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Abstract. In this paper, we establish common fixed point theorems for weakly compatible
mappings satisfying a general contractive condition of integral form in rational setting. Some
examples to justify our results are given. The mapping involved here generalized various type of
contractive mapping of integral inequality.

1 Introduction

The first important result on fixed points for contractive-type mapping was the well known Ba-
nach’s contraction principle appeared in explicit form in Banach’s thesis in 1922, where it was
used to establish the existence of a solution for an integral equation [1]. This theorem provides
a technique for solving a variety of applied problems in mathematical science and engineering.
It widely considered as the source of metric fixed point theory and its significance lies in its vast
applicability in a number of branches of mathematics. There are many generalizations of Ba-
nach’s contraction mapping principle in the literature [3, 6, 8]. In the general setting of complete
metric space this theorem runs as follows:

Theorem 1.1. Let T be a mapping from a complete metric space (X, d) into itself satisfying
d(Tx,Ty) < cd(z,y). (1.1)

where ¢ € [0,1) and x,y € X, Then T has a unique fixed point z € X such that for each z € X,
lim,, oo T"x = 2.

After this classical result, many theorems dealing with maps satisfying various types of con-
tractive inequalities have been established (see [4, 5, 7], [15, 16, 17, 18]). The intrested reader
who wants to read about this matter is recommended to go deep into the survey articles by
Rhoades [13, 12, 14].

In 2002, A. Branciari [2] analyzed the existence of fixed point for mapping defined on a
complete metric space satisfying a general contractive condition of integral type in the following
theorem:

Theorem 1.2. Let (X, d) be a complete metric space, ¢ € [0,1) and let T : X — X be a mapping

such that
d(Tz,Ty) d(z,y)
p(t)dt <c / p(t)dt forall x,y € X, (1.2)
0 0

where ¢ : Rt — R* be a Lebesgue-integrable mapping which is summable, nonnegative and

such that for each € > 0, [ p(t)dt > 0. Then T has a unique fixed point a € X, such that for
0

eachx € X, lim,_o.T"x = a.

After Theorem 1.2, a lot of research works have been carried out on generalizing contractive
conditions of integral type for different contractive mappings satisfying various known properties
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(see [10, 11]). Affine work has been done by Rhoades [14] extending the result of Theorem 1.2
by replacing the condition (1.2) by the following condition:

d(Tz,Ty) m(z,y)=max{d(z,y),d(z,Tz),d(y,Ty), M }
()t < o / o), (13)
0 0

foreach c € [0,1) and z,y € X.
In 1982, Sessa [16] introduced the notion of weak commutativity which generalized the no-
tion of commutativity as follows:

Definition 1.3. The self mappings f and g of a metric space X are said to be weakly commuting
if
d(fgx,9fy) < d(gz, fy) forallz,y € X,

Jungck [9] introduced more a generalized commuting mappings, called compatible mappings
as the following:

Definition 1.4. Two self mappings f and g of a metric space X are called compatible if
nlgngo d(fgzn,gfz,) =0,

whenever {z, } is a sequence such that lim,, o f2, = lim,_, gz, =t for some ¢t € X.

Definition 1.5. [9] Let f and g are two mappings from a metric space (X, d) into itself, f and ¢
are called weakly compatible if they commute at there coincidence point, i.e., fx = gx for some
e X = fgr=gfz.

Definition 1.6. [9] The mappings f and g of a metric space X are called commuting if
fogr=gfxvVre X.

Definition 1.7. [6] Let f and g are two mappings on a set X, if fx = gz for some z € X, then z
is called coincidence point of f and g.

Definition 1.8. A function is called increasing on any interval if the function value increases as
the independent value increases. That is if z; > x,, then f(z;) > f(x2), on the other hand, a
function is called decreasing on an interval if the function value decreases as the independent
value increases. That is if x; > x», then f(z1) < f(x2). A function increasing or decreasing is
called monotonicity on its domain.

The aim of this paper is to generalize some mixed type of contraction conditions to the map-
ping and then two mappings and then four compatible mappings satisfying a general contractive
condition of integral type satisfying a rational inequality.

