = 1, f(vey) = 2, f(ves) = 3.

Case(ii):n> 3.

if 1<i<k
+i-k if ktl<i<nm

f(a) = 1(e) = {i

f(l)=k1l<i<n
f(v) =k;

f(va)=2Mn-Kk,1<i<m

n+1-k if 1<i<k
n+1-2k+i, if kel<i<n

f(v) ={

i, ifl<i<k
k, if ktrl<i<n

f(vci) :{

i, if1<i<k
k., if k+l<i<m

f(aiby) ={

f(@as) =kl<i<n,

We observe that,
wt(c)=1+i,1<i<n;

wi(b)=n+1+i,1<i<n;
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wi(@) =2n+1+i,1<i<n;

k n
wt(v) = 2(n% — K2 + k) + > (@) + D (n+1-2k+1).

i=1 i=k+1

It is easy to check that the weights of the vertices are distinct. This labelimgjroation shows
thattvs(SF,) < k. Combining this with the lower bound, we conclude tha{SF,) = k. Figure
2 shows the vertex irregular total labeling®¥s. O

Figure 2tvs(SFg) = 6.
Theorem 2.3. tvs(DW;) = [242].n> 3.

Proof. LetV(DW,) = {&,hbi,c: 1 <i < n}andE(DW,) = {aja1, bibi,1,ca,ch 0 1 <i <n}
with indices taken module. Let k = [232], then from (1.2) it follows thattvs(DWp) >

max{[zmﬂ Bﬂ:ﬂ} [2"*3] That istvs(DW,) > [Znhﬂ k. To prove the reverse inequality,
we define a functiorf fromV U Eto {1, 2,3, ...,k} as follows:

f(c) = k;

i, iIfl<i<k
k, if k+l<i<n

ua)=f@u)={

if 1<i<k
if k+tl<i<n

uu)=f@a)={f+i_k

f(bib.) =L1<i<nm
flaas) =kl<i<n
We observe that,
wt(b) =3+i,1<i<n;
wi(a) =2k+1+i,1<i<n;

k n
wi(©) =k@+n-K+ > () + > 1+i-K.
i=1 i=k+1
It is easy to check that the weights of the vertices are distinct. This labelmgiroation shows
thattvs(DW,) < k. Combining this with the lower bound, we conclude the(DW,) =
Figure 3 shows the vertex irregular total labelings. O
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Figure 3tvs(DWs) = 4.

Theorem 2.4.tvs(Fg,) = [%1] ,n>3.

Proof. Let V(Fgn) = {a,b,c : 1 < i < n}andE(Fg,) = {aa,.Ca,ch @ 1 < i <
n} with indices taken modulo. Let k = [%1] then from (1.2) it follows thattvs(Fg,) >

mx{[ﬁzl][znT”][gﬂ—ﬁ]} = [ﬁzl] That istvs(Fg,) > [%1] = k. To prove the reverse in-
equality, we define a functiohfromV U Eto {1, 2, 3, ..., Kk} as follows:

f(c) = 1;

i, ifl<i<k
f(a):f(Cb‘):{k if kel<i<n

1, if 1<i<k
f(bi)Zf(Cai):{l_'_i_k’ if ktl<i<n

fl@a,) =k1<i<n
We observe that,
wi(b) =1+i,1<i<n;

wi(g) =2k+1+i,1<i<n

k n
wt(c) = 1+k(1+n—k)+Z(i)+ Z(1+i—k).
i=1 i=k+1
It is easy to check that the weights of the vertices are distinct. This labelimsiroation shows

thattvs(Fg,) < k. Combining this with the lower bound, we conclude the{Fg,) = k. Figure

4 shows the vertex irregular total labelingeds. O

Figure 4.tvs(Fgg) = 5.
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Theorem 2.5. Thetriangular book, that is Books with 3 sides (n copies of C3 with an edge in
common) admits a total vertex irregular labeling and tvs(B,) = [%ﬂ ,n>2.

Proof. LetV(Bn) = {vi,V2,& : 1 < i < n}andE(By) = {via,va,viVvo : 1 < i < n}.

Letk = [242], then from (1.2) it follows thattvs(By) > max{[%42].[24]} = [242]. That is

tvs(B,) > [”%f] = k. To prove the reverse inequality, we define a functfoftom V U E to

{1,2,3,...,k} as follows:
f(v1) = f(v2) = f(vav2) = k

o - (- if 1<i<2k—1
=242k if K<i<n

1 it 1<i<k
fvia) = d1+i—k if kel<i<2k—1
K it 2k<i<nm
i if1<i<k
f . — 9 — —_
(v23i) {k, if k+l<i<n

We observe that,
wt(g) =2+i,1<i<n;
2k-1
wi(vy) = k(n+4) - 2 + > (1+1-K);

i=k+1
K
Wi(vz) = k(n+2) — k2 + Y.
i=1
It is easy to check that the weights of the vertices are distinct. This labelimsiraation

shows thatvs(B,) < k. Combining this with the lower bound, we conclude thz(B;)) = k.
Figure 5 shows the vertex irregular total labelingBaf O

Figure 5tvs(By) = 2.

Theorem 2.6. The quadrilateral book ,that is Books with 4 sides (n copies of C4 with an edge
in common) admits a total vertex irregular labeling and tvs(B,) = [Z”T”] ,n>2,

Proof. LetV(Bp) = {vi,V2,&,b : 1 <i < n}andE(B,) = {via,Vobj,vive, gk : 1 <i < n}.
Letk = [232], then from (1.2) it follows thattvs(By) > max({[ 2¥2],[22]} = [242]. That
istvs(By) > [242] = k. To prove the reverse inequality, we define a functidrom V U E to

{1,2,3,...,K} in the following way.

f(v1) = f(v2) = f(vi\o) = K
f(a1) = f(vabn) = 2;

(o [i-1 1T 2=i <k
=1k if kel<i<n
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i, ifl1<i<k
k, if k+l<iz<n

f(bi) = f(aibi) = {

f(via) = 1;
vy < 2 if 2<i<k
)= \2i2k+1, if k+l<i<n
2 if 2<i<k
f(wb)={" T
(v2by) {2|—2k+2, if kt+1<i<n

We observe that,
wWi(g) =2i+1,1<i<n;

wt(h) =2i+2,1<i<n;

n
Wi(vy) = 4k = 1+ > (2i - 2k+ 1);
i=k+1

n
Wi(vy) = 4k + > (2 - 2k + 2).
i=k+1
It is easy to check that the weights of the vertices are distinct. This labelmgiroation shows

thattvs(B,) < k. Combining this with the lower bound, we conclude thefB,) = k. Figure
6 shows the vertex irregular total labeling . O

Vo 2

o

1

Figure 6tvs(B,) = 4.
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