2 Main Results
We begin with the following theorem:

Theorem 2.1. Let f be a self mapping of complete metric space X satisfying the following
condition:

d(fz,fy) d(z,y) d(z, fx) d(y,fy) d(z, fy)
o(B)dt < a / o(t)dt + oz / o(t)dt + as / o(t)dt + o / o(t)dt
0 0 0 0 0
3@, fr)+d (y, fy) 22, fy)rd(y. f
max{d(y,fz),d(z,fy)} lfd(2<szm§jd2?y{;y> 4;1+<(i(mf;$~fdi§j;1;

+as / o(t)dt + g / o(t)dt + a7

@2.1)

p(t)dt,
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for each z,y € X, x # y with a; : (0,1) — [0,1) is monotonically decreasing functions,
satisfying oy + ap + a3 + g+ as +ag+ay < 1, where o : Rt — RT be a Lebesgue-integrable

mapping which is summable on each compact subset of Rt such that for each e > 0, [ ¢(t)dt >
0
0, then f has a unique fixed point z € X, such that for each x € X, limy_ooT"x = 2.

Proof. For any arbitrary =, € X there is x; in X such that z; = fx,. Proceeding the same way,

we construct a sequence {x,} such that z,; = fz,, for each integer n = 0,1,2,.. . From
(2.1), we have

d(Tni1,Tni2) d(fn,frni1) d(Tn,Tni1) d(xn,frn)
con = [ eaza [ e0ara [ e
0 0 0 0
d(@pi1,fTnir) d(xn, fTni1)
oy / o(t)dt + s /) o(t)dt
0 0
Ban, fon)+d (@, 1, fon 1)
max{d(zni1,fTn),d(@n,fni1)} (@, S o)+ (@i 15 1)
+as / o(t)dt + ag / o(t)dt
0 0

d* (@, fag ) +d2 (@y ) Fon)
T d(@n, J#py s DT A@ gy 1T Tm)

+oy / o(t)dt

d(Tn,Tnt1) d(Tn,Tnt1) d(Tnt1,Tn42)
oy / e(t)dt + an / e(t)dt + as / o(t)dt
0 0 0

IN

d(Tn,Tn2) max{d(zn11,Tn11),d(Tn,Tni2)}
ey / o(1)dt + as / o(t)dt
0 0

3 3
A (2n 2y ) 4A (B 4159 10) A (@n,p40)+d2 (@1, T i)

1d2 (@, @ 4 )+ (@ 4 | @ 42) Itd(@n, @ ) 4d(@y 1 1,%n 1)

+as / o(t) + a / p(t)dt

A(Tn,Tni1) A(Tr41,Tn42)
(a1 + o+ oy + 045) / Lp(t)dt + (a3 + ag4 + 045) / g@(t)dt
0

IN

(=}

d(zn71n+l)+d(zn+laxn+2> d(zn-,zn+2)

+o (t)dt + ag / o(t)dt.

(=)
(=)

This leads to

d(xn+laxn+2) d(ﬂfmi’nH) d(xmxnﬂ)
o] + oy + a4+ a5+ ag+ ay

t)dt < t)dt < q(t t)dt

plt)dr < (G2 o T A Tt <o) [ e

0 0

S

where ¢(t) is monotonically decreasing functions such 0 < ¢(¢) < 1.
Thus by continuing this way, we have

d(Tn,Tni1) d(zo,x1)

p(0)dt < (1) / p(t)dt,

0 0
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d(xnvwirl)
taking the limit as n — oo, we get lim,, .o [ ¢(¢)dt = 0, hence
0

lim d(zn,2ps1) = 0. 2.2)

n—0oo

Now we show that {z,,} is a Cauchy sequence. Suppose the contrary. Then there exists ¢ > 0
and subsequences {m(p)} and {n(p)} such that, m(p) < n(p) < m(p+ 1), foreachp € N,

d(acm(p>7xn(p)) > €, d(mm(p), xn(p)_l) <e 2.3)

Now,

AT o)1, Tn(p)-1) < ATm(p)-15 Tmp)) + ATmp)s Tnp)-1) < dZmp)-1,TmE) e 24
Hence from (2.2) and (2.4), we can write

AT (p)—1>Tm(p)—1)

lim / p(t)dt < / o(t)dt, (2.5)
0

n—o0
0

using (2.1), (2.3), (2.4) and (2.5), we get

€ A(Z 1 (p) T () (T (p)— 15T n(p)—1)

/ o(t)dt < / (1)t < g(1) / p(t)dt < (1) / p(t)dt,
0

0 0 0

which is a contradiction since g(¢) < 1. Therefore {z,,} is a Cauchy sequence, hence it conver-
gent to the point z or lim,, ., =, = 2.
Again from (2.1), we have

d(fz,fzn1) d(z,n+1) d(z,fz) d(Tp+1,fTn1) d(z,fxn+1)
o(Bdt < a / ()t + oz / o(t)dt + a3 / o(t)dt + s / o(t)dt
0 0 0 0 0
a3z, f2)+d (@ g Fop )
max{d(zn+1,f2),d(z, frn+1)} T+ (2, f ot (s T T 1)
+as / o(t)dt + ag / o(t)dt
0 0

d2(z,f w4 )td> (@, 2)
I+d(z,fa, )+d(x,1,fz)

tan / o(t)dt,
0

taking the limit in the both sides as n — oo, we get

d(fz,z) d(z,fz) d(z,fz)

/ p(t)dt < (02 + a5 + ag + a7) / o (t)dt = q(t) / o(t)dt,

(=)

d(fz,z)
since ¢(t) is monotonically decreasing functions satisfies ¢(¢t) € [0, 1), thenlim, o« [ (t)dt =
0
0 this implies that lim,,_, o, d(fz,2) = 0 or z = fz, hence z is a fixed point of f.
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Next suppose that (w # z) be another fixed point of f, then from (2.1), we get

d(z,w) d(fz,fw) d(z,w) d(z,fz)
[ et - pd<ar [ elatra [ o
0

0

0

0
d(w, fw) z, fw)

d( max{d(w,fz),d(z,fw)}
+as / o(t)dt + o / o(t)dt + as o(t)dt
0 0

(=

3 (2, f2)+d> (w, fw) d2(z, fw)+d?(w, f2)
1+d2(z, fz)+d2(w, fw) T+d(z, fw)td(w, fz)
—|—a6

o(t)dt + a7 o(t)dt,
/ /

d(z,w)

< (ar+as+as+a) / (1)t < qt) / o(t)dt < / o(t)dt

d(z,w)

which is a contradiction, so [ ¢(¢)dt = 0, which leads to d(z,w) = 0 or z = w. Therefore a
0
fixed point is unique O

Remark 2.2. (i) Letting p(¢) = 1 over R™, the contractive condition of integral type transforms
into a general contractive condition not involving the integral.

(ii) If we take oy = @ € [0,1) and o, = a3 = oy = a5 = ag = a7 = 0, gives Branciari
mapping of integral type [2].

To generalize Theorem 2.1 in two mappings, we give the following theorem:

Theorem 2.3. Let f and g be self-mappings on complete metric space X satisfy the following
condition:

d(fz,gy)

d(z,y) d(z,fx) d(y,9y) d(z,9y)
pet)dt < o / o(t)dt + az e(t)dt + a3 / o(t)dt + ay / o(t)dt (2.6)
0 0 0 0 0
3 ,Jx 3 Y,9Y xT, 2 y,Jx
max{d(y, fz),d(z,9y)} lfd(z<m{f.):>jd(2<y,gi> ﬁjfi(f’j)jfd((,%ﬁ
+as (t)dt + ag o(t)dt + a7 o(t)dt,
0

for each x,y € X, x # y with oy :

(0,1) — [0,1) is monotonically decreasing functions,
satisfying oy + az + a3 + 2a4 + 2a5 + 2a6 + 27 < 1, where ¢ : Rt — R' be a Lebesgue-

integrable mapping which is summable on each compact subset of R* such that for each ¢ > 0,
[ p(t)dt > 0, then f and g have a unique common fixed point z € X.
0

Proof. Let x, be an arbitrary point of X. Define x,,+1 = fz, and 2,42 = gT,+1 then from
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(2.6), we have

d(T2n+1,%2042) d(fzon,9%2n+1) d(T2n,T2n+1) d(z2n,22n41)
plt)t = sd<ar [ pderar [ e
0 0 0 0
d(T2n+1,22042) d(z2n,22n+42)
+a;z / o(t)dt + ay / o(t)dt
0 0

max{d(®2n+1,22n+1),d(T2n ,T2n12)}

+as / o(t)dt

0
& (@90, 9 4 1)+ (@21 11,T942) a2 (@901, 12)+ 4 (@204 15 T2t 1)
1+d2(29,, 2200 1)+ (€254 %20 12) 1+d(@2y, @20y 42)+ (@00 4 15 T2m41)
+ag / (t)dt + o7 / o(t)dt
0 0
d(@2n,%2041) d(T2n+1,%2n42)
< (ar+a+as+as) / o(t)dt + (o3 + au + as) / o(t)dt
0 0
d(T2n,T2n+1)+d(T2n+2,22n42) d(22n T2 12)+d(@2m11,82m41)
g / o(t)dt + a7 / o(t)dt.
0 0
This yields,
(@2 11,220 12) (@2 ,T2m 1) (@270 11)
plt)dr < (G2 T os s T o0 L0 o <a) [ el
0 0 0

thus in general, for alln =0,1,2, ..

d<m‘nr7mn+l> d<m07ml>
p(0)dt < ¢ (1) / o(t)dt,
0 0

d(wn 7$n+l>
taking the limit as n — oo and definition ¢(¢), we have lim,,_,o | ¢(t)dt = 0, hence
0

lim d(zp,zne1) =0.
n—oo
By the same manner proof of Theorem 2.1, we can show that {x,,} is a Cauchy sequence, hence
it convergent to the point z i.e., lim,, oo T, = 2.
Again from (2.6), we get

d(fz,frans1) d(z,22n+1) d(z,fz) d(T2n+1,%2742) d(z,%2n+2)
e(t)dt < o / o(t)dt + oz / o(t)dt + a3 / (t)dt + ay / o(t)dt
0 0 0 0 0
a3 (2, £2)+d% (@21 1,22 42)
max{d(z2n+1,f2),d(z,x2n42)} 14+d2(2, f2)+d2(22p 11 T2 12)
+as / @(t)dt + ag / o(t)dt
0 0

a2 (2,20, 40)+d2 (@210 41, £ 2)
1+d(z, 29, 42)+d(@,, 11, f2)

+az / o(t)dt,
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taking the limit in the above inequality, one can write

d(fz,z) d(z,fz)
/ o(£)dt < (s + as + ag + a7) / o(t)dt,
0 0

d(fz,z)

5
since Y o; < 1, then we have lim,, oo | (t)dt = 0, implies that lim,,_, . d(fz,z) = 0 or
i=1 0

z = fz. Similarly it can be show that gz = 2, so f and ¢ have a common fixed point and the
uniqueness is easy. O

In the following theorem we obtain common fixed point result for four mappings by using
weakly compatible concept:

Theorem 2.4. Let (X, d) be a complete metric space and «; : (0,00) — [0, 1) is monotonically
decreasing functions satisfying oy + oy + a3 + 204 + 205 + 206 + 207 < 1 and f,g,Q and P
are four self mappings in X satisfies the following conditions:

(1) f(X) € P(X) and g(X) C Q(X),

(i4) the pairs (g, P) and (f, Q) are weakly compatible,

(iii)

d(fz,gy) d(Pz,Qy) d(Pz, fz) d(Qy.g9y) d(fz,Qy)
/ o)dt < o / o(t)dt + oz / o(t)dt + o / o(t)dt + s / o(t)dt
0 0 0 0 0
d*(Pa, fo)+d® (Qu,gy)
max{d(Qy, fz),d(Pz,gy)} Fd2(Pe,fo)+d2(Qy,gy)
+as o(t)dt + ag / o(t)dt
0 0

d2(Pw,gy)+d*(Qy, fx)
I+d(Pz,gy)+d(Qy, fx)

oz o(t)dt, 2.7

for each z,y € X, x # y with «; : (0,1) — [0,1) is monotonically decreasing functions,
satisfying oy + az + a3 + 2a4 + 2as + 206 + 207 < 1, where ¢ : Rt — R" be a Lebesgue-
integrable mapping which is summable on each compact subset of R* such that for each ¢ > 0,

[ p(t)dt > 0, then f,g,Q and P have a unique common fixed point z € X.
0

Proof. Let z, be an arbitrary point of X and define the sequence {y,, } in X such that

Yn = 9Tn = QTpi1 and Yp+1 = fTpy1 = Prpio. (2.8)
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Applying (2.7) and (2.8), we get

d(Yn+1,n) d(fTni1,9%n) d(Pzpi1,Qzn) d(PTpi1, foni)
p(t)dt = p(t)dt < a p(t)dt + az p(t)dt
0 0 0 0

d(Qmn,gzn) d(Qwn, frni1)

+a;3 o(t)dt + au o(t)dt
0 0

max{d(Pz,+1,9%n),d(QTn,fTrni1)}

+as o(t)dt
0

PPy 1,21+ (Qeng7n)
14d2(P@yy 1 f 2y 4 1)+d2(Qan g2n)

d}(Pay, 1, 90n)+d2(Qen, fa, )
T d(Pz 1,907 )+ A Q[ Ty r )

+ag o(t)dt + ag (t)dt
0 0
d(yn Yn—1) d(Yn Yn+1) d(YnsYn—1)
< o (t)dt + ay o(t)dt + a3 o(t)dt
0 0 0
A(Yn—1,Yn+1) max{d(yn,yn),d(Yn—1,Yn+1)}
+ay (t)dt + as o(t)dt
0 0
[4Wn Yr )+ — 190142 Wnyng )+ W 1,yn)] a2 (ynyn)+d2 Yy 1 Unat)
14+d2(yn Yy ) T2 (Yyy 1 2Un) THd(yn,yn)+d(Yp —1:Yns1)
+as / o(t) + a7 (t)dt.
0 0
By the same calculations above, we get
d(Yn+1,yn) d(Yn yn—1)
o(t)dt < (0411+a3+a4+045+066+a7 / o(t)dt
) —) — Q4 — Qa5 — Qg — Q7 /
d(yn,Yn—1) d(y1,y0)
< q(t) o(t)dt < ¢"(t) o(t)dt — 0 as n — oo.
0 0
Therefore
Jim_d(yni1,yn) = 0. 2.9
Now we show that {y, } is a Cauchy sequence in X. Let m > n where m,n € N, from (2.7) and
(2.8), we have
d(yn ym) d(fTn,97m) A(Yn—1,ym—1) A(Yn—1,yn) A(Ym—1,Ym)
e(t)dt = e(t)dt < oy o(t)dt + ay o(t)dt + as o(t)dt
0 0 0 0 0
d(Ym—1,yn) max{d(yn—1,Ym),d(Ym—1,yn)}
+ou o(t)dt + as p(t)dt
0 0
A3y, 1 un)+d (U um)] A2y 1 ym)+d2 (Y —15Yn)
14d2(y,, _ 1 Yn)+d2(Yyy _1,Ym) THd(Yy— 1 ¥m )+ Yy — 1 Un)

+a o(t) + a7

o(t)dt.

/

0
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By the same way, for m > n there are two cases:
Case (i). When d(yn_1,Ym) > d(Ym—1,Yn), We can write

A(Yn,Ym) A(Yn—1,Yn)

al +ap +as + ag + az

Hdt < t)dt

par < (Pt Taetan [
0

d(ymflvym)
+(a1+a3+a4+a6+a7) / o(t)dt.
0

1l—a) — a4 — a5 — 207

Case (ii). When d(y,—1, ym) < d(Ym—1,Yn ), One can write

d(yn 7ym) d(?/n—l 7yn)
ol +ax+as+ag
t)dt < t)dt
pljde < (UGt olt)
0 0
d(Ym—1,Ym)
a1 + a3 +aq4 + a5+ ag+ ay
t)dt.
+ l—a;—aq4 —as —2ay ) / w(t)
0
From two cases and taking the limit as n, m — oo, we obtain
A(Yn,ym) d(yo,y1)
[ et @@y [ oo
0 0

Hence {y, } is a Cauchy sequence in complete metric space X, so it is convergent to the point z
ie., lim, oo yn = 2,

z= lim gz, = lim Qx,y; = lim fx,,; = lim Px,.,. (2.10)
n— oo n— o0 n— o0 n—o00

Since f(X) C P(X), there exists a point u € X such that z = Pu. If z # gu, then from (2.7),

we get

d(Yn+1,9u) d(fzny1,9u) d(Pxn1,Qu) (Pt fonsr)

o(t)dt — / o)t < oy / o(t)dt + / o(t)dt
0 0 0 0
d(Qu,gu) d(Qu,fTni1) max{d(Pzn+1,9u),d(Qu, fTn 1)}
ta / o(1)dt + / o(t)dt + as / o(t)dt
0 0 0

APy 1,254 1)+d (Qu,gu) A2 (Payy 1,9 +d (Qu, foy )
14d2(Payy 1, f Ty ) +d2(Qu, gu) THd(Pzy,1,9u)+d(Qu, [Ty, 1)

+ag o(t)dt + a7 o(t)dt.
/ /

Taking the limit in the above inequality and using (2.10), we have

d(z,gu) d(2,Qu) d(2,2) d(Qu,gu) d(Qu,2)
/ pt)dt < o / p(t)dt + ay / o(t)dt + as / o(t)dt + o / o(t)dt
0 0 0 0 0
d3(2,2)+d3(Qu,gu) d2(z,gu)+d*(Qu.z)
max{d(z,gu),d(Qu,z)} 1+d2(z,2)+d%(Qu,gu) T+d(z,gu)+d(Qu,z)
+as / p(t)dt + g / o(t)dt + ag / o(t)dt.
0 0 0
d(2,Qu) d(2,Qu)

a1 +a3 +aq + a5+ g+ ay
< t)dt = q(t t)dt.
< (Eeratetaten [ ouma—on [ e
0 0
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We have a contradiction again, therefore z = gu. Soz = Pu = gu.
Hence w is a coincidence point of P and g. Since (g, P) is weakly compatible, then

Pgu = gPu= Pz = gz. (2.11)

Similarly, g(X) C Q(X), there exists a point v € X, such that = = Qu. Then from (2.7) and
applied the same above steps, we can find that fv = 2, so z = fv = Qv.
Hence v is a coincidence point of f and Q. Also the pair (f, Q) are weakly compatible, then

fQu=Qfu= fz=Qxz. 2.12)

Now we show that z is a fixed point of g, by using (2.7), we get

a(=,g7) A(frncr.07) 4(=,@2) a(=,2) 4(@=,9)
ol)dl — / S(t)dt < oy / S(1)dE + / o(t)dt + / o(t)dt
0 0 0 0 0
d(Qz,z) max{d(z,92),d(Qz,2)}
+ou / o(t)dt + as / (t)dt
0 0
d3(2,2)+d?(Qz,92) d2(z,92)+d%(Qz,2)

1+ (= =)+ (z,2) THa(z,02)1d(Qz,2)
+ag / o(t)dt + ay / o(t)dt.
0 0

d(z,Qz) d(z,Qz)
a) + a3+ aq4 + a5+ ag + a7
< t)dt = q(t t)dt
< (ESERL TNty [ oumi—an [ e
0 0
d(z,92)

also by the notion on ¢(t), we get a contradiction a gain. So [ ¢(t)dt = 0 and d(z,gz) =0
0

or z = gz, also from (2.11), we get

Pz=gz=2z. (2.13)
By the same way we can show that z is a fixed point of f, so from (2.12), we have
Qz=fz=z 2.14)

From (2.13) and (2.14), we obtain that Pz = gz = fz = Qz = z. Therefore z is a common
fixed point of f, g, and P. For uniqueness, it is simple. O

If we put f = g in Theorem 2.4, we have the following result:

Corollary 2.5. Let (X, d) be a complete metric space and «; : (0,00) — [0, 1) is monotonically
decreasing functions satisfying o + oy + a3 + 2a4 + 2as + 206 + 207 < 1 and f, Q, P are self
mappings in X satisfies the following conditions:

(1) f(X) € P(X) and f(X) € Q(X),
(i4) the pairs (f, P) and (f, Q) are weakly compatible,
(ii7)
d(f=,fy) d(Pz,Qy) d(Pz,fz) d(Qy,fy) d(Pz, fy)
o(t)dt < o / o(t)dt + / o(t)dt + / o()dt + as / o(t)dt
0 0 0 0 0

d3(Px, fo)+d3(Qu, fy)

max{d(Qy, fz),d(Pz,fy)} 1+d2(Pz, fo)+d2(Qy, fy)
+as / (t)dt + ag / o(t)dt
0 0

d2(Px,fy)+d*(Qy, fz)
TTd(Px, fy)Td(Qy, fz)

ta; / o(t)dt,
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for each z,y € X, x # y with «; : (0,1) — [0,1) is monotonically decreasing functions,
satisfying oy + az + a3 + 2a4 + 2as5 + 2a6 + 27 < 1, where ¢ : Rt — RT be a Lebesgue-
integrable mapping which is summable on each compact subset of R* such that for each ¢ > 0,

(2] t)dt > O, then ?,Q and P have a unique common xedpoint z e X.
q
0

The following examples justify all requirements of our theorems.

Example 2.6. Let X = [0, 1] and d is usual metric on X. Define a self mapping f such that

fr= %z, z € X. Let us define (t) =2t Vt € R™, x = J and y = 0 then for every € > 0,

/gp(t)dt = /tht = >0.
0 0
Since d is usual metric, for all z = % andy=0in X
d(fa,fy) d($,%) | =+ s
rT—y 1
L.HS = p(t)dt = 2tdt = 2tdt = —
2 16
0 0 0
also by the same calculations, we have
d(z,y) d(z, fz) d(y,fy)
o [ e(t)dt =9+ a [ p(t)dt =S a3 [ @(t)dt=0
0 0 0
(@, fo)+d3(y, fy)
d(z, fy) max{d(y, fz),d(z,fy)} 1+d2(w, fo)+d2(y, f)
o [ pt)dt= % as S (t)dt =% ag 1l o(t)dt
0 0 0
d2(z, fy)+d>(y, fx)
I+d(z, fy)+d(y, fz) 512
o7 i o(t)dt = (ﬁ) 7.
0
So,
a4 Qs Qg 5\° 1
HS= —+ =4+ 2+ =2 — > — =LH.S. 2.1
RH.5 4+16+4+4+(68)2+<28) BT 5 @)

The inequality (2.15) is satisfies if we take any monotonically decreasing function «; : (0,1) —
[0, 1), therefore the inequality of Theorem 2.1 is verified and 0 is a unique fixed point of f.

Example 2.7. By regarding all requirements of Example 2.6, define a self mapping g such that
gr =z, x € X and by same calculations, we get

2
(03] (%) 4 Qs (673 5 1
=02 008 2) > =LHS @l
RIS 4+16+4+4+(68)2+<28> “= 16 5 @219

The inequality (2.16) is satisfied if we take any monotonically decreasing function «; : (0,1) —
[0, 1), therefore the inequality of Theorem 2.3 is verified and O is a unique common fixed point

of fand g.

Example 2.8. Let X = [0, 1) with the usual metric on X, we define self mappings f, g, P and Q

on X by
fo = 0, ifzel0,}) P 1, ifzel0,))
g ifzeli 1)’ 3, ifzeld 1) 7
_Jo ifzef0) o ifzefo9)
gr= {3 ifrel 1) T YT ifee L)
4 29 3 29
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Let o(t) =2t Vt € R*, 2 = 1 and y = 0 then for every € > 0,

€ €

/gp(t)dt = /tht =é > 0.

0 0

It’s clearly that f(X) € P(X) and g(X) C Q(X), so at the points z = 1 and y = 0 the pairs
(g9, P) and (f, Q) are weakly compatible.

d(fz,qy) d(f(3),9(0) d(5,0) N2
L.HS = t)dt = 2tdt = 2tdt = | |= = —
[ o= | [ 2= (Jg]) =&
0 0 0
Also,
d(Pz,Qy) 0 d(Pz,fx) ’s d(Qy,fy)
o [ e(t)dt = [ e(t)dt = = as [ p(t)dt
0 0 0
d(fz,Qy) max{d(Qy, fz),d(Pz,fy)} 0
as [ p(t)dt =g as J p(t)dt = 2
0 0
a3 (Pa, fo)+d>(Qy,fy) d2(Pa,gy)+d2(Qy, f=)
1+d2(Px, f2)+d2(Qy, fy) N +d(Pz,9y)+d(Qy, fx) 3712
(673 f @(f’)dt = (686)2 Q7 f @(t)dt = (m) a7
0 0
So,

91 250, a4  9as o 37\’ 1
H.S =24 Qe | Jas 2 > L —LHS @17
RHS =6+ 5 +64+16+(68)2+<120) 12 64 5. @ln

The inequality (2.17) is satisfied if we take any monotonically decreasing function «; : (0,1) —
[0, 1), therefore the inequality (2.7) is verified and all axioms of Theorem 2.4 are hold and 0 is a
unique common fixed point of f, g, P and Q.
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